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Abstract

We consider a batch arrival queueing system where the server provides
dual stages of heterogeneous service with an optional stage under a
modified Bernoulli schedule and N-policy. The server stays idle until the
queue size reaches N (21). As soon as the queue size becomes at least N, it
begins serving each customer through primary and secondary stages of
service. After the dual stages of service, the customer leaves with
probability (1-a) or receives optional service with probability a. Upon
completing all service stages, the server enters a vacation mode governed
by a Bernoulli schedule: with probability (1-f), it serves the next customer;
with probability S, it takes a k-phases of vacation. After this, the server may
take an optional K+1 phase vacation with probability or resume service
with (1-0). We derive queue size distribution and performance measures
using generating functions, and propose an optimal threshold N to
minimize total cost.

Keywords: Batch arrivals, Dual-stage service, Optional service, Bernoulli
vacation, k-phases of vacation, N-policy, Queue length characteristics,
Performance analysis, Cost optimization.

1 Introduction

The study of queueing system is a powerful tool used to model service systems in diverse
areas such as manufacturing, computer networks, and healthcare. A key extension of
traditional models involves server vacations, where servers may take breaks according
to specific rules, improving realism and flexibility. One notable policy, the N-policy,
activates service only when the queue reaching a specified threshold, first developed by
Yadin and Naor [25]. Since then, extensive research has evolved around vacation queues.
For instance, Levy and Yechiali [20] provided a foundational survey of vacation models
and Doshi [8] provided a queueing systems with vacations survey. The classical Bernoulli
schedule vacation discipline was developed by Keilson and Servi [14]. Batch arrival
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MEXI/G/1 queueing system with multiple vacations were first studied by Baba [3]. The
first study of batch arrival queue with control policy (N-policy) by Kella [15], Lee and
Srinivasan [17], and Takagi [24] was first proposed the concept of a variant vacation for
the single arrival M/G/1 regular system. Krishna and Lee [16], Doshi [9], Selvam and
Sivasankaran [23] and Lee et al. [18], those papers mentioned above are characterized
by a common feature; the second stage of service is provided only to a proportion of the
original incoming customers, motivation for this type of model also comes from some
communication and computer networks where messages are processed in two stages by
a single server. These vacation model variations with N-policy were expanded upon by
Lee et al [19]. Madan [21] investigated Bernoulli vacation models for queueing system
involving two heterogeneous service stages. Anabosi and Madan [1], Artalejo and
Choudhury [2], along with many others have made notable contributions to the study of
vacation models. Choudhury and Madan [4] addressed batch arrivals with a vacation
time under Bernoulli schedule. Ke [11] derived the system characteristics of the model
and determined the optimal N-policy threshold that minimizes cost; in this direction,
several researchers have made notable contributions.

Choudhury and Madhuchanda [6] analyzed a batch arrival queueing system with an
additional service channel operating under an N-policy. Choudhury and Madan [5]
investigated a batch arrival queueing system with heterogeneous service governed by a
modified Bernoulli schedule under N-policy. Later, Choudhury et al. [7] carried out a
steady-state analysis of an MIXl/G/1 queue with two-phase service and a Bernoulli
vacation schedule under a multiple vacation policy. In the same year, Ke [12] applied the
supplementary variable technique to study an MXI/G/1 queue with balking under a
variant vacation policy. Ke et al. [13] examined the operating characteristics of an
M[Xl/G/1 queueing system governed by an N-policy with a maximum of ] vacations. In
their model, the server is allowed to take up to consecutive vacations and resumes
service only when, upon returning from vacation, there are at least customers waiting in
the queue. Manoharan and Sankara Sasi [22] studied an M/G/1 reneging queueing
system with second optional service and with second optional vacation. Kalyanaraman
and Shanthi [10] investigated an M/G/1 queueing system incorporating k-phase
vacations and a state-dependent arrival rate. In their model, the server initiates a
vacation comprising k-phases whenever the system becomes empty following a service
completion.

This paper presents a generalization of the batch arrival two-stage service queueing
model with a modified Bernoulli vacation schedule under N-policy, previously analyzed
by Choudhury and Madan [5], through the inclusion of k-phase vacations, optional
service, and optional vacation.

For example, in a manufacturing plant, where a machine processes items in batches
and stays idle until items accumulate (N-policy). Each item undergoes two stages of
processing, with a probability of needing optional rework. After processing, the machine
may begin another job or enter multi-phase maintenance (vacation), potentially followed
by optional extra maintenance. This practical scenario motivates the analysis of such
queueing models, where determining the optimal threshold helps minimize operational
cost while accounting for realistic service behaviours like rework and maintenance.

The structure of the paper is as follows. Section 2 outlines the system model, including
the necessary assumptions and notation. Sections 3, 4, and 5 present the steady-state
equations, developed using the supplementary variable technique. In Section 6, the
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probability generating functions for the queue length distributions at both arbitrary and
departure epochs are derived. Section 7 discusses the average queue lengths at these
epochs, derives results from earlier models as special cases, and establishes key
performance measures. Section 8 introduces the cost optimization function and
determines the optimal threshold value. Section 9 presents a discussion of the special
cases. Numerical results supporting the analysis are provided in Section 10. Finally,
Section 11 concludes the paper with a summary of findings.

