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The major goal of this work is to introduce the admissible(weak admissible, strong
admissible) relation on the set of Plus Weighted Finite State Mealy Machine (pwfmm).
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1 Introduction
The Mealy machine, a kind of limited state transducer, was created by American
mathematician and PC researcher George H. Coarse. A Mealy machine is a limited state
machine whose result values are resolved both by its current status and the ongoing data
sources in the hypothesis of calculation. He was also a pioneer of secluded programming,
one of the primary creators of the IPL-V programming language, and an early supporter of
large scale processors in low level computing construct programming. In contrast, a Moore
machine’s (Moore) yield values are determined solely by its current state. A Coarse
machine is a deterministic restricted state transducer: One change is possible for each state
and contribution. Plus Weighted Finite state Mealy machine is a generalisation of mealy
machine, as seen in [5, 6]. This can be further extended in the field of Plus weighted
grammar for mealy machines cited as [8, 9, 10]. Algebraic properties of Plus Weighted
Finite state Mealy machine with weighted output capabilities are investigated.The first
section covers some fundamental terms. Section 2 gives pwfmm and discusses string
concatenation in pwfmm.The topic of admissible relation on pwfmm is covered in Section
3.
2 Preliminaries
The definition of Plus weighted finite state automata pwfa, a specific instance of
semiring automata. The semiring W = (][0, o), +,") is explored here, with the normal
addition and multiplication.
Definition 1 A Plus weighted finite state automaton (pwfa) is a sextuplet
P = (QPI 21 W, Yp,Tlp, T]P)l where
(a) Qp, a finite non-empty set of states,
(b) X, a finite non-empty set of input symbols,
(c) W, a weighting space,i. e., weighting space W = ([0, ), +,-), where ™ +",
represents normal addition and ™ - ", represents normal multiplication,
(d) The weighted subset y:Qp X X X Qp — [0, ), a function called the weighted
transition function,
(e) mp, a weighted subset of Qp, i.e, mp:Qp — [0, ), called the weighted subset of
initial states.
(f) np is a weighted subset of Qp, i.e, n:Qp — [0, ) , called the weighted subset of
final states.
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Definition 2 Let P = (Qp,2,W,yp,mp,np) be a pwfa, the extended weighted function
for P isthe weighted subset y*:Qp X X* X Qp — [0,00) with ordinary addition " +" and

multiplication " -" has been defined as follows:
Forall s,t €Qp, a€X, x € X"
. (1, if s=t

(s,xa,t)yp = ZSEQP (s,x,p)vp - (p,a, Oyp

Definition 3 Let P = (Qp, 2, W,yp,mp,np) bea pwfa. Let x € X*. Then x is said to be
recognized by P if L(x) > 0, where
L(x) = Xsieqp {mp (@) - (0, %, O)¥p - 1p(@)} > 0

Example 1 Let P = (Qp,X,W,yp,tp,np) bea pwfa, where Qp = {q1,92, 93},
2 ={0,1}, yp:Qp XX X Qp — [0,0) isdefined as follows:
(91,0,q)yp = 2 (@1 q)yp=1 (91,0,92)yp = 2
(91,1, q)yr =3 (92,0,93)yp =3
we omit the weight values which are zero.
Tp: Qp = [0,0) is defined by mp(qq) =3, mp(qz) = mp(q3) = 0.
Np: Qp — [0,0) is defined by np(q3) =3, np(q1) =np(q2) = 0.

Consider x = 000,
L(x) = L(000)
= 7Tp(CI1) (q1,0,9)vr - (1,0,92)vp - (42,0,93)vp - 1p(q3)
=3:2-2:-3-3=108

Definition 4
A Mealy machine is a six tuple M= (Q, X, Y, q,,T, G), where
(a) Q is a finite non-empty set of states.
(b) X is a finite non-empty set of input symbols.
(c)Y is a finite non-empty set of output symbols.
(d) qo € Q is the initial state.
(e) T: Q XX - Q iscalled a transition function.
(ff G:T: Q XX =Y iscalledaoutput function.

