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Abstract

Recently, we introduced the concept of minimum pendant dominating energy [19]. Building on that
work, we now propose the concept of minimum pendant dominating distance energy, denoted by
Epp,(G) for a graph G. We compute the minimum pendant dominating distance energies for
several standard graphs, including the complete bipartite graph, star graph, bi-star graph, barbell
graph, and cocktail party graph. Additionally, we establish both upper and lower bounds for
Epp, (G).
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1 Introduction

The notion of graph energy was first introduced by I. Gutman in 1978 [9]. Graph energy is a
concept derived from spectral graph theory, which is a field that studies the relationships between a
graph’s structure and the properties of its associated matrices. This concept is inspired by the idea
that the energy of a system in physics can be related to the interactions between particles, and
similarly, the graph energy reflects the interactions between its vertices and edges.

The distance matrix D(G) of a graph G is defined such that each entry d;; represents the
distance between vertices i and j. The distance between two vertices is the length of the shortest path
connecting them, measured by the number of edges. In a graph G, the distance d(u,v) between two
vertices u and v is defined as the length of the shortest path that connects them. The eigenvalues of
the distance matrix are computed just as for any square matrix.

Let G be a graph with n vertices and m edges, and let A = (ai]-) be the adjacency matrix
of the graph. The symbols A(G) and §(G) denote the maximum and minimum degree of graph G,
respectively. The eigenvalues A4,2,, ...,A, are arranged in the non-increasing order. Since the
adjacency matrix A(G) is real and symmetric, its eigen values A;,2,, ..., A, are real, and their sum
is equal to the domination number. The energy of a graph G is defined as the sum of the absolute
values of the eigenvalues of its adjacency matrix. i.e.

E@G) = il}\il

LetA4,A,, ..., A, be the distinct eigenvalues of G with multiplicities a4, as,, ..., a, respectively. The
multi-set

A A ;\n>

Spec(G)z(al oy ... Qg
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of eigenvalues of A(G) is called adjacency Spec(G). For a comprehensive discussion of the mathematical
aspects of graph energy theory, refer to the reviews [10], the paper [11], and the references cited within
them. The fundamental properties, including various bounds for the energy of a graph, were
established in [16]. The distance matrix of G is the square matrix of order n, where the (i,j) —
entry represents the distance, or the length of the shortest path, between the vertices v; and vj. Let

$1, by, ..., b, be the eigenvalues of the distance matrix of G. The distance energy DE is defined as

DE(G) =Zn:|¢il

In 2012, Chandrashekar Adiga et al. defined the minimum covering energy E:(G), of a
graph which depends on its specific minimum cover C. Motivated on this, Rajesh Kanna et al.
introduced the concept of the minimum dominating energy of a graph [19]. In 2009, Chandrashekar
Adiga and Smitha introduced the concept of maximum degree energy Epy(G) for a graph G.
Recently, we introduced the concept of minimum pendant dominating energy. Building on that work,
we now propose the concept of minimum pendant dominating distance energy, denoted by Epp (G)
for a graph G. We compute the minimum pendant dominating distance energies for several standard
graphs, including the complete bipartite graph, star graph, bi-star graph, barbell graph, and cocktail
party graph. Additionally, we establish both upper and lower bounds for Epp , (G).

2. Results related to bounds on energy of a graph

Theorem 2.1. Let a; and b; where 1 < i < n are non-negative real numbers. Then

2

(zn: aiz) (Zn: bf) - (Zn: aibi> < nZZ(Mle — mym,)?

i=1 i=1 i=1

where M; = max(a;), M, = max(b;), m; = min (a;) and m, = min (b;)
1<isn 1<isn 1<isn 1<isn

Theorem 2.2. Let a; and b; where 1 < i < n be positive real numbers then

= - 1 MM g ’
mim
2 b2 | <2 1My 1M, b.
(Z a‘)(z 1) =7\ fmm, T MM, Z b
i=1 i=1 i=1

where M; and m; are similar to previous theorem.