2 System Model

An optimal batch arrival queueing system with dual-stage compulsory service with an
additional optional service under modified Bernoulli schedule k-phases of vacation with
an extended optional k+1 vacation is considered. To formulate the system model, the
following assumption are made.

e The First-Come, First-Served (FCFS) discipline governs the service order.
e Customers arrive in batches of size * x.” according to compound Poisson process,

where the batch size follows a probability mass function pr[x, = m]=c,m=1,2,3,

..withs~ . _1.The PGF of x,is denoted by y._ S e, - The m" factorial mo-

ment of X, given by £[x"= E[x,(X, —1)...(X, —m+1)]1s assumed to the infinite,
Le, E[X"] <o,

e The server does not begin service until at least N (with N = 1) customers have
accumulated in the queue. Once the queue length meets or exceeds this threshold,
the server immediately begins operation, providing a dual-stage compulsory ser-
vice to each customer. Specifically, every customer first undergoes the Primary
Stage Service (PSS), with service time denoted by Bi, followed by the Secondary
Stage Service (SSS), with service time denoted by B2. After completing the SSS, a
customer may either leave the system with probability (1-a), or receive an Op-
tional Stage Service (OSS) with probability @, where (0 < a < 1). The service times
B1, B2, and Bs are generally distributed with distribution functions (DF), Bi(x),
i=1,2,3 respectively. Their Laplace-Stieltjes transforms are given by, B*(s), and
each of these service times is assumed to have finite moments £[B¢], fora < 1,
i=1,2,3.

e Once a customer completes all stages of service, the server may start the next ser-
vice with probability (1-f) or, with probability § (0 < § < 1), it initiates a vacation
consisting of k-phases, denoted by Vj, for j=1,2, ...., k. After completing all k-phases
of vacation, the server may take an additional vacation Vj.1, for j=1,2,...,k with
probability 6 (0 < 8 < 1), or return to the system with probability 1- 6. Upon re-
turning, the server remains idle until the queue size reaches the threshold N (with
N > 1). Each vacation time Vi (where i=j, j+1 and j=1,2, ...., k) is generally distributed
with distribution function (DF), and its corresponding Laplace-Stieltjes Transform
(LST) is denoted by ;" (s) . All vacation times are assumed to have finite moments

E[v<], fora <1,i=j,j+1 and j=1,2, ..., k and are independent of both the service

times Bi and the arrival process.

Now, the modified vacation period is,
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k

V= Z V.  with probability f3,

= —1

J

k
Z V.. with probability 6.
=1

3 Queue Length Characteristics

In this section, we formulate the system of state equations for the queue length
characteristics at an arbitrary time point by incorporating supplementary variables.
These variables represent the elapsed service times for the three service stages and the
elapsed vacation times for the vacation k-phases as well as the optional k+1 phase. We
then solve these equations and derive the PGFs of the queue length characteristics. The
analysis is carried out under the assumption that the system has reached a steady-state.
Let s(s) denote the number of customers in the queue at time t. Define B" as the elapsed

service time at time t for the ith service stage—namely, the Primary Stage Service (PSS),

Secondary Stage Service (SSS), and Optional Stage Service (0SS) for i=1,2,3, respectively.
Similarly, let 7? and 1?, denote the elapsed times of the j® phase of vacation and the

optional (j+1)% vacation phase at time t, for j=1,2, ..., k.

Let the random variable y(¢) is defined as,

(0, if the server isidle at timet’,

1, if the server is busy with PSS at time “t’,

2, if the server is busy with SSS at time 't’,
7(@) = 3, if the server is busy with 0SS at time 't’,

4, if the server is on k — phases of vacation at time 't’,
\5, if the server isonk + 1 optional vacation at time 't’,

Let the random variable «(¢)is defined as

0, if y(t)=0
BUO). if y(©)=1
B, if y(0)=2
BYD). if (=3
Vo). if y() =4
Vo), if y() =5

(1) =

Let the random variable §(z) represent the number of customers in the queue at time t.

To proceed with the analysis, the corresponding limiting probabilities have been
introduced:

O, =lim Prob [6(t) = n, w(t) =0], n =0,1,2,...., N —1,
P, (x)dx = lim Prob [6(¢) = n, w(t) = B’ (1);x <B’ () <x +dx],
’ t—o0

x>0, n=>1,i=1,2,3.
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- 0 . 0
R, (x)dx = }Lrg Prob [6(2) = n, o) =V; (1);x <V, (1) <x+dx],
x>0, n>0,1< j<k.
R,,,(x)dx = }g{.} Prob [6(t) = n, o(t) = Vﬁl(t);x <Vj°+1(t)Sx+dx],

x>0,n>20,1< j<k.

Further, it is assumed that B,(0) =0, B,(x) =1, V.(0)=0,V,(0)=1,V,,(00=0,
V(o) =1 for i=1,2,3 and j=1,2,3,....k and that B,(x) , Vi (x) and V,a(x) are continuous
at x =0, so that

dv,.(x)

1=V, (%)

for i=1,2,3 and 1< < k;

dB,(x) .

; _ 4V, and
—B.(0 v, (x)dx =

1 _ I// (x) Uj+1 (x)dx =

H; (x)dx =

are the first order differential (hazard rate) functions of B,, V', and ¥, respectively for

i=1,2,3 and j=1,2,3,....k.

