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Totally e-continuous functions in Sostak’s fuzzy topological spaces

S. Rajakumar” ' & M. Palanisamy" 2

Abstract

The goal of this manuscript, we applied the concepts of e-open & e-closed sets
within the context of Sostak’s fuzzy topological spaces. We also developed the
notions of r-fuzzy totally e-open sets and r-fuzzy totally e-continuous functions in
these spaces, which were used to interpret and explore a new idea of functions is
r-f T e-continuous functions. Furthermore, we explored the connections this new
cohort & other established classification of functions in the framework of
S ostak’s fuzzy topology.

Keywords & phrases: Fuzzy topological spaces (FTS), fuzzy e-open set, fuzzy e-closed
set, fuzzy totally e-continuity.
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1 Introduction.

The conceptualization of fuzzy sets in his classical paper introduced by Zadeh[19] in the
1965, which laid the foundation for the field. Consequently, a substantial amount of
research has been devoted to this area and its related fields, generating numerous
applications and cross-disciplinary insights. Since then, numerous researchers have
expanded upon this idea, applying it to various domains. One such development is
initially developed by Chang [5], & later extended by other scholars. The fuzzy
topological structure was introduced by another group of researchers [10], extending
some result of ordinary fuzzy topology. [19] Chattopadhyay et al. [3] reanalyze this
concept under the term gradation openness. Additionally, Ramadan [11] developed a
similar type definition, namely it a smooth topological space for lattices L = [0, 1].
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The field evolved in several directions, with further work done by authors such as
[4,3,6,1, 14, 15, 2].

A substantial contribution emerged from Vadivel and Palanisamy [18], who introduced
the new idea of fuzzy totally e-continuous functions (fTe-continuous function). Later, in
2018, Vadivel [17] defined r-fe-open sets and r-fe-closed sets in FTS. The new idea of
relation between this new class and existing function classes were thoroughly explored in
their work.

In this article, we use the following notations, let X be a non-empty set, T = [0, 1],
T = (0, 1]. A fuzzy set P of X is a function (mapping) 1: X = I, and I* be the group
of all fuzzy sets on X. The fuzzy subset 1 of a fuzzy topological space (FTS, in short)
(X, 1), Cc(, 1), T(Y, 1) & 1 — 1 denote the closure of 1, the interior pf 1 and the
complement of a fuzzy , respectively.

Also, throughout of this article we use and follow fuzzy open set is f open set, fuzzy
closed set is f closed set, fuzzy point if f point, fuzzy closure point is f closure point
smooth fuzzy topology (SFT).

2 Preliminaries

Definition 2.1. [10] A mapping {: I* - I SFT on A if it holds for below statement:

i {0)=1&{MD=1,
1L, ((VnEN a)i) = /\nEN((wi)a for any {w}nEN = IA:
iii.  ((w; A wy) = {(wy) A{(w,), for all wq, w, € 1.

The set of (X, 7) is said to be a smooth topological space. A fuzzy set Y is called an r-fuzzy open
(In short r-f op.) if {() =7r. A fuzzy set Y is called an r-fuzzy closed (In short r-f cl.) if

(1-y)=r.

Theorem 2.1. [4] Let a SFT’s (X, {). That implies for every ¥ € I* & r € T, Define Ce: 1A x
Ty — T act in accordance with C;(1),7) =A{w € TP < w,{(1-yY) =7} pw e T4 &
1, t € Iy, the operator C; holds the below conditions:

(C;) C;(0,7)=0,
(Cy) Y =C;(,1),
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(Ciip) Cc(h,r)V Co(w, 1) =C(Y V w, 1),
(Ciw) C;(h,1) < Cr(,p) ifr < p,
(Cy) Ce(Cr (1), 1) =Ce(, 7).

Theorem 2.2. [4] ASFT is (A, 7). That implies foreachy € I* andr € I, Define
T TX X Ty - T follows; T (Y, 1) =A{w € TXiw <Y, {(P) =27} Pw € [P &1, tET,,
the operator T, holds the following conditions:

(T) T(1,1r) =1,

(Ty) v =2Z(W, 1),

i) T A Te(w,1) =T (P Aw,T),

Fiw) T, 1) =T (WP, 5)ifr <5,

(Ty) T (F W), 1) =T (P, 7),

(To) T(A -, =1-Chn) &C;A -, r)=1— Z(P,7).