Theorem 2.3. Let a; and b; where 1 < i < n be positive real numbers then

S ($)(5)

i=1 i=1 i=1

<am)(A—a)(B—Db)

where a, b, A and B are real constantsand 1 <i < nforalli.Also, a<a; <A, b<b; <Band

o =} (1-32)

Theorem 2.4. Let a,,a,, ...,a, are non-negative numbers then

1 1

ST 0 S R 8 S

i=1 i=1 i=1 i=1
Theorem 2.5. Let a; and b; where 1 < i < n be positive real numbers then

Z b? + rRZ a? < (r+R) (Z aibi>
i=1 i=1

i=1

where r and R are real constants forall iand 1 <i < n holds for ra; < b; < Ra;

3. Minimum Pendant Dominating Distance Energy of a Graph
Let G = (V,E) be a simple graph with vertex set V (G) = {v,,Vv,, Vs, ...,v,} and the edge
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set E(G). A subset S of V is called a pendant dominating set of G such that the induced
subgraph < S > contains atleast one pendant vertex. A pendant dominating set with minimum
cardinality is called a minimum pendant dominating set. Let S be a minimum pendant dominating set
of a graph G. The minimum pendant dominating degree matrix of G is the square matrix of order
n X n, defined by App, (G) = (aij) where

d(Vi,V]') , if ViVj € E(G)
aij= 1 ) ifi=jandViES
0 , otherwise

The characteristic polynomial of App,(G) is given by f,(G &) =det (d)I — APDd(G)). The
minimum pendant eigenvalues of a graph G are the eigenvalues of App, (G). Since App, (G) is a real

and symmetric, its eigenvalues are real numbers and we label them in non-increasing order ¢, =
¢, = -+ = ¢,. The minimum pendant dominating energy of G is defined as

Epp, (G) = Z|¢i|

i=1

Note that the trace of App,(G) is equal to the pendant domination number yp.(G)
4. Example

(I Vg

=
[ ]
[ ]
o ]

U3 U e

FIGURE-01

Let G be a graph with the vertex set V (G) = {vy,v,,V3, V4, Vs, Vg, V5 } as illustrated in FIGURE-01. The
minimum pendant dominating sets are as follows:

() Dy = {vy,v3,va} (i) Dy = {vy,v,, v} (iii) D3 = {v, V3, s} (iv) Dy = {v,v3,vs}
(v) Ds = {v;,v4,vs} (Vi) Dg = {v3,Vy4, Ve} (vii) D; = {v3,V4,v7}

(i) Let D; = {vy,v3,v,4} be the minimum pendant dominating set. Then, the minimum pendant
dominating distance energy matrix of G is as follows:

[N

APDd [D:(®)] =

WwWwhA WN =
N WN RO
RN R RN
R R R RN W

NN O RN WD

NONRREPNW
NN R RN W

2 11

The characteristic polynomial of App,[D;(G)] is f,(G,$) = (¢ + 2)($® — 5¢°> — 79¢* — 140¢> —
2¢2 + 29¢p — 4) = 0 and the minimum pendant dominating distance energy eigenvalues are ¢, =
—2, ¢, =0.1623, ¢; = 0.3046, ¢, = —0.6291, ¢ = —2.0326, ¢pg = —5.1339 and ¢, = 12.3287.

Hence the minimum pendant dominating maximum distance energy of a graph G is approximately
22.5912.ie, Epp,[D;(G)] = 22.5912.

o

(ii) Let Dg = {v,,Vv,4,vs} be the minimum pendant dominating set. Then, the minimum pendant
dominating maximum distance energy matrix of G is as follows:
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012 3 4 3 3
1112 3 2 2
2101211
App[Ds@]=[3 2 1 1 1 1 1
4 3 211 2 2
321120 2
3211220

The characteristic polynomial of App,[Ds(G)] is f,(G,d) = d(d +2) (¢° —5¢* —79¢° —
141¢p? — 22¢ + 24) = 0 and the minimum pendant dominating distance energy eigenvalues are
$;, =0, ¢, =-2, ¢3=0.3192, ¢, =-0.6413, 5 =-1.8332, ¢dg=—5.1838 and ¢, =
12.3391.Hence the minimum pendant dominating maximum distance energy of G is approximately
22.3166.1.e., Epp,[Ds(G)] = 22.3166.