3 Plus Weighted Finite State Mealy Machine
In this section the idea of Plus Weighted Finite State Mealy Machine is introduced
Definition 5 A Plus Weighted Finite Mealy Machine(pwfmm) is a quintuple
M = (Qs Xin, Your W, ar) where,
(a)Qs , a non-empty finite set of states.
(b)X;, ,non-empty finite set of input symbols.
(c)Yout , a non-empty finite set of output symbols.
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(d) W, a weighting space, i.e.,W = [0, ), +,") with ordinary addition + and -
multiplication.

(e)as: Qs X Xin X Qs X Yoy = [0, ), called a weighting output function.

Definition 6 Let M, = (Qs, Xin, Your, W, a5) be a Plus Weighted Finite State Mealy
Machine. Define a;: Qg X X, X Qg X Y, = [0,0) as follows:

Va,b € Qs, x€X"in, PEXin, ¥ € Your, 4 € Your and |x| = [y|

(i) (a,p,b,q)ar = (a,p,b, )
. . 1 ifa=b
(ii) (a,A,b,A)af = {0 ifa % b

(iii)(a, p, b, /’l)a; = (a,4,b,Q)ay =0 and

(v)(a,xp, b, yq)as = Xceq, (@, X,¢,¥)as - (¢,p, b, @)ay.

4 Admissible Relation on pwfmm
This section deals with admissible relation over Plus weighted finite state mealy machines.

Definition 7 Let M., = (Qs, Xin, Your, W, ar) bea pwfmm. and let ~ be an
equivalence relation on Q. Then,

(i) the equivalence relation = is said to be weak admissible if and only if

V abs€Q; VYp€EXpn Vq€Yyy, if a=b and (a,p,s,q)as > 0 then

at € Q, such that (b,p,t, q)af > 0.

(ii) the equivalence relation = is said to be admissible if and only if

V a,b,s €Qs, Vp € Xin, Vq €Yy, if a=b and (a,p,s,q)ay > 0 then

3t € Qs suchthat (a,p,t,q)ar >0 and t = s.

(iii) the equivalence relation = is said to be strong admissible if and only if

Vab,s€Qs, VpE€Xy, Vq€Yyy if a=b and (a,p,s,q)ar > 0 then

3t € Qs suchthat (a,p,t,q)ar = (a,p,s,q)ay and t = s.

Lemma 1 Let M,, = (QS,Xin, Yout W, af) bea pwfmm andlet ~ bean
equivalence relation on Qg. Then the equivalence relation = is admissible if and
onlyif a,b,s € Q,

VX EXpn VyEYo if axb and (a,x,s,b)ay >0 then 3t € Qg such that
(b, x, t,y)a; >0 and t=~s

Proof. Suppose = is an admissible relation on Q.

Let a,b € Q;,a=b. Let x € X;,,, V¥ €Yy, SE Qs andsuppose (a,x,s, y)a]’ﬁ > 0.
We prove the result by inductionon |x| =n. If n=0, then x =y = A.

Therefore (a,x,s, y)a; = (a, 4,5, A)af > 0.Implies p =s and (a,1,aq, A)af =1,
Now, (b, 4, Db, A)af =1 > 0. Further a =~ b.

Thus by selecting t as b, the result holds for the base case.

Suppose the result is true for all w € X;,, suchthat |w|=n—-1, n> 0.

Let x =wp, y =zq where w € X[,, p € Xy, Z€ Yyut,q € Your and

lw|=|z| =n—-1.

Now, (a,x,s,y)a; = (a,wp,s,z,q)a;
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= Z {(a,w, c,z)af* (e, s, Q)as > 0.
CEQs
Since Q is finite 3¢’ € Q, such that
(a,w,c,2)a; - (c',p,s,Q)ay = Z {(a,w,c,2)a; - (c,p,s,q)as > 0.

CEQs
Thus (a,w,c, z)a; >0 and (¢ p,s,q)ar >0

By induction hypothesis, 3 t' € Q suchthat (b,w,t',z)a; >0 andt =1’
Now, (c',p,s,q)as >0 and t' =1

Hence by induction hypothesis, 3t € Qs such that (t',p,t,q)a; >0 and t = s.
Thus 3t € Q, such that (b,w,t/, z)ag - (t'p.t,q)ar >0 and t = s.

