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Abstract

The exact growth of the random Fourier—Hermite series Y.p—, axAi(w)py(t), and its Fourier
transform are established. Here ¢, (t) are considered to be both orthogonal Hermite
functionsin L*(R) and transformed Hermite functionin L?[0,1]. a; are the
Fourier—Hermite coefficients of functions in different L? spaces. A,(w) are random
Fourier—Hermite coefficient associated with Wiener process and symmetric stable process of
index 2.
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1. Introduction

Fourier Series in orthogonal functions e and other orthogonal polynomials like Hermite
polynomials, Jacobi polynomials etc. has a widespread application in physical sciences. The
application of random Fourier series (RFS) in Hermite polynomials is found in image encryption
and decryption in the work of Liu and Liu [2, 3] in 2007, who expected its more application in
general signal and image processing. In fact the RFS they used is a random Fourier transform
(RFT) with random coefficients choosen from the unit circle in C randomly. This motivated us
to study more on random Fourier series in Hermite polynomials with different random
coefficients. We have explored random Fourier Hermite series with random coefficient
associated with continuous process like Wiener process and stable processes [4]. It is
fascinating to know the rate at which the series converges. Attention has been paid to the rate
of convergence of the series for smooth, non-pathological functions such as Hermite
polynomials which are usually arise in engineering and physics problem. Earlier in 1997,
Grawe[1] studied on asymptotic growth of Hermite series, where the scalars are Fourier -
Hermite coefficients(FHC) of a function in L?(R) space.
Here the n'" Hermite function

inx

t2
Yn(t) = ———=Hn(D)e "7, (1.1)
where n € N, the set of non-negative integers and t € R. The normalized Hermite function
satisfy the bound
Y, (t)] < 0.816 (2.2)

forall n andall real t.

Regarding growth of random Fourier series, Mishra etal. [5] have established the
following weak law of large numbers:
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limP[S—" >e] =0
n—co n
for fixed t and € >0, where s, denotes the partial sum of the random series

Y% Ar(w)e?™ i with random coefficients Ay (w), associated with stable process. J, is a

2
sequence of constants such that %‘ — 00 as n — oo. Here J, is higher order than v/n. In [7],

Nayak has established a stronger result for the growth of the series Y% Ay (w)e?™, They
have shown that

P |lim sup L on T Sll:l

1 (2n+1)1_’+5(10g10g2n+1)1_’+€
for 0<y <2 andfor 0<y<1

P |lim sup _n T Sll:l.

(2n+1)¥ (loglog2n+1)7" <

The growth rate of the random Fourier-Stieltjes series,
Y% A (w)e?™ki, (1.3)
where the weight a; are Fourier coefficients of an LP function is studied by Mohanty [6]. [8]
is referred to see the existence of its series. They established an upper class result for 1 <y <
2 and a Law of iterated logarithms, if the random coefficients A, (w) are Fourier coefficients
of the Wiener process X(t,w) and a; are the Fourier coefficients of an L?[0,1] function. If
the weight a;, are considered to be Fourier coefficient of bounded function |f| < 1 then the
growth rate is sharper, he obtained the exact growth rate of s, (¢, w).
In our recent work [4], we have established the convergence of the series
Y=o UAr(w)Pi (1), (1.4)
in orthogonal Hermite functions ¢, (t). Here a, are Fourier—Hermite coefficients of functions
in different L? spaces, A,(w) are random Fourier-Hermite coefficients associated with
Wiener process and symmetric stable process of index 2. Also we have shown that the Fourier
transform of these series exist. The growth rate of these random Fourier series and their
Fourier transforms are presented in this paper. The following definitions are needed to discuss
the growth rate of these series.

Definition 1 : A sequence of random variables X,, obeys the law of iterated logarithm if
: 211';L=1Xk — —
P [llm sup =5 — = 1] =1
for a sequence of numbers {a,}
When this holds good, the sum Y}_; X, is said to have a growth rate like a,. The

following lemma is required to prove the exact growth of a random series, related to a positive
valued function in L?(R).

Lemma 1 [[10], p. 250] If x;, i = 1 is anindependent and normally distributed random
variables with mean zero and finite variance a?, then

P [lim sup =1. (1.5)

J2na?loglogna?
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2. Growth of random Fourier series
Consider the series )iy ckCr(w)Pr(t), where P, (t) are normalized Hermite—Gaussian
functions, the scalars ¢, are the FH coefficients of a function f in L?(R) defined as

ffooof(t)l,bn(t)dt and C,(w) are random variables defined as

Jo ()X (s, w) (2.1)
which exist[4]. As we know the series converges, let its sum be denoted as
F(t, )= f_oof(s, tH)dX(s, ). (2.2)

The following theorem establishes the exact growth rate of the series };7_o ¢xCr(w)P (2).

Theorem 2 Let X(t, w) be a symmetric stable process of index 2. Let Y.p—, CxCr (@)Y (t)
be the random Fourier—Hermite series related to a positive valued function f € L*>(R) space.
Then

"
P [lim sup Sn (&_@) =1|=1,
\/Erzlczlog(logErleZ)
where SY(t, )= Y7o ciCr(@Pr(t) , E2:= Y7o |ck6iel> and ¢ is a constant

associated with the normal law of increment of symmetric stable process X(t, w).