The above example illustrates that the minimum pendant dominating distance energy of a
graph G depends on the choice of the minimum pendant dominating distance energy set. In other
words, the minimum pendant dominating distance energy is influenced by the pendant dominating
set.

5 . Properties of the Minimum Pendant Dominating Eigenvalues of
Graph

Theorem 5.1. Let G = (n,m) be a simple graph of order n, degree m and |D| be the minimum
pendant dominating set. Let f,(G, $) = app™ +a; "1 +a,¢" 2 + --- + a, be the characteristic
equation of minimum pendant dominating eigenvalues. Then

(i) a; = —|D|
_ (D]
(iii) az—(2)+2m
Proof: (i) Proof is followed by the definition of f, (G, ¢).

(ii) We know that the sum of the principal diagonal elements of App,(G) is equal to |D| = ype(G).
That is, the trace of App,(G) is 1 X 1 principal submatrices, is equal to |D|. Thus, we conclude
(—=D'a; =v,.(G) and hence a; = —yp(G) = —|D|

(iii) (—1)%a, isequal to the sum of the determinants of all 2 X 2 principal submatrices of App, (G). We

2 : i ajj 2 :
az = |aji a]] = (aiiajj + aijaji)

have,

1<i<jsn 1<i<jsn
2
= z a;ajj + E (ay)
1<igjsn 1<i<jsn

... — (IDI
Say = ( 5 ) + 2m
Theorem 5.2. Let ¢y, §,, ..., §, be the eigenvalues of App,(G), then

D b =¥pe(@ = DI

(ii)z &2 = |D| + 2m + 2M where z (d(vi,v))® andm = |E|
i=1

iSj,d(Vi,V]‘)il

Proof: (i) We know that the sum of eigenvalues of App, (G) is equal to the trace of App, (G). Hence,
we have
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n n

Zd)i = Zaii = |D| = vpe(G)

i=1 i=

=

(i) Similarly, the sum of the squares of the eigenvalues of App,(G) is equal to the trace of

(App, (G))?. Therefore,
Zd)i Zq)lzd)] sz)d)] Zzauajl
i=1

i=1 j= i=1 j=
= ZZ(au aj; + a3 + aga ]]) Z Z(zau aj; + au
i=1 j= i=1 j=
= Zau +2 (ay)’ Za" +2 (dvi )
i<j i<j

— |D| + ZZ(d(vi,vj))z — D] + 2m + 2M

Z ¢;? = |D| + 2m + 2M where M = Z (d(vi,vj))z

i=1 isj,d(vy,vj)#1

Theorem 5.3. Let G be a (n,m) simple graph with diameter 2 and D = {u,u,,...,uy}. be
a minimum pendant dominating set. If ¢q,¢,,...,b, are the eigen values of minimum pendant
dominating distance matrix App , (G) then

n
Zq)iz =k +2(2n% — 2n — 3m)
i=1

Proof: We know that in App,(G) there are 2m elements with 1 and n(n — 1) — 2m elements with
2 and hence corollary follows from the above theorem.

Theorem 5.4. Let G = (n, m) be a graph, and let ¢,(G) denote the largest minimum pendant
dominating distance energy eigenvalue of App, (G) then,

2W(G) + |D|
1 (6) = —————

where W(G) is the Wiener index of G.
Proof: Let Gbe a graph and let ¢; denote the minimum pendant dominating distance energy eigenvalue
xT APDd

of App,(G). Then, we have ¢, (APDd (® ) = max( ) where X is any non-zero vector, X7 is its

transpose and A is a matrix. fweset X=] = (1 1 .. 1)T where]is a unit matrix. Then, we get

I Apps (@) 2Zig (A(viv))) +¥pe(@  2W(G) +vpe ()
17] - n - n

1 (Appg (@) =

Theorem 5.5. Let G = (n, m) be a graph with diameter 2 and let ¢, (G) denote the largest
minimum pendant dominating distance energy eigenvalue of App, (G), then

2n? — 2m — 2n + |D|
n

$1(G) =

where |D| is a pendant domination set.