Definition 2.2. Let a f point a of A is called a r-fuzzy J-cluster [8] f point of P if
T(Cr(v,7), 1) A = ¢, for every r-f open set v of A containing A. The collection of all r-fuzzy
8-luster points of Y is said to be a r-fuzzy §-closure of i is written by §C; ().

Definition 2.3. A fuzzy set i is r-fuzzy §-closed (In short, r-f §-losed) & 1 = §C;(y, 7). The
complement of a r-f§-losed set is called r-fuzzy §-open (In short, r-f§-open) [8]

Definition 2.4. [16] A fuzzy set ¥ of a FTS A is a r-fuzzy e-open set (In short, r-f e-op) if
Y C(((6Zr), 1Y) Vo Z(Cp),where Cop=A{w:w =P, is f closed €
&I (Y) =Vi{w:w <P,wis f open € A}. If 1) is fe-op., that implies 1- 1 is fe-clo.

The complement of a r-fuzzy e-open sets is a r-fuzzy e-closed. [17]

The N of all r-fuzzy e-open sets is written by r-f e-open (X).
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Lemma 2.1. [16] A fuzzy subset Y of a FTS ( A, {). Then:

i fopT (b, = AT (8C (W, 1), 1) and FEPC (W, 7) = PV Cr(5F (W, 7), 1)
. fBE ()= AC (T (Co(W,7), 1), 1) and fBC (Y, 1) = Y V I (Co(T (W, 1), 1), 1).

Remark 2.1. If a fuzzy set Y of X,1 —eZ (P,r) =eCe(1 -, 7).

Theorem 2.3. [16] Ina FTS X,y isar — fuzzy e — closed (respectivelyr — f e — op) iff
Y = eC(Y) (respectively P = eT(P)).

Definition 2.5. [16] A FTS (X, {) is called a r-fuzzy e-T; space (In short, r-f e-T;) if for every
set of two different points a and b of A there existsr — fuzzy e — open sets A, and A, >
a€ Wandbe ,,a¢ A, and b & U, .

Definition 2.6. [16] A FTS (X ,{) is called a r-fuzzy e-T, space (In short, r-fe-T,,
also say that r — fuzzy e — hausdorff), if for every set of two different points a and b of
A there exists dif ferentr — fuzzy e — opensetsUand B 3a € Uand b € B.

Definition 2.7. [16] AFTS (A, () is called a r-fuzzy e-regular (In short, r-f e-reg.) if every closed
set k of A & each A € A-k, there exists different r-fuzzy e-open sets 2 and B such that A € B
and k < B.

Definition 2.8. [16] A FTS (A, {) is called a r-fuzzy e-normal (In short, r-f e-nor.) if every pair of
different fuzzy closed sets R and J of A, there exist two different r-fuzzy e-open sets R and J
suchthat R < pand I <A &unil=0.

3 r-Fuzzy Totally e-continuous Function

Definition 3.1. Let (A, {) and (B, Y) be two FTS’s. Amap h: (A,{) = (B, ) &r € I,. Then
h is called r-fuzzy totally e-continuous (briefly r-fuzzy T e-contin.) if the preimage of all r-fuzzy
open set in (B, ) is r-fuzzy e-closed open (In short r-fuzzy e-closed open) (i.e., r-fuzzy e-open
and r-fuzzy e-closed) set in (A, {).

Definition 3.2. A map h:(A,{) » (B, Y) & r € I, is called a r-fuzzy strongly e-continuous
(briefly fuzzy strongly e-continuous) iff h~!(w) is fuzzy e-closed open, whenever w € T?.

Now every r-fuzzy totally continuous (In short r-f T-contin.) function is r-fuzzy T e-continuous
and r-fuzzy T e-continuous function is r-fuzzy e-continuous (In short r-f e-contin.)

