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 The major goal of this work is to introduce the admissible(weak admissible, strong 

admissible) relation on the set of Plus Weighted Finite State Mealy Machine (pwfmm).  
 key words: Plus Weighted Finite State Mealy Machine, admissible relation,weak 

admissible relation, strong admissible relation.  
1  Introduction 
 The Mealy machine, a kind of limited state transducer, was created by American 

mathematician and PC researcher George H. Coarse. A Mealy machine is a limited state 
machine whose result values are resolved both by its current status and the ongoing data 
sources in the hypothesis of calculation. He was also a pioneer of secluded programming, 
one of the primary creators of the IPL-V programming language, and an early supporter of 
large scale processors in low level computing construct programming. In contrast, a Moore 
machine’s (Moore) yield values are determined solely by its current state. A Coarse 
machine is a deterministic restricted state transducer: One change is possible for each state 
and contribution. Plus Weighted Finite state Mealy machine is a generalisation of mealy 
machine, as seen in [5, 6]. This can be further extended in the field of Plus weighted 
grammar for mealy machines cited as [8, 9, 10]. Algebraic properties of Plus Weighted 
Finite state Mealy machine with weighted output capabilities are investigated.The first 
section covers some fundamental terms. Section 2 gives pwfmm and discusses string 
concatenation in pwfmm.The topic of admissible relation on pwfmm is covered in Section 
3. 

2  Preliminaries 
 The definition of Plus weighted finite state automata pwfa, a specific instance of 

semiring automata. The semiring W = ([0, ∞), +,⋅) is explored here, with the normal 
addition and multiplication.  

Definition 1 A Plus weighted finite state automaton (𝑝𝑤𝑓𝑎) is a sextuplet 
 𝑃 = (𝑄𝑃, 𝛴, 𝑊, 𝛾𝑃, 𝜋𝑃, 𝜂𝑃), where  
(a) 𝑄𝑃, a finite non-empty set of states, 
(b) 𝛴, a finite non-empty set of input symbols,  
(c) 𝑊, a weighting space,𝑖. 𝑒., weighting space 𝑊 = ([0, ∞), +,⋅), where `` + ",       

represents normal addition and `` ⋅ ", represents normal multiplication,  
(d) The weighted subset 𝛾: 𝑄𝑃 × 𝛴 × 𝑄𝑃 → [0, ∞), a function called the weighted 

transition function, 
(e) 𝜋𝑃 , a weighted subset of 𝑄𝑃, i.e., 𝜋𝑃: 𝑄𝑃 → [0, ∞), called the weighted subset of 

initial states.   
      (f ) 𝜂𝑃 is a weighted subset of 𝑄𝑃, i.e., 𝜂: 𝑄𝑃 → [0, ∞) , called the weighted subset of 
final states. 
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    Definition 2 Let 𝑃 = (𝑄𝑃, 𝛴, 𝑊, 𝛾𝑃, 𝜋𝑃, 𝜂𝑃) be a 𝑝𝑤𝑓𝑎, the extended weighted function 
for 𝑃 is the weighted subset 𝛾∗: 𝑄𝑃 × 𝛴∗ × 𝑄𝑃   → [0, ∞) with ordinary addition " + " and 
multiplication " ⋅ " has been defined as follows: 

For all 𝑠, 𝑡 ∈ 𝑄𝑃, 𝑎 ∈ 𝛴, 𝑥 ∈ 𝛴∗  

 (𝑠, 𝜆, 𝑡)𝛾∗ = {
1, 𝑖𝑓  𝑠 = 𝑡
0, 𝑖𝑓  𝑠 ≠ 𝑡

 

 (𝑠, 𝑥𝑎, 𝑡)𝛾𝑃
∗ = ∑𝑠∈𝑄𝑃

(𝑠, 𝑥, 𝑝)𝛾𝑃
∗ ⋅ (𝑝, 𝑎, 𝑡)𝛾𝑃 

  
Definition 3 Let 𝑃 = (𝑄𝑃, 𝛴, 𝑊, 𝛾𝑃, 𝜋𝑃, 𝜂𝑃) be a 𝑝𝑤𝑓𝑎. Let 𝑥 ∈ 𝛴∗. Then 𝑥 is said to be 
recognized by 𝑃 if 𝐿(𝑥) > 0, where  