Proof: Let G be a connected graph with diameter 2 and d; denotes the degree of vertex v;. Clearly
it of App,(G) consists of d; one’s and n—d; —1 twos. By using Rayleigh’s principle for J =
[1,1,...,1] we have
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JTApp,(G)]  2%%,[d;*1+ (n—d;— 1) 2] + D]
T n

b4 (APDd (G)) =

2n?2 — 2m — 2n + |D|
n

$1(G) =

Similar to Koolen and Moulton’s [15] upper bound for energy of a graph, upper bound for Epp,(G) is given in the
following bounds.

6. Bounds for the Minimum Pendant Dominating Distance Energy

Theorem 6.1. Let G = (n,m) be a connected graph. If A = det(App,(G)) and |D| is the minimum
pendant dominating set, then

2
\/|D| +2m+2M +n(n — 1)An < Epp,(G) <+/n(ID| + 2m + 2M)
Proof: The Cauchy’s-Schwarz inequality is
2

S (8052

i=1 i=1 i=1
Put a; = 1 and b; = |¢;]| in the above inequality

(Zo0) <(20) (B

(Erpa(@)’ n( |¢1|2>
=1

1

From Theorem 5.2, we have

(Ede(G))Z < n(2m + 2M + |D|)

. (Ede(G))2 < J/n(Zm + 2M + |D|)

Since arithmetic mean is not smaller than geometric mean, we have
1

n(n-1)
e el = { [ ol
i#j i#j
e el = ([ [
i#j i#j
1_[|¢i| n= 1_[431 n
i i#j

2 2
= |det(App,(G))|* = An

+ 10l || = n(n — 1an
%)

Now, consider

(Erp, @) Z|¢1|2 = Z|¢1|2 £ il ]

i#j
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From Theorem 5.2, we have

2 2
(EPDd(G)) > |D|+2m+ 2M + n(n — 1)An

2 2
= (EPDd(G)) = \/IDI +2m + 2M + n(n — 1)An

2
\/|D| +2m+2M+n(n — 1)An < Epp,(G) <+/n(ID| + 2m + 2M)

Theorem 6.2. Let G = (n, m) be a connected graph. Then,

VID| 4+ 2m + 2M < Epp(G) < 4/n(ID| + 2m + 2M)

Proof: The Cauchy’s-Schwarz inequality is

2

(2] =(2) ()

Put a; = 1 and b; = |¢;]| in the above expression

(2o0) =(2e) (@)

From Theorem 5.2, we have

(Ede(G))z < n(|D| + 2m + 2M)

= Epp,(G) < y/n(ID| + 2m + 2M)

Now, consider

2 n
(EPDd(G)) =Z|¢i|2
i=1
From Theorem 5.2, we have
2
(Ede(G)) > |D| + 2m + 2M
= /ID| + 2m + 2M < Epp,(G) < /n(|D| + 2m + 2M)

2_om—
Theorem 6.3. Let G = (n, m) be a graph with diameter 2 and w =1 then

|D|+4—n2—6m—4-n—<

n n

ID| + 2n2 — 2m — 2n
Ede(G)S< >+\](n—1)

ID| + 2n% — 2m — 2n>zl

Proof: The Cauchy’s-Schwarz inequality
2

() =22

Put a; = 1 and b; = |¢;| in the above inequality

(Zror) <21 (Zer)

(Eppy(G) — d1)* < (0 — 1)(ID| + 4n? — 6m — 4n — $?)
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oo, (6) < &y + (0 = 1)(ID| + 4n — 6m — 4n - ¢7)