The long-term behaviour of the queueing process at an arbitrary epoch can now be
analyzed using the Kolmogorov forward equations.

diPn_l.(x)+[ﬂ+yi(x)]Pn_l.(x)=ﬂ,Zn:chnf”.(x), x>0, n>1, (31)
X r=1
diRnJ(x)+[ﬂ,+U/.(x)]le.(x):/'Lich"f,y/(x), x>0, n=1,
X =1

(3.2)

1<j<k,

LRy (D) +[A+0,(DIR, ,(x) =0, x>0,1<j<k, (3.2a)
X

R, (O +[A+0, (OIR, ()= Z R,  (x), x>0, nxl, (3.3)

r=1

d
d:
d
dx

1<j<k,

diRo,,ﬂ () +[A+0,, (DR, () =0,  x>0,1<j<k, (3.3a)
X

A0, =1— 0)_[ v; (x)Ro,/ (x)dx+ IQ/H (x)Ro,/+1 (x)dx (34)

+(1= ) [ 1 (OB, () dx+ (A=) [ 11, ()P, (x)dix,
(3.5)

where p (x)=0fori=1,2,3 occurring in above equation (3.1) respectively.

The steady-state equations (3.1)-(3.5) must be solved under the following boundary
conditions at x=0, specified at:
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B(0)=(1=p) [ 11,(x) P, 5(x)dx+(1=0) [0,(x) R, ,(x)dx

=) [ 100 s (Ol + [0, (DR, ., () dx, (3:6)

n=12,....N—1, 1< j<k,
P, (0)=(1= ) [ t,(x) B, s(x)dx+(1-0) [0,(X) R, ,(x)dx

+(-a) T A, (x) Pn+1,2 x) dx+TUj+1 x) Rn,j+1 (x)dx+ /,LGlcr @) o (37)

n=>N, 1< j<k,

P (0)=[14() B, (x)dx, nzl, (3.8)
P (0)=a [ 1,(x) B, ,(x)dx, n=1, (3.9)

R0 =f [ t,(¥) By (0 dx, n=0, (3.10)
R, (0)= Tqi,l(x)R,,n,,,(x) dx, n=0,1,2,...., 1< j<k, (3.11)

RHJH(O):QTUJ.(x)RnJ(x) dx, n=0,1,2,...., 1< j<k, (3.12)

and the normalizing conditions,

>0, +33 [B,ax+> > [R,,(x)dx

n=1 i=1 ¢ n=0 j=1 o

+ii?RMﬂ (x)dx=1

n=0 j=1 o

(3.13)

To facilitate the solution of the system of equations (3.1)-(3.5) along with the
boundary conditions (3.6)-(3.12), we introduce the following probability generating
functions:

P(z;x)=> P, (0)z", i=123,x>0,|z<1,
n=1
P(z;0)=>_P,(0)z", i=123, |z|<],
n=1

Rj(z;x)ziRw(x)z", 1< j<k,x>0,|z|<]1,
n=0

Rj(Z;O)ziR",j(O)Z", 1< j<k, |2|<1,
n=0
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R, (z;x)zikw+l (x)z", 1< j<k,x>0,|z|<],
n=0
R, (=3 R, ()", 1= <k |z<L,
n=0

Q(z)ziQﬂ z", |Z|<l.

Proceeding as usual with equations (3.1), (3.2), and (3.3) we derive the following results.

P (z;x)=F(z;0)[1- B (x)]e”, x>0 (3.14)

P(z:)=P(z:0)[1-B,(0)]e ™, x>0 (3.15)
P(z:0)=P(z:0)[1-B,(0]e™, x>0 (3.16)

R, (z;x)=R (z;0)[1-V,(x)]e ™,

x>0, j=1,2,.,k, 1< j<k, (3.17)
Similarly,
R./’+1(Z;x):Rj+1(Z;O)[1—Vjﬂ(x)]ef"ﬁx,
x>0, j=12,.,k 1< j<k, (3.18)

By multiplying equations (3.6) and (3.7) by corresponding powers of z, summing across
all values of n, and applying equation (3.4), we obtain the following simplification:

R(z:0)=(1-a)B;($)P,(z:0)z" +(1- BB ($) P(:0)=""
+ (=0, (PR, (2:0)+ V], (PR, (:0) (3.19)

23S 0. -20,
n=N r=0

where, B () =Te*¢"dB.(x) is the Z-transform of B,, for i=1,2,3 and v (8) =Te*""“dl/,(x)'
V()= Ie—wd V() is the Z-transform of v, and Vi

Now, by applying equation (3.5) and performing a double summation on the term
gi Z"ECHQV in equation (3.19), followed by a reordering of the summation, we obtain

n=N r=0

the simplified expression.

133, 0~ H0EN ) - 11+ A0, (3.20)

n= =

Therefore, equations (3.19) and (3.20), yield:
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P(2:0) = (1-a)B,($)P,(z:0)z" +(1- B)B.(#)P,(z:0)z""
+(A=OW (PR, (2:0)+ V1 (PR ,.1(z:0) (3.21)
+ 0¥ (2) 1],

Following a similar approach on equations (3.8) through (3.12), the following results are
derived.

P (z:0)=R(z:0)B}(#), (3.22)

P (z:0)=aP,(z:0)B}(#), (3.23)

Rl(z;o)zw, (3.24)
z

R, (z;0)= HV (¢)[W} (3.25)

Similarly,

R (=0)=0[ ]V (¢>{w} (3.26)

Now, using equations (3.22) to (3.26) sequentially in equation (3.21), we derive the
simplified expression.