 𝐿(𝑥) = ∑𝑠,𝑡∈𝑄𝑃
{𝜋𝑃(𝑝) ⋅ (𝑝, 𝑥, 𝑞)𝛾𝑃

∗ ⋅ 𝜂𝑃(𝑞)} > 0 

  
Example 1 Let 𝑃 = (𝑄𝑃, 𝛴, 𝑊, 𝛾𝑃, 𝜋𝑃, 𝜂𝑃) be a 𝑝𝑤𝑓𝑎, where 𝑄𝑃 = {𝑞1, 𝑞2, 𝑞3},  
𝛴 = {0,1}, 𝛾𝑃: 𝑄𝑃 × 𝛴 × 𝑄𝑃   → [0, ∞) is defined as follows:  
 (𝑞1, 0, 𝑞1)𝛾𝑃 = 2        (𝑞1, 1, 𝑞2)𝛾𝑃 = 1        (𝑞1, 0, 𝑞2)𝛾𝑃 = 2 
 (𝑞1, 1, 𝑞1)𝛾𝑃 = 3        (𝑞2, 0, 𝑞3)𝛾𝑃 = 3 

 we omit the weight values which are zero. 
𝜋𝑃: 𝑄𝑃 → [0, ∞) is defined by 𝜋𝑃(𝑞1) = 3, 𝜋𝑃(𝑞2) = 𝜋𝑃(𝑞3) = 0.  
𝜂𝑃: 𝑄𝑃 → [0, ∞) is defined by 𝜂𝑃(𝑞3) = 3, 𝜂𝑃(𝑞1) = 𝜂𝑃(𝑞2) = 0. 
   
Consider 𝑥 = 000,  
         𝐿(𝑥) = 𝐿(000) 
      = 𝜋𝑝(𝑞1) ⋅ (𝑞1, 0, 𝑞1)𝛾𝑃 ⋅ (𝑞1, 0, 𝑞2)𝛾𝑃 ⋅ (𝑞2, 0, 𝑞3)𝛾𝑃 ⋅ 𝜂𝑃(𝑞3) 

                                  = 3 ⋅ 2 ⋅ 2 ⋅ 3 ⋅ 3 = 108 
  

 
Definition 4 
A Mealy machine is a six tuple M= (Q, X, Y, 𝑞0 ,T, G), where 
(a) Q is a finite non-empty set of states. 
(b) X is a finite non-empty set of input symbols. 
(c)Y is a finite non-empty set of output symbols. 

       (d) 𝑞0 ∈ 𝑄 is the initial state. 
       (e)  T : 𝑄 × 𝑋 → 𝑄 is called a transition function.  
       (f)  G : T : 𝑄 × 𝑋 → 𝑌 is called a output function. 

 
3  Plus Weighted Finite State Mealy Machine 
In this section the idea of Plus Weighted Finite State Mealy Machine is introduced 
Definition 5 A Plus Weighted Finite Mealy Machine(pwfmm) is a quintuple 
 ℳm = (Qs, Xin, Yout, W, αf) where,  
(a)𝑄𝑠  , a non-empty finite set of states. 
(b)𝑋𝑖𝑛  ,non-empty finite set of input symbols.  
(c)𝑌𝑜𝑢𝑡  , a non-empty finite set of output symbols. 
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(d) W, a weighting space, 𝑖. 𝑒. , 𝑊 = [0, ∞), +,⋅) with ordinary addition + and ⋅ 
multiplication. 

(e)𝛼𝑓: 𝑄𝑠 × 𝑋𝑖𝑛 × 𝑄𝑠 × 𝑌𝑜𝑢𝑡 → [0, ∞), called a weighting output function.  