Letf(x) = x + \/(n —1)(ID| + 4n? — 6m — 4n — x?)
For decreasing function f'(x) < 0 we have,
n—1)(—2x
N ( )(=2x) <0
2/(n — 1)(ID| + 4n2? — 6m — 4n — x2)

<X

ID| + 4n? — 6m — 4n — x?
n—1

>\j|D|+4n2—6m—4n
- n

Therefore f(x) is decreasing in

,ID| + 4n? — 6m — 4n

\/lDl + 4n%2 — 6m — 4n
n

Clearly\/lD|+4n2r:6m—4n c [\/|D|+4n2;6m—4n’ ID| + 4n% — 6m — 4n]
2_ _ _ _ 2_ _
Since w > 1 we have /IDHZHZH zm-2n  [Di+2n - 2222 < ¢,(G) (By Theorem 5.5.)
Therefore,
ID| + 2n? — 2m — 2n
= f(py) <f n

ID| + 2n? — 2m — 2n>
n

Epp,(G) < f(

ID| +2n? — 2m — 2n
Ede(G)S( >+ (n—-1)

n

[D| + 2n%? — 2m — ZH)Zl

|D|+4n2—6m—4n—<
n

Bapat and S. Pati [2] proved that if the graph energy is a rational number, then it is an even integer. A similar
result for the minimum dominating energy is presented in the following theorem.

Theorem 6.4. Let G be a (n,m) graph where n and m are the number of vertices and edges. Let || =
|2 = -+ = |$py| be the minimum pendant dominating eigenvalues of App,(G) which are arranged in

descending order, then

Epp, (G) = v/n(ID| + 2m + 2M) — a() (|—y| + |4 ])?

n

Here a(n) = n BJ (1 — % bJ) and [n] indicates the integral part of a real number.

Proof.LetA>a; >aandB>a;=>bVvi=1,23,..,nwherea,a,,a,,..,a, Aand b,by,b,, ...,b,, B are the real

S 55

i=1 i=1 i=1

numbers.

a(n)(—a+ A)(—b+ B) =

where a(n) =n EJ (1 —%FJ) and equality holds if and only if b; = b, = --- =b,and a; = a, =-- =a,.

2

Ifb; = [l a; = |$i], B=A = |d,| and b = a = |}, ], then

nZ|¢i|2—(Z|¢i|> < a(@)(I=nl + 1412

But
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n
Z|q>i|2 — |D| + 2m + 2M
i=1

and Epp,(G) < /n(|D| + 2m + 2M) then the above inequality will be

n(ID| + 2m + 2M) — (Epp, (@) < a(m)(I=bul + b3 ])?

JRODI+2m +2M) — a@)(I=ul + 611 < Eep, (©
Theorem 6.5. Let G be a (n,m) graph. Let |d,| = |Pp;| = - = [d,| > 0 be a non-incremental order of
minimum covering eigenvalues of App, (G)then

ID| + 2m + 2M + n| ¢4 ||

(Idnl + [d1D
Proof. The following inequality holds [Theorem 2, [12]] if Ra; = b; = ra;R where r, R, a; # 0 and b; are

real numbers.
n n n
(R+71) (Z aibi> > be + rRZ a;

i1 i=1 i=1

Epp,(G) =

Putr = |pyl, ai = 1, R = |p,] and b; = |¢;| then

(b1l + IbnD) (Zn:ld)iI) = Zn:lcbilz + | Pnlld | (ZH: 1)

i=1 i=1 i=1
e, [C+2 ) (d + )" df + nlballbal < (Ibal + 11 DES(G)
>i
ID| + 2m + 2M + n|¢, ||y |
(Idnl + 1d1D
Theorem 6.6. Let G be a graph with the minimum pendant dominating maximum degree set D(G) where

D(G) is the minimum pendant dominating set. If the minimum pendant dominating distance energy
Epp, (G)is a rational number, then

~ Eppy(G) =

Epp,(G) = |D|(mod2)

Proof: Let ¢, ,, ..., ¢, be the minimum pendant dominating distance energy eigenvalues of graph
G of which ¢4, ¢y, ..., ¢y are positive and the remaining are negative. Then