P(z;0) = z0(2)[4] (3.27)
n [(la)+a[(1/3)+ﬂ((16’) ’

+OV )] [V (1B (¢)

]B§ (P)B($) -z

So, that

7(2)= [ R(z,0)dx

_ 2021 - B/ (9)] (3.28)
{(la)+a[(lﬂ)+ﬂ((19) ’

V@] [V @15 @)

}35 (9)B/(9) -z

In a similar manner, equations (3.15), (3.22), and (3.27), we derive

()= | B(z.0)dx

_ z0(2) B ($)[1— B, ()] (3.29)
[(la)+a[(1,3)+/3((10) ’

v ] 17 @15; (#)

]B§ (DB (P —=z

Similarly, applying equations (3.16), (3.23), and (3.27), we derive
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13(Z)=TP3(Z,O) dx

_ zaQ(2) B/ ($) B, (P)[1 - B; (¢)] (3.30)
(I-a)+a[(1- )+ p((1-0) ’

J B (B (¢)—z
+0V ()] [V (9)1B; (9) (D5 @)

Likewise, applying equations (3.17), (3.22)-(3.24), and (3.27), we derive

l//j(z)zTRj(Z,O)dx

afO(2)B (P) B (P)B; (PI1-V] (¢)]ﬁ V,(#) (3.31)
_ =l , 1< j<k, '

(I-—a)+al(l- B)+ B(1-0)
J N
+OV, (¢))H vi@Bi(#) | (P)B(9)

Finally, using the same approach with equations (3.18), (3.22), (3.23), (3.25) and (3.27),
the following result is obtained

l//j+1 (Z)szjJrl(Z’ 0) dx
0

af00(z)B ($)B,(#) B (H1 -V, (¢)]f[ Vo (#)
- m=l , 1< j<k,

(I-a)+al(1-5)+ p(1-0)
‘ By ($)B/($)—z

N0 B UACIIRC)

m=1

k
Now, let 7(2) = 0(2) +7,(2) +7,(2) +7,(2) + ZZV/j(Z)+ ,.,(2) represent the probability generating
j=1

function of the stationary queue length characteristics at an arbitrary epoch; then

(I-a)+al(- )+ p((1-0)

* k / * * Bl*(¢)B;(¢)
+OV.,(9) V. (9)1B5(#)

| ;H (3.33)
(I-a)+al(1- )+ p((1-0) ’

RO § LA

(1-2)0(2)

w(z)=

By (9B (p) -z
where, g =1 - 1Xx(2))-

4 Evaluation of the Queue Length Characteristics

This section focuses on deriving the system state probabilities and examining the
probability generating function P(z) to facilitate their proper interpretation. To interpret
Q(z), we define &£ (n=1,2,3,......., N -1 as the probability that a batch of customers
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encounters at least ‘n’ tasks awaiting service during a server idle time. This probability
follows the recursive equation:

Now, by applying this reasoning, it is straightforward to show that
0, (forn=0,1,2,....., N —1) satisfies the following expression,

0 =y,& (n=0,1,2,....,N—1), (4.1)

where y, is the constant ensuring normalisation.
Accordingly,
n—1
0(2)=y,D.¢&,2". (4.2)

n=0

To evaluate y, applying the normalizing condition (3.13), which corresponds to z(1) =1,
and obtain the following

w, =8P (4.3)

24

Now, using (4.3) into (4.2), we have :
(l—p)i &.z"
Q(Z) — N_ln:O R (4‘4‘)
:E:é;

n=0

where P =AE(X)E(B,))+ E(B,)+a(E(B,)+ ﬁ(zk: E(W,)+O0EW, )] is the server

Jj=1

utilization of this system and i‘: ¢ is the average number of batches arriving while the
n=0

system is idle. Also, from equations (4.3) and (4.4) we have p <1, which is the necessary
stability condition ensuring the existence of steady state solutions.

Define g as the probability that the system is in an idle period given n customers are
present. Using equation (4.1) and conditioning on the arrival counts, we derive:

(4.5)

Accordingly, the PGF G(z) representing the number of customers in the system during an
idle time {g ;n=0,1,2 N —1} can be written as
N-1
N-I :z:éZZ"
G()=3 g,z =22 : (4.6)

"0 :g:é;
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Applying equations (4.6) and (4.4), we derive
O(2)=(1-p)G(2) (4.7)

By substituting equation (4.7) into equation (3.33), the stochastic decomposition
property of this model can be derived as follows,

(I-a)+al(- )+ B((1-6)

1— k _J B’ B
=D o ST @B @) | > P% D
7(z) = /L ]
() ral(— )+ B0+
J B ($)B ($)—
o 7 DI @) @2 (4)-=
(1= a)+al(1- B+ p(1-0)
1— 1— ko _J B (P)B. N-1
RO EYART0 3 § (RO el (D SERl I
- (—a)+al(1- B)+ B(1-06) $1
J B ($)B: (¢)—z il
o [ rons@ |DO%P

7(z) = A(2)G(2),

Here, 4(z) denotes the PGF of the stationary queue length behavior of an
M* (G, G,,Gy)/ (V,,V,.)/ I(BS) qUeue. This expression is readily derived by substituting

the original service time distribution with the modified one i.e.,

(S =[1-a)+a(d-£)+B(1-6)
+OV () ﬂ V. (#)B;($)1B] (4)B;(9)