Thus (b, x,t, y)af* >0 and t = s.

The converse is trivial.

Lemma 2 Let M, = (Qs, Xin, Your, W, a5) bea pwfmm andlet ~ bean
equivalence relation on Qg.Then the equivalence relation = is strong admissible if and only
if a,b,s€Qs, ¥V x €EX %y, Yy €Yy, if axb and (a,x,s,b)a; >0 then 3 t € Q
such that (b, x,t, y)oc}k > (a,x, s,y)a; and t = s

Proof. Suppose = is a strong admissible relation Q.
Let a,b€Q;, a~b. Let x € X;;,, Yy € Yyy:, SE Qs and

suppose (a,x,s,y)as > 0.

We prove the result by inductionon |x| =n. If n=0, thenx=y = A
Therefore (a,4,a, A)a} = (a,A,s, A)a} > 0, implies p =s and (a, 4,aq, A)af* =1.
Now, (a, A, a, /'l)a; =1=(bAb, A)a}(since a=bh.)
Thus by selecting t as b, the result holds for the base case.
Suppose the result is true for all w € X;,, such that |w|=n—1,n> 0.
Let x =wp, y =zq, where w € X;,,, p € Xin, Z€EY",q €Y,y and
lw| =|z| =n-1.
Now, (a,x,s, y)a]’ﬁ = (a,wp,s, Zq)a]’ﬁ

= z {(a,w, c,z)a}* “(c,p s, qQ)as > 0.
CEQs
Since Qg is finite, 3 ¢' € Q, such that

(a,w,c,2)as - (c',p,s, Q)ay = Z {(a,w,c,2)as - (¢,p,s,q)as > 0.

CEQs

Thus (a,w,c, z)as > 0 and (c,p,s,q)ar > 0.

By induction hypothesis, 3t" € Qs such that (b,w,t',z)a; = (a,w,c’,z)a; and t' =

C’
Now, (c',p,s,q) >0 and t' = ¢'. Hence by induction hypothesis, 3t € Qg such that

' p.t,Q)as = (c,p,s,q)as and t ~ s.Thus 3 t € Qs suchthat (b,w,t’,z)a; -

o t.@ar = (a,w,C, z)as - (c,p.s,q)ay and t = s
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Thus, (a,x,s, y)af* = (a,wp,s, Zq)a}f
= z {(a,w,c, Z)af* “(c,p, s, Qas} > 0.

CcEQs
= (a,w,c,z)as - (¢',p,s, q)ay > 0.
< (byw,t,2)as - (t',p,t,q)ay
< (b,wp, t,zq)a; < (b,x,t,y)af
Therefore (b, x,t, y)a}f > (a,x,s, y)a}f and t =~ s
The converse is trivial.

Theorem 1 Let M, = (Qs, Xin, Your, W, @¢) bea pwfmm andlet =~ (~,=) bean
equivalence relation on Qg Then = (~,=) is a weak admissible(admissible, strong
admissible) relation on Q.

Proof. Let aq,a, € Qq, if a; = a,, thenif V p € X;n, q € Your b € Qq,
(a1, p,b,q)ar >0 & 3 c € Qs, (az,p,¢,q)ar > 0 which implies that a; = a,.

Therefore =~ is a weak admissible relation on Q. The proofs of other cases are
similar.

Theorem 2 Let M, = (Qs, Xin, Your, W, @) bea pwfmm and let = is a weak
admissible(admissible, strong admissible) relation Qs. Then = is a refinement of = (~,=).

Proof. Let = be a weak admissible relation on Q¢.By definition of weak admissible
V abs€Qs p€Xinq €Yy if a=b and (a,p,s,q)ay >0, then 3 t € Qs such that
(a,p,t,q)as > 0 which implies p = q.

Therefore = is a refinement of =

The proof of other cases are similar.

4 conclusion
This work introduces and investigates the concept of pwfmm. In addition, several
of the features of pwfmm are investigated. The homomorphism of strings to pwfmm has
been verified. The concept can be extended to admissible relations, which have been
explored by numerous academics in the field of fuzzy finite state automata since their
inception.
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