D 1bil 2 = (1 + by o+ b) = (Gpir + bprz + o+ D)
i=1
DIl =21 + by + o+ bp) = (b + b + o+ by)

Eppg(G) = 2(ps + o + -+ p) — thbil

Eppy(G) = 2(dpy + ¢y + -+ p) — ID|
= Epp,(G) = |D|(mod2)
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7. The Minimum Pendant Dominating Distance Energy of Some Standard Graphs

Theorem 7.1. The minimum pendant dominating distance energy of a complete bipartite graph K, forn >
2is(4n—8) +VnZ —2n+ 5 +V9n? — 6n + 13
Proof: Let K, , be a complete bipartite graph with the vertex set V (G) = {ul,uz, ey Up Vq,Va, ...,vn}. The

minimum pendant dominating set is D = {u;,v;}. Then, the minimum pendant dominating distance
energy matrix of the complete bipartite graph is

12 .. 211 .1
2 0 .. 211 .. 1
2 2 .. 011 1
Appg (Knn) 11 11 2 2
11 ..120 2

\11...122...0/

The characteristic polynomial of App (Kn‘n) is

@+2)*(d?-(-3)d+(m—1)(¢*-Bn—-3)d—(Bn+1))=0

The minimum pendant dominating maximum distance energy eigenvalues of K,, ,, are

(n—3)+vVn2-2n+5 (3n-3)+v/9n2-6n+13
2 2

2nx2n

¢ = —2 with multiplicity (2n — 4), ¢ = and ¢ =

with multiplicity one

each.

Spectrum of K, , is

(n—3)+vn?—-2n+5 (3n—3)++vV9n? —6n+ 13
Spec(Kn‘rl ) = 2 2 -2
1 1 2n—4
The minimum pendant dominating maximum degree energy of K,, , is

(n—3)—+vn?2—-2n+5

(n—3)++vn?2—-2n+5 (B3n—3)++v9n2 — 6n + 13
EPDd(Kn,n)z 2 + 2 + 2
3n—3) —V9n?2 — 6n + 13
+‘( ) > +|-2|/(2n —4)

Eppy(Knn) =2(2n—4) +y/n2 — 2n + 5 +/9n2 — 6n + 13

“ Eppy(Knn) = 2(2n — 4) +y/n2 — 2n + 5+ /9n? — 6n + 13
Theorem 7.2. The minimum pendant dominating distance energy of a star graph K, ,_; for n > 3 is atmost
(6bn —10) + 2vn + 2.

Proof: Let K, ;,_; be a star graph with the vertex set V (G) = {vy, vy, V3, ...,V,_1} where {v,} is the center
vertex. The minimum pendant dominating set is D = {v,, v;}. Then, the minimum pendant dominating
distance matrix is

11 1 1
11 2 2
Appy(Kin-1)=|1 2 0 2
1 2 2 0

The characteristic polynomial of App,, (Kl,n—l) is
fo(Kin-1, @) = (=D"($ +2)"3(¢* — 2n — D d* — (n + 2)d + (n — 2))
< (D" + 2" (@* — 2n— D> — (n + 2)$ + (0 — 2) + (20 —n — 6))
1633
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=D +2)"3(¢* - 2n—DP* — (n+2)p+2(n+2)(n—2))

= (Do +2)"*(9* (@ -~ (2n—4) — (n+2)(¢ — 2n - 4))

< (—D"(¢ + 2" 3($? — (n+2)) (b — (2n - 4)
The minimum pendant dominating distance energy eigenvalues of K; ,,_, are
¢ = —2 with multiplicity (n — 3), ¢ = (2n — 4) and ¢ = +v/n + 2 with multiplicity one each.
Spectrum of a star graph K; ,_; is