Jj=1 m=1
in the well-known Pollaczek-khinchine formula.
Define 7(z) as the PGF corresponding to the number of customers in a batch arriving

during the modified service time s, then
n(z)=[A-a)+a(l-£)+ L((1-0)
+ 9V;(¢))Zﬁ V() B ($)] B ($)B;(¢)

and
E(B)+ E(Bz)+a((E(B3)]
=p

7'() = AE(X) [+ PO EW,) + OB,

Now, by applying 7(z) in the Pollaczek-Khinchine formula, we can express it as:
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P (o) - A= NI =2(2)

n(z)~z
(- +a(-F)+S{-0)
RN § AR

(=) +a((— )+ A(-0)
oV ] Vi) B (@)

(I-p)1-2) Bl ($)B; (#)

BI(P)B;($)—=

where ¢ =(1-2Y(2)),
This represents the first factor on the right-hand side of equation (4.8), and

-
G(Z) —} 0

N-1

2.4

n=

N-1

Here, G(z) represents the PGF of the number of customers present in the system (before
reaching or exceeding N) during an idle period. More specifically, 7;(z) characterizes the

additional queue length distribution due to N-policy.
5 Evaluation of the Queue Length Characteristics at a Departure Time

The probability generating function (PGF) of the queue length characteristics at a
departure time for the AM*/G/1 queue was previously obtained through various
approaches. In  this section, we extend those results to our
MX /(G,,Gz,G3)/(V,,V,+,)/1(BS)/N—pOliCy queue, which has not been studied in the

context of either the As* /G /1/ N —policy queues or the (BS)/N-policy queue. Based on
the "Poisson Arrivals See Time Averages" (PASTA) principle, we assert that the customer
upon departure observes “i " customers in the queue immediately after departure if and
only if there were (;+1) customers in the queue just before the departure. Let {P*;i >0}

denote the probability of observing i “ customers in the queue at a departure time. Then,
we can express this as

B =0,(1- )] 1,(5) P () + (1~ B)] 150
0 ) (5.1)

+Q,(1=0)[n,(OR,., ,()dx+Q, [, (DR, ()dx, 20
0 0

where Q, is the constant ensuring normalisation.
We define the probability generating function (PGF) as follows

7 (2) = _ip,fzf (5.2)

i=o
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Now, by multiplying equation (5.1) by corresponding powers of z and summing across
all values of n, and applying equation (5.2), we derive

7 (2)=Q,(1-a)z™" T 1, (X)P, (x5 2)dx +Q (1— Bz T M (xX) P (x; z)dx

+Q,(1-60)z" Tnj ()R, (x; z)dx + QOTUJ"*'I (R, (x; 2)dx, (5.3)
0 0
1<j<k,
Using equations (3.15) - (3.17) and (3.18), we get after simplification
v (I-a)+al(1- )+ B((1-0)
2Q,(1- "-Y J B[ ($)B;
of p)[;f;z }[ (2)] +‘9Vﬁl(¢))HVr;(¢)]B§(¢) [ (P)B;(9) (5.4)

7t (z) =

v 1) +ald=p)+p(1-0)+
J B (B (&) —
[Zf} o[ |0 OB
Now, applying the normalization condition ~+(1) = 1 given in equation (5.4), we obtain:
Q, =[AEX)] .

Thus, we have

v (I-a)+al(-5)+p((1-0)+
1- -y ; B ($)B,
e )Lz_ég"z }[ OV ov: o[ 17 08: ) OED ey
7= ) tal(-p)+ B0+
E(X J B ($)B.($)]-
( ){24 ool Daonse ORI
Hence, the connection between z(z)and r*(z)is established as follows
NI (6 PN 5.6
7@ = g g T = F@ARDGE), (5.6)
where,
Floy- L=Y@I
E(X)(A-z2)

This represents the probability generating function of the number of customers
positioned ahead of an arbitrary (tagged) customer within the same arriving batch. This
quantity corresponds to the backward recurrence time in a discrete-time renewal
process, where the renewal events are determined by the batch arrival size. This arises
due to the randomness inherent in the arrival size distribution.

In the special case where , 5, o =1 equation (5.5), the result becomes
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N-1

(1—p)[2 f,,Z"}[l—Y(Z)]Bf(¢)B§(¢)B§(¢)lj VOVL® 5

zt(z) =

N-1 4

E(X)[ cf,,}[Bf(¢)B;‘(¢)B:<¢)ﬁV,:(¢>V,L<¢)—z]

n=0
where now we have
k
P =AE(X)E(B)+E(B,)+E(B)+Y EV)+EV,,)].
=1
Note that equation (5.7) represents the PGF of the queue length characteristics at
departure time foran as~ /(G,, G, G,)/1limited service queueing system, which includes

a k-phase vacation followed by an optional k+1 vacation, operating under an N-policy. In
this model, if the system contains at least one customer when a vacation ends, service
resumes without delay; otherwise, the server remains idle until precisely N customers
are present.

Additionally, by taking N=1 in equation (5.7), the expression becomes

(1=p)1-Y(2)1B/($)B,($)B; (¢)HV (¢)V,+1(¢)
7Z'+ (Z) — m=1 (5.8)

E(X)[B/($)B,($)B; (¢)HV (D (P —=2]

which is the probability generating function (PGF) am* /(G,,G,,G,)/1 for a limited

service queueing system with a k-phase of vacation and an additional k+1 of vacation is
of interest. Notably, certain aspects of the standard as* / G /1limited service queue with
a single vacation under the N-policy have been previously explored by Chowdhury and
Madan [5].

Upon substituting z = 0 into equation (5.5), the result is

7+ (0) = Prob [No waiting units in the system when a departure occurs]
A=p)S&  _ ws —p*

E(X)[ZQJ EO

So that
Qo = E(X)P(;'

[t illustrates that a random observer is more likely to encounter an empty system than a
customer departing from it.