Proof. The process X(t,w) is of index 2. So the random variables C,(w) are independent
and normally distributed random variables with mean zero and finite variance. This implies

S,If)(t,w) are independent and normally distributed with mean zero. Since f is a positive
valued L2(R) function, there exists a sequence of functions {g,,} in C.(R) such that g,
g2 €....C gp.... € f.The fact that

E |f:f(t)dX(t, a))| = [P1f(®dt, and—o0<a<b <o, (2.3)
and g, # 0 in a compact set, the positivity of f implies
) 2 ©
E|[, f(OdX(t, )| = [, If(©)]*dt.
Now, partial sum S,lf(t, w): = 2= CkCr (W)Y (t) has variance
Yk=1 ElciCr(0)pr (O ,
= =1 Eler(J_o, Y (8)dX (s, @) (t)]
o 2
=Yhot Bl cchie (O (s)dX (s, w)]
= Xh=t1 L PO [, i (s)|?ds
= Yk=1 lck?|8k|?c? < oo, as [Py ()| = |6;| < 0.816.
Hence, by Lemma 1
Swt, @)

=1|=1.
\/E,%czlog(logE,%cz)

P [lim sup

Similarly, the exact growth rate of the random Fourier transform F(F(t, w)) =
Yr=o0 CkCr(w)A Y (t) in Hermite functions described in section 1 can be estimated. Let the

partial sum of the random Fourier—-Hermite transform F(F(t,w)) be T(S;f’(t, w)):=
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Yr=0 CkCr (W) (). The growth rate of F(F(t, w)) is stated in the following theorem. Its
proof is similar to that of the proof of the previous theorem, since A, are of absolute value 1.

Theorem 3 The random Fourier—Hermite transform satisfies the following estimates

IF(sY(t, w))

=1|=1
\/E,ﬁdzlog(logE%cz)

P [lim sup

if T(S,lf(t, w)) is independent and normally distributed random variable having mean zero
and finite variance. Here E2:=Y7%_,cZ and c? and c; are same as in the previous
theorem.

Now we will consider the series Y%, byBr(w)P¥(t), where PZ(t) are the
transformed Hermite functions equivalent to

Y © P(t) = Yy (P(1), a >0, (2.4)

by, are Fourier—Hermite coefficients of § € L?(0,1) defined as
1 ~
bp = [y Yr()g(s)w(s)ds, s>0

1

with w(t) = ¢'(t) = t(1—t)[9]' Here
Va _a?e?
Yr(t) = WHn(at)e 2z, n=0teR (2.5)
nr

are generalized orthogonal Hermite functions. The random variables B,(w) are stochastic
integrals

Bi(w) = [ PEEYWEAW (s, ), keN, (2.6)

which are exist[4]. This series converges to the sum function F(t, w)=

[} g, w()dw s, w) [4]

Theorem4 Let W(t, w) be the Wiener process, S,(t, w) be the partial sum of the
random Fourier—Hermite series Y., by By (w)PZ(t). Then the following estimate is satisfied
- 1Sn(t, )|
P [hm su =1|=1,
P e,

c2log(logEnc?) -

where E,:=Y}%_, b? and c? is a constant associated with the normal law of increment of
W(t, w).

Proof. In ([4], Theorem 1), we have proved that, B;(w) are independent. These By (w) are
normally distributed with mean zero and with finite variance. This implies S, (t, w) are
independent and normally distributed with mean zero. The variance of $,(t, ) is

k=1 E|kak(a)l)kl?';‘i‘(t)I2
= Yk=1 Elbi(J, PES)VW(S)dX(s, 0P )]
= 21 Elbi(fy PROVWEPEOAW (s, @)
1 . ~ ~
= c?¥i=1 Jy WRSPE @OV w(s)|?ds
=Y"_, bic? < oo,
as by, are the Fourier coefficients of transformed Hermite function in L?(0, 1) space. Thus,
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S,(t, w) is a sum of independent random variables with finite variance and mean zero. Hence
by using Lemma 1,

\/Z;ﬁ:lbﬁczlog(logﬂ}:l bZc?)
As E, = Y%_, b2c?, we obtain the result.
In ([4], Theorem 3), it is shown that, the Fourier transform of the random series F(t,

®):= Xilo biBr ()i () is
FOF(t, ©)):= Tizo bicBi(@) Zhab B,
Denote its partial sum as
Ta(t, ©):= Zieo biBi(w) = (),
where A are eigenvalues of the transformed Hermite function. The exact growth rate of
F(F(t, w)) is shown below.

P [lim sup

Theorem 5 The random Fourier transform F(F(t, w)) of the transformed Hermite series
F(t, w) satisfies

ITn(t, @)l
\/E}lczlog(logE}lcz)

where EL :=Y7%_, bZ and c? is a constant associated with the normal law of increment of
W(t,w).

P [limsup =1|=1,

Proof. Since By(w) := fol P (s)dW (s, w), are independent and the variance of T(t, w) is
normally distributed with mean zero and finite variance, T(t, w) are also independent and
distributed with mean zero. The variance of T(t,w) is

1 t
hes E|kak(w)sz¢k(w)|2
®
Bl (rbkwk AP EDVWE)AW (s, )2
¢(t)
k=1 \/—bkElf DR () b (= IV W(s)dW (s, w)|?
1 Bt
—LBL byl ] 1B () M2 20 Jw(s)|?ds
= ;2k=1 |b|?c? < o0
= Yk=1 =
This is finite. Hence, T,,(t, w) is a sum of independent random variable with finite variance
and mean zero. By using Lemma 1,
ITu(t, )| _1l=1
\/Zﬁzlébﬁczﬂlog(logzzﬁﬂéb,%cz)

P |[lim sup
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