Vvn+2 2n—4 -2 - n+2)
1 1 (m-23) 1

Spec(Kl_n_1 ) = <
The minimum pendant dominating distance energy of K, ,,_; is
Eppy (Kin-1) = [Vn+2|(1) + [2n — 4|(1) + [-2|(2n — 4) + |—Vn + 2|(1)
Eppy(Kin-1) =2(2n—6) +2Vn+2+ (2n—4)
= Eppy(Kino1) = (6n —10) + 2vn + 2

Definition 7.1. The double star graph S, ;,, is the graph constructed from K, ;,_; and K, ;,,_;by joining their
centers v, and ugy. A vertex set V(Sn_m) = V(K1,n—1) UV(K1,m—1) = {vo,vl, ey Vn_1,Ug, Uq, ---'um—1,} and
the edge set E(Sym) = {voup, vovi, uou; where 1<i<n—-1, 1<j<m-—1}

Theorem 7.3. The minimum pendant dominating distance energy of a double star graph S,, for n >3 is
(4n —4) +V25n2 —4n+ 16 +Vn2 +8n + 4

Proof: Let S,, be a star graph with the vertex set V (G) = {vy,Vy,Vs,...,Vn-1,Ug, Uy, ..., Uy_1}. The
minimum pendant dominating set is D = {v,,uy}. Then, the minimum pendant dominating distance
energy matrix is

1 1 1 1 2 2
1 0 2 2 3 3
1 2 0 2 3 3
APDd (Sn.n) = 1 2 2 1 1 1
2 3 3 1 0 2
2 3 ... 3 1 2 .. 0/ mxon

The characteristic polynomial of Ade(Sn_n) is

(d+2)2(p?=5ndp+(n—4)(P*+(+2)p—n)=0
The minimum pendant dominating distance energy eigenvalues of S, ,, are

5n++/25n2—-4n+16 —(n+2)+Vn2+8n+4
2

¢ = —2 with multiplicity (2n — 2), ¢ = 3

and ¢ = with multiplicity one each.

Spectrum of S, ;, is

5n+V25n2 —4n+16 —(m+2)++Vn2+8n+4
Spec(Sn_n ) = 2 2 -
1 1
The minimum pendant dominating distance energy of S, ;, is
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5n —v25n2 — 4n + 16
2

5n ++v25n2 —4n + 16 —(m+2)++VnZ+8n+4
EPDd(Sn,n) = +

2 2
—-(n+2)—Vvn?2+8n+4
2

E

+|-2|(2n - 2) +|

Eppy(Snn) = (4n—4) + /2502 —4n + 16 + y/n2 + 8n + 4

“ Eppy(Snn) = (4n —4) + /2502 —4n + 16 + yn2 + 8n + 4

Theorem 7.4. The minimum pendant dominating distance energy of a barbell graph B, , for n>3 is
(2n—4) ++v16n2 — 20n + 13 + V4n% — 3

Proof: Let B, , be a barbell graph with the vertex set V (G) = {vy, vy, Vs, ..., Vg, Ug, Uy, ..., Up }. The minimum
pendant dominating set is D = {u,u,}. Then, the minimum pendant dominating distance energy matrix
is

1 1 1 1 1 2 2

1 0 1 1 2 3 3

1 1 0 1 2 3 3
Ade(Bn_n) = 1 1 1 0 2 3 3

1 2 2 2 1 1 1

2 3 3 310 1

2 3 3 .. 3 11 .. 0/2nx2n

The characteristic polynomial of App, (B ) is

@+ *(¢*—(4n—-3)p—-(+1))(¢*+2n—1Dd—-(m—-1)) =0
The minimum pendant dominating distance energy eigenvalues of B,, , are

(4n—3)++/16n2-20n+13 —(2n-1)+v/4n%2-3
2 2

¢ = —1 with multiplicity (2n —4), ¢ = and ¢ = with multiplicity one

each.