6 Average Queue Length

Let L, be the average queue length Ar* /(G,,G,,G,)/ (V,,V,,))/1I(BS)/ N —policy queue at
arandom epoch. Then,

; _d7(2)
K dz

z=1
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E(B})+
AEX(X)EB)+E(B)+ j , ,
(OWEEDTEBD ) ey 0602 |
=p+ m=1
2(1-p)

2[E(B)E(B,)+a(E(B,)|E(B)+E(B,)]

AE*(X) +ﬂ([E(Bl)+E(Bz)+E(33)]t[E(K,)

+OLE(B)) + E(B,) + E(B;) + ﬁ EVIIEV; )]

m=1

" ) 2(1-p)
E(B)+
AE(B,)+ E(B, J E(X(X -1
[E(B)+E(B)+« ﬂ(HE(Vm)+9E(Vf+1))] (X( ) (61)
" 2(1-p)
ann
+"=(jl
— gn

Moreover, if we define L) as the average queue length at a departure epoch for the
M*¥/(G,,G,,G,)/(V,,V,,)/(BS)/ N — policy queue, then it is given by

_dn'(2)

L+
? dz

=L, +E(X,), (6.6)

z=1

where, £(x,) :%{51)) is the average residual batch size. Equation (6.5) shows

that ), > L and equality holds iff £(x,)=0.
Let W, represent the average waiting time of an arbitrary customer in the
M~ /(G,,G,,G,))/ (V,,V,.,)/1/(BS)/ N —policy queue, Then, using Little’s formula and
equation (6.1), W, is given by w, = AE(X)L,.

7 Performance Characteristics

We use PGF functions in this section to compute various performance indicators as
follows:

7.1. State of the server and their corresponding probabilities
(i). Prob[L,]=Prob [No service is being performed] = EQn —(1—p)-

(ii). Prob [The service unit is active in PSS] = z,(1) = AE(X)E(B,)-
(iii). Prob [ The service unit is active in SSS]=7,(1) = AE(X)E(B,) .
(iv). Prob [The service unit is active in OSS] =z,(1) = cAE(X)E(B;) -
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(v). Prob [The service unit is active in k& — phase of vacation]
=y, () = aAE(X)E(,).
(vi). Prob [The service unit is active in k& +1 optional vacation]
=y, (D)= aPOAE(X)E(V,.,)

8 Cost Optimization Function

In this section, we aim to determine the optimal choice of & that minimizes the total cost
by formulating a cost function for the average cost in an
M* /(G,,G,,G))/(V,,V,,))/1/(BS)/ N — policy queue.

Let C,C,,C,, and T, denote the start-up cost per cycle, holding cost per unit time,
operating cost per unit time, and cycle length, respectively.

To identify the optimal choice of N, we utilize the following form of a linear cost function,
similar to the one proposed in Lee and Srinivasan [17]. If 7C(~N) represents the total

average cost per unit time, then

CS
TC(N)=pC, +C,L, e (8.1)

To evaluate £(7,), we begin by defining the following events.
L, be the length of the idle period, and Z, be the length of the busy period.
Sothat (1) = E(L)+EL,)-
Now, since f £, represents the average number of batches arriving during an idle

period and A isthe arrival rate, the mean duration of that number of batches is f E A
k=0

which gives the average idle period as

N-1

pNA
E(Ly) =+2—.

Furthermore, since g(z,)41£(x) denotes the average number of arrivals during an idle
period, the corresponding average busy period is given by"

E(L)=-—L—EW,)"
1—p
Thus, we have
> &

E(T)=—t=0 (8.2)
o ad-p)

By substituting equations (6.1) and (7.2) into (7.1), we obtain the average cost incurred
per unit of time as
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AC,(1-p)+C, > k&,
TCW) = 5 L, + 0, (8:3)

Se,

k=0

Now, in order to identify the optimal choice of ~, the differences as shown below

S, L (m)
H(m—1DH(m)’

ATC(N)=TC(m+1)—TC(m) =
Here, ‘A’ is the difference operator and
1(m) = C,[mH (m) —U(m)] - AC,(1— p),

where, £ () = ifk and U (m) = ik@ .
k=0 k=0

10m=C, ['"Zm—k)@}

1-AE(X){E(B)+E(B,)+ (54)
—AC S
s a(E(B3)+ﬂ(ZE(V1)+0E(VJ”)))}
we note that |
£ (8.5)

m—1 _ d
< [Z(’" k)gﬂ O S onEm -1 °

By using equation (8.4), we have A7C(m+1)>0. Let ‘&’ be the first “m ' such that
J(m) > 0, now setting m = k, we see that
I(k+)=C,[(k+D)H(k+1)-U(k+1]-AC.(1—-p)=1(k)+C,U(k), such
I(k+1)> I(k),hence for some n >k, we have TC(n) > TC(k).

that

Let ~N°be the optimal value of * ¥ ’, which minimizes (8.3), then from equation (8.4), we
have

A€, [1 —p]} (8.6)

C,

m—1
N° = min{m 21> (m—k)é, >
k=0

Denoting py () = g(m — k)&, and 4= AC,[1—- p], equation (8.6) can be written as

N° =min,_,_y {m W(m) = Ci}’ (8.7)

h

Therefore, equation (8.7) can be used to determine the optimal value of * N’ by
identifying the best positive integer ‘m " in the vicinity of ‘N .