  
Definition 6 Let ℳ𝑚 = (𝑄𝑠, 𝑋𝑖𝑛, 𝑌𝑜𝑢𝑡, 𝑊, 𝛼𝑓) be a Plus Weighted Finite State Mealy 

Machine. Define 𝛼𝑓
∗: 𝑄𝑠 × 𝑋𝑖𝑛

∗ × 𝑄𝑠 × 𝑌𝑜𝑢𝑡
∗ → [0, ∞) as follows:  

∀𝑎, 𝑏 ∈ 𝑄𝑠,    𝑥 ∈ 𝑋∗
𝑖𝑛,   𝑝 ∈ 𝑋𝑖𝑛, 𝑦 ∈ 𝑌𝑜𝑢𝑡

∗ , 𝑞 ∈ 𝑌𝑜𝑢𝑡    and |𝑥| = |𝑦| 
        (i) (𝑎, 𝑝, 𝑏, 𝑞)𝛼𝑓

∗ = (𝑎, 𝑝, 𝑏, 𝑞)𝛼 

        (ii) (𝑎, 𝜆, 𝑏, 𝜆)𝛼𝑓
∗ = {

1    𝑖𝑓 𝑎 = 𝑏
0  𝑖𝑓 𝑎 ≠  𝑏

 

(iii)(𝑎, 𝑝, 𝑏, 𝜆)𝛼𝑓
∗ = (𝑎, 𝜆, 𝑏, 𝑞)𝛼𝑓 = 0   and  

(iv)(𝑎, 𝑥𝑝, 𝑏, 𝑦𝑞)𝛼𝑓
∗ = ∑𝑐∈𝑄𝑠

(𝑎, 𝑥, 𝑐, 𝑦)𝛼𝑓
∗ ⋅ (𝑐, 𝑝, 𝑏, 𝑞)𝛼𝑓. 

4 Admissible Relation on 𝐩𝐰𝐟𝐦𝐦 
This section deals with admissible relation over Plus weighted finite state mealy machines.  

Definition 7 Let ℳ𝑚 = (𝑄𝑠, 𝑋𝑖𝑛, 𝑌𝑜𝑢𝑡, 𝑊, 𝛼𝑓) be a 𝑝𝑤𝑓𝑚𝑚. and let ≈ be an 

equivalence relation on 𝑄𝑠. Then,  
(i) the equivalence relation ≈ is said to be weak admissible if and only if  
∀   𝑎, 𝑏, 𝑠 ∈ 𝑄𝑠,   ∀ 𝑝 ∈ 𝑋𝑖𝑛, ∀ 𝑞 ∈ 𝑌𝑜𝑢𝑡, if 𝑎 ≈ 𝑏 and (𝑎, 𝑝, 𝑠, 𝑞)𝛼𝑓 > 0 then 

 ∃𝑡 ∈ 𝑄𝑠 such that (𝑏, 𝑝, 𝑡, 𝑞)𝛼𝑓 > 0. 

(ii) the equivalence relation ≈ is said to be admissible if and only if  
∀   𝑎, 𝑏, 𝑠 ∈ 𝑄𝑠,   ∀𝑝 ∈ 𝑋𝑖𝑛, ∀𝑞 ∈ 𝑌𝑜𝑢𝑡, if 𝑎 ≈ 𝑏 and (𝑎, 𝑝, 𝑠, 𝑞)𝛼𝑓 > 0 then  

∃ 𝑡 ∈ 𝑄𝑠 such that (𝑎, 𝑝, 𝑡, 𝑞)𝛼𝑓 > 0 and 𝑡 ≈ 𝑠. 

(iii) the equivalence relation ≈ is said to be strong admissible if and only if  
∀ 𝑎, 𝑏, 𝑠 ∈ 𝑄𝑠,   ∀ 𝑝 ∈ 𝑋𝑖𝑛, ∀ 𝑞 ∈ 𝑌𝑜𝑢𝑡, if 𝑎 ≈ 𝑏 and (𝑎, 𝑝, 𝑠, 𝑞)𝛼𝑓 > 0 then  

∃ 𝑡 ∈ 𝑄𝑠 such that (𝑎, 𝑝, 𝑡, 𝑞)𝛼𝑓 ≥ (𝑎, 𝑝, 𝑠, 𝑞)𝛼𝑓 and 𝑡 ≈ 𝑠.  