Spectrum of B, ,, is

(4n —3)++V16n2 —20n+13 —(2n—1)++V4n2 -3 1
Spec(B,, ) = 2 2 n
1 1 2n —4
The minimum pendant dominating distance energy of B, ,, is

(4n — 3) +V16n2 — 20n + 13 —(2n—1)++V4n? -3 (4n — 3) —V16n2 — 20n + 13
Ede(Bn‘n) = + +

2 2 2

+|-1|(2n—4) +

|—(2n —1)—+V4nzZ -3
2

Eppy(Bnn) = (20— 4) ++/16n2 — 20n + 13 + y/4n2 — 3

“ Eppy(Bnn) = (2n — 4) +y/16n% — 20n + 13 + /4n2 — 3

Definition 7.2. The cocktail party graph denoted by K,,, is the graph having the vertex set V(G) =
UL, {u;, v;} and the edge setE(G) = {uiu]-,vivj,uivj,viuj: 1<i<j< n} ie,|V(G)| = 2nandE(G) =

n?-3n

Theorem 7.5. For the cocktail party graph K,,,where n > 3, the minimum pendant dominating distance energy

is atmost (4n —5) ++/5+ 2v2n + 3

Proof: Let K,,,, be the cocktail party graph having the vertex set V (K;,,) = UiL,{u;, v;}. The minimum
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pendant dominating set is D = {u;, u,}. Then, the minimum pendant dominating distance energy matrix
is

1 1 1 2 1 1

1 1 1 1 2 1

1 1 0 1 1 2
APDd(KZ*n) = 2 1 1 0 1 1

1 2 1 1 0 1

11 .. 2 1 1 .. 0/ %2

The characteristic polynomial of Ade(sz) is
frn(Kzun, @) = "3 (0 + 2" 2(9* + & — (P> — @n— Dd? — 2n + 3)d + (2n — 4)
SO 3P +2)"2(d*+d—D(P3P— (2n—1)p? — 2n+ 3)d + (2n — 4) + (4n? + 2n + 1))
=" 3 (d +2)" (% + b — D(P* — 2n— Dd? — (2n + 3)¢ + (4n* + 4n + 3))
=" 3 (d +2)"2(? + & — (¢ — (2n — Dd? = 2n + 3)$ + (2n — 1)(2n + 3))
= "G+ DM@ + ¢~ D(@Ab— 2n— 1) - @n+3)(¢ — (2n - 1))
< P"E (P +2)" (P + b — D(P? - (2n +3))(¢ - 2n — 1))
The minimum pendant dominating distance energy eigenvalues of K,,,, are

—14+V5
2

¢ = 0 with multiplicity (n — 3), & = —2 with multiplicity (n — 2), ¢ = ,b=+v2n+3anddp=2n-1

with multiplicity one each.

Spectrum of K, is

-1++5 0 -1-+5

Spec(K,,,) = V2n+3 2n-—1 > > —V2n+3 -2
1 1 1 n-3 1 1 n-—2
The minimum pendant dominating distance energy of K,,,, is
-1++5 -1-+5
Eppy (Kzun) = |\/2n+3|+|2n—1|+|#| +0+ #|+|—\/2n+3|+|—2|(n—2)
1 V5 1 +5§
Ede(KZ*n)=\/2n+3+(2n—1)—E+7+§+7+\/2n+3+2(n—2)

“ Eppy(Kgun) = (4n —5) + V5 + 2v2n + 3

Theorem 7.6. For any integer n = 3 the minimum pendant dominating distance energy of complete graph K, is

(n—3)+vn2—-2n+9

Proof: For complete graph K, the minimum pendant dominating distance matrix is same as minimum
pendant dominating matrix [19]. Therefore, the minimum pendant dominating distance energy is equal to
minimum pendant dominating energy.

8. Conclusion

The theory of domination and graph energy are both central topics in modern graph theory, with
numerous applications in fields such as network theory, computer science, chemistry, and even physics. In
recent years many scholars are working in this area and also, they are introducing new domination
parameters. In this article we have initiated the pendant domination parameter for distance energy. We have
made significant progress in our research by calculating the exact values of the minimum pendant
dominating distance energy for well-known families of graphs and establishing bounds for this parameter in
terms of other graph properties, such as the degree and order of the graph.
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