Furthermore, it should be noted that if

G, > All— p] ,
C W (m)

s
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where , ﬂE(X)[E(BI)+E(Bz)+06(E(Bg)+ﬁ(iE(V,)+6’E(V,-+I M]-

Therefore, under these conditions the optimal threshold value is 1.

9 Specific Case

In Case 1, assuming no additional k+1 vacation and with 8 = 0 in equation (3.33),
the expression simplifies to:

(l-a)+a(—-L£)+
B T1V @B )

Jj=1 m=1

- ra—_p)+
B TV, (#)B.(#

Jj=1 m=1

1=2)0(2) B/ ($)B, (#)

7(z) =

B/ (B, ($) —z

In Case 2, assuming no optional service and with a = 0 in equation (3.33), the expression
simplifies to:

-8+ B —0)+
oV L1V

A— /) + A-_0)+
oV (NS TV

Jj=1 m=1

1=2)0(2) B (#$)B;(#)

7 (z) =

B(P)B,($)—z

In Case 2, assuming no optional service or optional vacation, and the system consists of
only one vacation composed of K-phases. By setting a« = 0 and 6 = 0 in equation (3.33),
the expression simplifies to:

A=) (A= )+ BV (#) | B/ (#)B;(#)
[A=p)+ BV ($) | B (H)B,($)— =

7(z) =

where ¢ =(1-AY(2)),
This result aligns with the PGF derived by Chowdhury and Madan [5].

10 Numerical Analysis

A numerical analysis is examined in this section by using MATLAB to illustrate how the
cost structure can be employed to determine the optimal choice of »° that minimize the
average cost for wvarying parameters values. For simplicity, we set
A=1,E(B)=0.02, E(B,)=0.03 and £(B,)=o0.1and vacation k-phase here k=1,2,3,4,5

then E(1;) to E(,) values equal to 0.03 and E(V,)=0.1.
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We assume without loss of generality, that the batch size follows a displaced geometric
distribution characterized by parameter ‘o ’, “ #’ and ‘@’. The probability mass function

of the random variable ‘ x’ is expressed as
¢, =1-p)p"", m=1,2,3,....
Then, we have
Y(2)=(U-p)z/(A—p2)

and E(X)=(0-p)".

Now, taking p=0.5, E(x)=2 and we present numerical results for the cost ratio
A/ C,, shown in Table 1. These results are obtained for a fixed value of C,=250 and
various values of parameters ¢,r,0 and C, in Table 1.

To determine the optimal choice of N, let us now calculate p(m)=>"""(m - k)&, - This
can be calculated with the help of recursive equation & =>" 4¢& , and £ =1asshown

in Table 2.

Table 1 Costratio 4/C, for varying values.

a, B, 6=q Cs=1000 Cs=2000 Cs=4000
0 3.6 7.2 14.4
0.1 3.3 6.6 13.3
0.2 3.0 6.1 12.2
0.3 2.8 5.5 11.0
0.4 2.5 4.9 9.9
0.5 2.2 4.4 8.8
0.6 1.9 3.8 7.7
0.7 1.6 3.3 6.6
0.8 1.4 2.7 5.4
0.9 1.3 2.6 5.3

Table 2  Different values of W (m) = Z:_; (m—-k)é, .

m & W (m)
1 0.5 1
2 0.5 2.5
3 0.5 4.5
4 0.5 7.0
5 0.5 10.0
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6 0.5 13.5
7 0.5 17.5
8 0.5 22.0
9 0.5 27.0
10 0.5 32.5

Table 3 Optimal N° values across varying cost level.

Values of C anC,

Optimal values of N*

C,=1000 N =3;for0<a <03
C,=250 N°=2;for 04<a <09
C,=2000 N"=5;for a =0
C,=250 N°=4;for 0.1<a <04
N =3;for 0.5<ax <09
C,=4000 N =7;for « =0
C,=250 N°=6;for 0.1<a<0.3

N°=5;for 04<a<0.6

N =4;for 0.7<a<0.9

Based on the result derived from equation (8.4), the optimal choice of N is determined
by comparing the values of W (m) from Table 2 with cost ratio 4/ C, . Consequently, the

optimal N°is identified and presented in Table 3.

h

CostRatio A/C

Cost Ratio vs q for Different C5 Values

15 |

10

—e—C_ = 1000
—B—C_=2000
C, = 4000
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Figure 1 Shows how the costratio 4/, decreases with increasing q for different
values of start-up cost C. .

Plot of W(m) vs. m

35

1 2 3 4 5 6 7 8 9 10
m

Figure 2 Presents the growth of W (m) when m values increases.

Optimal N° for different q and C_

7
6.5
7 6
6 ~ .
5
>, .
4 :
3
2 '
4000
3000 1
2000 0.5
c, 0 q

0

1000

Figure 3 Illustrates the optimal threshold level N° as a function of the parameter ¢ and
start-up costC, . It demonstrates that N increases with higher values of C, , while it

decreases as ¢ increases.

11 Conclusion

This study analyzes an M/G/1 queuing system with batch arrivals governed by an N-
policy and subject to k-phase Bernoulli-scheduled vacations. Utilizing the supplementary
variable technique and probability generating functions, we derived performance
measures related to the number of customers in the system under various server states.
The analysis yielded multiple key performance metrics and identified the optimal

1942



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

threshold value across a range of cost structures. These findings provide a basis for
determining efficient system configurations under different cost considerations.