The both above statement are not reversible, it is be in view the below examples.
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Example 3.1. Let X = {a,, by} and w;, w,, w3, w, € I* defined as follows:

w1(ay) =0.3, w1(by) = 0.4,
wy(ag) = 0.6, w,(by) =0.7,
w3(ag) =0.2, wz(by) = 0.4,
wy(ay) = 0.6, wy(by) =0.5,
Define a fuzzy topologies {,: I* — < as follows:

(1 ifpe{o 1},
if ¢ € {(U1},
if ¢ = {(Uz},

if otherwise.

if p €{0, 1},
if ¢ €{ws},
if ¢ = {(U4};

\0 if otherwise.
= identity function L.: (A, {) = (B, P) is % -f T e-continuous but not % -f T-continuous.

As, w; of (T,4,), I, H(w3) = w3, is fuzzy open in (T, {;) but not fuzzy closed in (T, {;).

(@) = o

_ O W NN~

-~

Y(@) = o

WINN]| B~

Example 3.2 Let X = {a,, by, ¢o} and wy, w, , w3, w, € I* defined as follows:
w1(ag) = 0.6, w1(by) = 0.5, w1(cy) = 0.6,

w3(ay) =0.4, w,(by) =0.5, wy(cy) = 0.6,

w3(ay) = 0.4, wz(by) =0.5, wz(cy) = 0.6,

w4(ag) = 0.4, wu(by) = 0.5, wu(cy) =0.4,

Define a fuzzy topologies ,: I* — T as follows:

(1 if ¢ €{0, 1},
if p € {w,},

if ¢ ={w,},
if ¢ ={w;Vw,}

(@)= 5

if ¢ ={w; Aw,}

if otherwise.

ON|I RPN RN RPN -

Ve
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(1 ifpefo 1},

1

= if ¢ € {ws},
W(p) = <§

E lfd’ = {w4};

1\0 if otherwise. .
= identity function I, : (A, {) = (A, P) is >-f e-continuous but not ST e-continuous.

As, for the fopen set w; of (Z,{3), f "1 (w3) = w3, is fuzzy open in (Z, {;) but not fuzzy
closed in (T, {y).

Example 3.3. Let A = {ay, by, ¢o} also B = {ay, by, ¢y} and w,, w,, w3, w, € T* defined as
follows:

w1(ag) = 0.4, w1(by) = 0.5, w1(cy) = 0.6,
wy(ag) =0.4, w,(by) =0.5, wy(cy) = 0.4,
w3(ag) = 0.6, w3(by) =0.5, ws(cy) = 0.4,
w4(ay) = 0.4, wye(by) =0.5, wy(cy) = 0.6,
Describe fuzzy topologies {,: X — ¥ as listed below:

(1 if pe{01},
if ¢ €{w},
if ¢ ={w,},

if otherwise.

if ¢ €{0, 1},

if ¢ €{ws},

if ¢ ={w,},

if ¢ ={wsVw,}
if ¢ ={ws Aw,}

\0 if otherwise.

= The identity mapping f;; : (A, {) = (B, Y) then fis % -f' T e-continuous but not % -f' Sto. e-
continuous.

(@) = A

ON|FRN| -

-~ =
=

Y(P) = S

NI RN RN RN -

Theorem 3.1 Every r-fuzzy totally e-continuous function onto a discrete FTS is r-fuzzy Sto. e-
continuous.

Proof. Straight forward.
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Definition 3.3. Let (X ,{) be a FTS. A r-fuzzy e-Separation of X is a pair ¥, w of disjoint non-
empty r-f y o subsets of X’ whose union is X'. The space X is said to be r-fuzzy e-connected
(briefly r-f e-continuous) if there does not exist r-f yeo sets ,w 3 Y + w, P # 0 and w # 0.

Theorem 3.2. Let A and B be two sets and h: (X, {x) = (Y, {y) is - T e-contin. Function
from r-f'e-contin. Space (X, {x) into any functions (Y, {y), then (Y, {y), is indiscrete FTS.

Proof. Suppose we take (Y, {y) is not indiscrete

= (Y, {y) has a proper fuzzy open set Y (say) (i.e., (¥ 0 and # 1)).

= from hypothesis h, h™1 (1) is a proper r-fe-closed and r-f e-open subset of (X, {y), which is
a contradiction to our given assumption (X, {y) is r-f e-continuous.