  

Lemma 1 Let ℳ𝑚 = (𝑄𝑠, 𝑋𝑖𝑛, 𝑌𝑜𝑢𝑡, 𝑊, 𝛼𝑓) be a 𝑝𝑤𝑓𝑚𝑚 and let ≈ be an 

equivalence          relation on 𝑄𝑠. Then the equivalence relation ≈ is admissible if and 
only if 𝑎, 𝑏, 𝑠 ∈ 𝑄𝑠,  

  ∀ 𝑥 ∈ 𝑋𝑖𝑛, ∀  𝑦 ∈ 𝑌𝑜𝑢𝑡, if 𝑎 ≈ 𝑏 and (𝑎, 𝑥, 𝑠, 𝑏)𝛼𝑓
∗ > 0 then ∃ 𝑡 ∈ 𝑄𝑠 such that 

          (𝑏, 𝑥, 𝑡, 𝑦)𝛼𝑓
∗ > 0 and 𝑡 ≈ 𝑠  

  
Proof. Suppose ≈ is an admissible relation on 𝑄𝑠. 
Let 𝑎, 𝑏 ∈ 𝑄𝑠, 𝑎 ≈ 𝑏. Let 𝑥 ∈ 𝑋𝑖𝑛

∗ ,   𝑦 ∈ 𝑌𝑜𝑢𝑡
∗ ,    𝑠 ∈ 𝑄𝑠 and suppose (𝑎, 𝑥, 𝑠, 𝑦)𝛼𝑓

∗ > 0. 

We prove the result by induction on |𝑥| = 𝑛. If 𝑛 = 0, then 𝑥 = 𝑦 = 𝜆. 
Therefore (𝑎, 𝑥, 𝑠, 𝑦)𝛼𝑓

∗ = (𝑎, 𝜆, 𝑠, 𝜆)𝛼𝑓 > 0.Implies 𝑝 = 𝑠 and (𝑎, 𝜆, 𝑎, 𝜆)𝛼𝑓 = 1, 

Now, (𝑏, 𝜆, 𝑏, 𝜆)𝛼𝑓 = 1 > 0. Further 𝑎 ≈ 𝑏. 

Thus by selecting 𝑡 as 𝑏, the result holds for the base case. 
Suppose the result is true for all 𝑤 ∈ 𝑋𝑖𝑛

∗  such that |𝑤| = 𝑛 − 1, 𝑛 > 0. 
Let 𝑥 = 𝑤𝑝,   𝑦 = 𝑧𝑞 where 𝑤 ∈ 𝑋𝑖𝑛

∗ ,   𝑝 ∈ 𝑋𝑖𝑛   𝑧 ∈ 𝑌𝑜𝑢𝑡
∗ , 𝑞 ∈ 𝑌𝑜𝑢𝑡 and  

            |𝑤| = |𝑧| = 𝑛 − 1. 
Now, (𝑎, 𝑥, 𝑠, 𝑦)𝛼𝑓

∗ = (𝑎, 𝑤𝑝, 𝑠, 𝑧, 𝑞)𝛼𝑓
∗ 
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= ∑

𝑐∈𝑄𝑠

{(𝑎, 𝑤, 𝑐, 𝑧)𝛼𝑓
∗ ⋅ (𝑐, 𝑝, 𝑠, 𝑞)𝛼𝑓 > 0. 

Since 𝑄 is finite ∃𝑐′ ∈ 𝑄𝑠 such that 

(𝑎, 𝑤, 𝑐′, 𝑧)𝛼𝑓
∗ ⋅ (𝑐′, 𝑝, 𝑠, 𝑞)𝛼𝑓 = ∑

𝑐∈𝑄𝑠

{(𝑎, 𝑤, 𝑐, 𝑧)𝛼𝑓
∗ ⋅ (𝑐, 𝑝, 𝑠, 𝑞)𝛼𝑓 > 0. 