References

[1] Anabosi, R.E. and Madan, K.C (2003) ‘A single server queue with two types ofservice,
Bernoulli schedule server vacations and a single vacation policy’, Pakistan Journal of Statis-
tics, Vol. 19 No. 3, pp.331-342.

[2] Artalejo, J.R. and Choudhury, G. (2004) ‘Steady state analysis of an M\G\1 queue with
repeated attempts and two-phase service’, Quality Technology and Quantitative Manage-
ment, Vol. 1, No. 2, pp.189-199.

[3] Baba, Y. (1986) ‘On the M&/G/1 queue with vacation time’, Operations research letter,
Vol. 5, No. 2, pp.93-98.

[4] Choudhury, G. and Madan, K. C. (2004) ‘A two phase batch arrival queueing system with
a vacation time under Bernoulli schedule’, Applied Mathematics and Computations, Vol.149,
No. 2, pp.337-349.

[5] Choudhury, G. and Madan, K. C. (2005) ‘A two-stage batch arrival queueing system with
a Modified Bernoulli Schedule vacation under N -policy’, Mathematical and Computer Mod-
elling, Vol. 42, No. 1-2 pp.71-85.

[6] Choudhury, G. and Madhuchanda, P. (2004) ‘A batch arrival queue with an additional
service channel under N -policy’, Applied Mathematics and Computations, Vol. 156, No. 1,
pp-115-130.

[7] Choudhury, G. Tadj, L. and Paul, M. (2007) ‘Steady state analysis of an MIxl/G/1 with
two-phase service and Bernoulli vacation schedule under multiple vacation policy’, Applied
Mathematical Modelling, Vol. 31, NO. 6, pp.1079-1091.

[8] Doshi, B.T. (1986) ‘Queueing systems with vacations-a survey’, Queueing system, Vol. 1,
No. 1, pp.29-66.15, No. 6, pp.265-272.

[9] Doshi, B.T. (1991) ‘Analysis of a two phase queueing system with general service time/,
Operations Research Letters Vol. 15, No. 6, pp.265-272.

[10] Kalyanaraman, R. and Shanthi, R. (2016) ‘An M/G/1 queue with k phases of vacation
with state dependent arrival rate’, International Journal of Mathematics and Computer Re-
search, Vol. 4, No. 10, pp.2320-7167.

[11] Ke, ]J.C. (2003) ‘The optimal control of an M/G/1 queueing system with server vaca-
tions, startup and breakdowns’, Computer and Industrial Engineering; Vol. 44, No. 4, pp.567-
579.

1943



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

[12] Ke, J.C. (2007) ‘Batch arrival queues under vacation policies with server breakdowns
and startup-closedown times’, Applied Mathematical Modelling, Vol. 31, No. 7, pp.1282-
1292.

[13] Ke, ].C., Hsin-I Huang., Yunn-Kuang chu. (2010) ‘Batch arrival queue with N-policy and
at most ] vacations’, Applied Mathematical Modelling, Vol. 34, pp.451-466.

[14] Keilson, ]. and Servi, L.D. (1986) ‘Oscillating random walk models for GI/G/1

vacation systems with Bernoulli schedules’, Journal of Applied Probability Vol. 23, No. 3
pp-790-802.

[15] Kella, 0. (1989) ‘The threshold policy in the M/G/1 queue with server vacations’, Naval
Research Logistics Quarterly, Vol. 36, No. 1, pp.111-123.

[16] Krishna, C.M. and Lee, Y.H. (1990) ‘A study of two-phase service’, Operations Research
Letters, Vol. 9, No. 2, pp.91-97.

[17] Lee, H.S. and Srinivasan, M.M. (1989) ‘Control policies for the Ml/G/1 queueing sys-
tem’, Management Sciences, Vol. 35, No. 6, pp.708-721.

[18] Lee, HW, Lee, S.S., Park, J. O. and Chae, K. C. (1994) ‘Analysis of the queue with N -
policy and multiple vacations’, Journal of Applied Probability Vol. 31, No. 2, pp.476-496.
[19] Lee, H.W, Lee, S.S. and Chae, K. C. (1994) ‘Operating Characteristics of Mx/G/1 queue
with n -policy’, Queueing Systems, Vol. 15, No. 1, pp.387-399.

[20] Levy, Y. and Yechiali, U. (1975) ‘Utilization of idle time in an M/G/1 queueing system,
Management Science, Vol. 22, No. 2, pp.202-211.

[21] Madan, K.C. (2000) ‘On a single server queue with two-stage general heterogeneous
service and binomial schedule server vacations’, The Egyptian Statistical Journal Vol. 44,
pp-39-55.

[22] Manoharan, P. and Sankara Sasi, K. (2015) ‘An M/G/1 reneging queueing system with
second optional service and with second optional vacation, Applied Mathematical Sciences,
Vol. 9, No. 67, pp.3313-3325.

[23] Selvam, D. D. and Sivasankaran, V. A. (1994) ‘A two-phase system with server vacations,,
Operations Research Letters, Vol. 15, No. 3, pp.163-168.

[24] Takagi, H. (1991) ‘A Foundation of Performance Evaluation, vacation and priority sys-
tems’, Elsevier Sciences Publisher, Part 1, Vol. I, North-Holland, Amsterdam.

[25] Yadin, M. and Naor, P. (1963) ‘Queueing systems with a removable service station’, Op-
erational Research Quarterly, Vol. 14, No. 3, pp.393-405.

1944