Definition 3.4. Let (X, i) is FTS and any two different fuzzy points X, and X, there exists r-
f'e-open sets Y and w such that Xy € P, X; € w eC; (Y, 1) < 1— eCr(w, 1) is called r-fuzzy e-
T,. (briefly r-f T,) space.

Lemma 3.1. Let h: (A, {) = (B, ) is one-one r-f T e-continuous function. If Y isr f T, then
X is r-fe-T, space.

Proof. We piy & yy are different fuzzy points of A.
= h (ux) # h (yy).

Since Y is r-f T, space, there exist a fuzzy open set namely
Y inY 3= h(ux) € pand h (yy) & Y.
Sty € h™'(}p) and yy & K™ ().

Since h is r-f T e-continuous, h™* () is r-f e-closed open set of X. Also ux € h™"(¥) and yy €
1—-h7'(¥). Nowput w =1— h™'(})). Then h=* (1) =eCr (A~ (), 7)) and eC; (1 —

h=t(, 1)) =eCr(w,r)=1— f~1(¥) (since A~ (1Y) is r-fe-closed) & eCr (R~ (¥, 7)) =

A tW) =1—-eC;(1-h7'(W,1r))=1— eC;(w,7) < 1— eCe(w,7).

Theorem 3.3. Let(A,{), (B,¥) and (C,A) are FTS’s. Amap h:(A,{) = (B,y) isr-fT e-
contin. & k: (B, ) =(C, A) is r-fuzzy contin., koh: (A, {) —(C, A) is a r-f Te-contin. Map.

Proof. Easy to prove.

Theorem 3.4. Let [[;: X; X X, = X;(i = 1,2) be the projection of X; X X, on X;. Ifh: X —
X1 X X, isr-fT e-contin., then []; o his also r-f Te-contin.

Proof. In the theorem proof use from Theorem 3.3
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Theorem 3.5. Let h: X; — X, be a function. Ifthe graph k: X; - Xy X X, ofhis r-f T e-
contin., implies that h is also r-f T e-contin.

Proof. The theorem proof use by Theorem 3.4.

Theorem 3.6. Let (A, (), (B, ) and (C,A) are FTS’s. Amap h: (A,{) = (B,y) isr-fe-
irresolute & k: (B, Y) —=(C, A) is r-fuzzy T e-contin., that implies koh: (A,{) —=(C,A) is ar-fe-
contin. Mapping.

Proof. Direct proof.

Definition 3.5. A mapping h: A — B is called a r-fuzzy totally e-open map(function) (r-fTeO
map) there exist r-fuzzy e-Closed-open of Y, if every domain of r-fO subset of X.

Theorem 3.7. If h: A - B isr-fO & k: B —» C is r-f Te O-function, then ko fis r-fT eO-
function.

Proof. Straight forward.

Definition 3.6. A mapping h: A — B is called a r-fuzzy almost e-open mapping (briefly r-f
AeO-map), there exists a r-fO subset of Y, if every domain r-f e-closed-open subset of X'.

Theorem 3.8. Let h: A — B is a r-f AeO-function also 1-1 and r-fTe-continuous function and k:
B — C is a function such that ko h is r-fTe-continuous, then k is a r-fuzzy continuous.

Proof. We consider 1 be a r-fO subset of C.
= (k o h)"1(¥) is a r-fe-closed-open subset of A. So, h(k o h)™1(y) = (k)" (y) is a r-fO
subset of B. Therefore, k is r-fuzzy continuous.

Theorem 3.9. Letk: P = Q isr — fTe — continuous mapping & Xis f —
open ordinary subset of P, implies that fx: P — Q is also a r-fTe-continuous.

Proof. Consider v is r-fO < Q, that implies (k)1 () is a r-fe-closed-open in P. Here,
(k)~r(W) is r-fe-closed-open in P & P has a r-fO ordinary subset of a FTS P,

= (k)1 (y) N P occur r-fe-closed-open set inside P. So, (k)" 1(Y) N P = k4~ 1 (Y) implies r-
fe-closed-open set in A. Finally h 4 has a r-fTe-continuous.

Definition 3.7. A mapping h: P — @ is r-fuzzy slightly e-continuous (briefly r-fSe-continuous)
if h™1(y) occur r-fe-closed in P for all r-fuzzy closed-open set P of Y.

Theorem 3.10. Let (P,{), (Q,y) and (R, A) are FTS’s. Amap h: (P,{) — (Q, ) is a r-fe-
irresolute & k: (9, P) = (R, A) is r-fSe-continuous, then k o h: (P,{) — (R, A) is r-f Se-
continuous.
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Proof. Consider ) is any r-fuzzy closed-open set of R. Take from given statement k, k=1 (1)) is
ar-fe-closed in Q. Here (ko h)"1(y) = h™1((k)"1(y))) & also, use the given h, (k o h)~1(3)
is r-fe-closed. Therefore, k o h is r-fSe-continuous.

Definition 3.8. If X isa FTS:

i.  For all r-fe-closed-open cover of X has a finite subcover is called r-fuzzy mildly e-

compact (briefly r-f Me-Cpt.),

ii.  For all r-fe-closed-open countably cover of X has a finite subcover is called r-fuzzy
mildly countably e-compact (briefly r-fM countable e-Cpt.),;

iii.  For all over of X by r-fe-closed-open sets has a countable subcover is called r-fuzzy
mildly e-Lindelof (briefly r-fMe.Lidf.);

iv.  If every f-fuzzy open cover of X has a finite subcover is called r-fuzzy compact (briefly r-f
cpt.);

v.  For all countable r-fuzzy open covering of X contains a finite subcollection that covers
X is said to be a fuzzy countably compact (briefly r-f counb. Cpt.).

Theorem 3.11. If h: P — Q be a r-fTe-contin. Onto mapping. Implies the ensuing statement
satisfies:

i. ifPhasr— fMept.,= Qisr— f cpt.
ii. ifPhasr—r—fMe—Lidf.,= Qisr—f Lid.
iii.  if X hasr — fM ounb.e.Cpt.,= Y isr — f ounb.Cpt..

Proof. (i) Consider {,: a € I}. Take any r-fuzzy open cover of Y. Then h is r-fTe-contin., =

{h=1(y,): a € I} is rfe-closed-open of X. Since § is r-f Me-cpt., there exists a finite subset

T,0f T 3V{h *(Y,):a € T} = 1. Thus, we have V{:a € I,} =1 and Y is r-fept..
The remaining follows above proofs.

Definition 3.9. AFTS P is said to be a r-fuzzy e-co — T, (briefly r-fe-co — T;) if all the set of
two of different fuzzy points p, & p,, of X there exists r-fe-closed-open sets i & w containing
Uy & W, respectively such that p, € Y & u, € w.
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Theorem 3.12. Let k: P — Q@ is a r-fTe-contin. 1-1 function & isr—f —T; = Pisr — fe —
co—Tj.

Proof. Assume, Q is r-f-T;. All the pair of different f points u, & p,, € X, there exists r-fuzzy

opensets Y, w € Y 3 k() €Y, K(,uy) ¢y, k(u,) € w & h(,uy) € w, so that u, €
kW), 1y € kN (w), py € k(W) & py, € k™1 (w). That implies Pis r-fe-co-T;.

Definition 3.10. AFTS P is r-fuzzy e-co-Hausdorft (briefly r-fe-co-Haus.) if each set of two of
different fuzzy points p, & 4y, 3 u, # p, in X, there exists different r-fe-closed-open sets
Y&we XE U €Pand pu, € w.

Theorem 3.13. Let k: P — Q is a r-fTe-contin. 1-1 function & is r — f — T, that implies § is r-
fe-co-T.

Proof. Assume Q is r-fT, space. For anyone set of two different fuzzy points u, & u, € P, 3
different r-fuzzy opensets Y & w € Y, 3 k(u,) € Y & K(,uy) € w, so that k is r-fTe-contin.
Function, we have k=1 () and k™' (w) are r-fe-closed-open sets in P containing p, & ,,
respectively, use the definition k™*(Y) A k™ (w) = k™1 (Y A w) = k~1(0) = 0, and Therefore
X is r-fe-co-T,.

Definition 3.11. AFTS P is said to be a r-r-fuzzy e-co-regular (briefly r-fe-co-reg. ) if every r-
fuzzy e-closed-open set Y & every r-fuzzy point u, & 1,3 different r-fuzzy open sets w & p, 3

Y<wé& u €p.

Definition 3.12. A FTS P is said to be r-fuzzy e-co-normal (briefly r-fe-co-nor.) if each set £
two different r-fuzzy e-closed-open set Y; &Y, € X,3 dif ferentr —
fuzzy opensets w&n,3 P; < w &P, <.

Theorem 3.14. Let a function h: P — @ is a r-fTe-contin. 1-1 r-f-open function & P is a r-fe-co-
reg. space, implies that Q is r-fuzzy regular.

Proof. We take 1) is a r-f open set of Q & a fuzzy point u,, & 1. Here we take u, = h(u,). Ash
is r-fTe-contin., h~ () is a r-fe-closed-open set of X. Again, we take w = h~1(3) . That
implies u, & w. As X is r-fe-co-reg., there exists different r-f-op. setspand pin X 3 w <
n & piy € p. Here find that ¥ = h(w) < h(n) & py, = h(uy,) € h(p) 3 h(n) & h(p) are different

r-fuzzy open sets of Q. Hence Q is r-fuzzy regular.
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Theorem 3.15. Let a map f: P — Q is a r-fTe-contin. 1-1 r-f-open function & P is a r-fe-co-nor.
Space, = Q is a r-fuzzy normal.

Proof. We consider 1, and i, are different r-fuzzy open sets in Y. As h is r-fTe-contin.,
h=1(y,) & h~1(3,) are r-fe-closed-open sets in X. Here we take f§ = h™1(y,) &

w = h™1(,). Then we have B A w = 0. As X is r-fe-co-nor., 3 different r-fuzzy open sets
Y&p,3 B <Y &w < p. Here find that p; = h(B) < h(Y) &, = h(w) < h(p) 3
h(y)& h(p) are different r-fuzzy open sets. Hence, Y is r-fuzzy normal.

Definition 3.13. A graph k(h) of a function h: X = T is called a r-fuzzy-co-e-closed (briefly r-
f-co-e-closed) if every (piy, pty) € (X X Y)/x(h), > r — fe — closed — open set }p €
X containing p, & a r-fuzzy open set w € Y containing p,, 3 h(¥)) Aw = 0.

Theorem 3.16. Let the mapping h: X’ —» Y is r-fTe-contin. & Y is r-fuzzy Hausdorff, that
implies k(h) is r-f-co-e-closed. € X X Y.

Proof. Consider (iy, tiy) € (P X Q)/x(h), implies h () # py. As Y is r-fuzzy Hausdorff, 5
r-fuzzy open sets ¢ & w € Y with h(u,) €Y & iy € w,3 P Aw = 0. As h is r-fTe-contin., 3 a
r-fe-closed-open set 7 € X containing p, 3 h(n) < 1. Hence, we find y1,, € w and h(n) Aw =
0. Therefore, k(h) is r-f-co-e-clo..

Theorem 3.17. A mapping h: P — Q has a r-f-co-e-clo. Graph x(h). Ifhis 1-1, implies that X
is r-fe-T;.

Proof. We consider p, and p, be any pair of different points of X, implies that, (., h(u,)) €
(X xY)/k(h), we use the known definition of r-f-co-e-clo. Graph, 3 a r-fe-closed-open set i €
X &ar— fuzzy openset winy 3 pu, € I/J;h(liy) € w & h(y) A w = 0; Therefore, P A
h~'(w) = 0. Hence, pu,, & . Then X is r-fe-T;.

Theorem 3.18. Let a function h: P — Q has a r-f-co-e-clo. Graph k(h). Ifhis 1-1 r-fe-contin.,
= P is r-fe-T,.

Proof. Consider u, and u, be any set of different points of P, implies that, (¢, h(u,)) €

(P x @)/k(h), we use the known definition of r-f-co-e-clo. Graph, 3 a r-fe-closed-open set
Y E P&ar— fuzzy openset winQ 3 u, €1, f(y[;) Ew&h(WY)ANw=0;Ashisr —
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fe — contin., then k"X (w) isr — fe — opensetin P 3 h Y (w)(w,) = w (h(uy)) & PA
h™'(w) = 0. There P is r-fe-T,.
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