Thus (𝑎, 𝑤, 𝑐′, 𝑧)𝛼𝑓
∗ > 0 and (𝑐′, 𝑝, 𝑠, 𝑞)𝛼𝑓 > 0 

By induction hypothesis, ∃   𝑡′ ∈ 𝑄𝑠 such that (𝑏, 𝑤, 𝑡′, 𝑧)𝛼𝑓
∗ > 0 and 𝑡′ ≈ 𝑟′. 

Now, (𝑐′, 𝑝, 𝑠, 𝑞)𝛼𝑓 > 0 and 𝑡′ ≈ 𝑟′.  

Hence by induction hypothesis, ∃𝑡 ∈ 𝑄𝑠 such that (𝑡′, 𝑝, 𝑡, 𝑞)𝛼𝑓 > 0 and 𝑡 ≈ 𝑠.  

Thus ∃𝑡 ∈ 𝑄𝑠 such that (𝑏, 𝑤, 𝑡′, 𝑧)𝛼𝑓
∗ ⋅ (𝑡′, 𝑝, 𝑡, 𝑞)𝛼𝑓 > 0 and 𝑡 ≈ 𝑠.  

Thus (𝑏, 𝑥, 𝑡, 𝑦)𝛼𝑓
∗ > 0 and 𝑡 ≈ 𝑠. 

The converse is trivial.  
  
Lemma 2 Let ℳ𝑚 = (𝑄𝑠, 𝑋𝑖𝑛, 𝑌𝑜𝑢𝑡, 𝑊, 𝛼𝑓) be a 𝑝𝑤𝑓𝑚𝑚 and let ≈ be an 

equivalence relation on 𝑄𝑠.Then the equivalence relation ≈ is strong admissible if and only 
if 𝑎, 𝑏, 𝑠 ∈ 𝑄𝑠,   ∀   𝑥 ∈ 𝑋 ∗𝑖𝑛, ∀  𝑦 ∈ 𝑌𝑜𝑢𝑡

∗ , if 𝑎 ≈ 𝑏 and (𝑎, 𝑥, 𝑠, 𝑏)𝛼𝑓
∗ > 0 then ∃   𝑡 ∈ 𝑄𝑠 

such that (𝑏, 𝑥, 𝑡, 𝑦)𝛼𝑓
∗ ≥ (𝑎, 𝑥, 𝑠, 𝑦)𝛼𝑓

∗ and 𝑡 ≈ 𝑠  

  
Proof. Suppose ≈ is a strong admissible relation 𝑄𝑠. 
Let 𝑎, 𝑏 ∈ 𝑄𝑠,   𝑎 ≈ 𝑏. Let 𝑥 ∈ 𝑋𝑖𝑛

∗ ,   𝑦 ∈ 𝑌𝑜𝑢𝑡
∗ ,   𝑠 ∈ 𝑄𝑠 and 

       suppose (𝑎, 𝑥, 𝑠, 𝑦)𝛼𝑓
∗ > 0. 

We prove the result by induction on |𝑥| = 𝑛. If 𝑛 = 0,   𝑡ℎ𝑒𝑛 𝑥 = 𝑦 = 𝜆. 
Therefore (𝑎, 𝜆, 𝑎, 𝜆)𝛼𝑓

∗ = (𝑎, 𝜆, 𝑠, 𝜆)𝛼𝑓
∗ > 0, implies 𝑝 = 𝑠 and (𝑎, 𝜆, 𝑎, 𝜆)𝛼𝑓

∗ = 1. 

Now, (𝑎, 𝜆, 𝑎, 𝜆)𝛼𝑓
∗ = 1 = (𝑏, 𝜆, 𝑏, 𝜆)𝛼𝑓

∗(since 𝑎 ≈ 𝑏.) 

Thus by selecting 𝑡 as 𝑏, the result holds for the base case. 
Suppose the result is true for all 𝑤 ∈ 𝑋𝑖𝑛

∗  such that |𝑤| = 𝑛 − 1, 𝑛 > 0. 
Let 𝑥 = 𝑤𝑝,   𝑦 = 𝑧𝑞, where 𝑤 ∈ 𝑋𝑖𝑛

∗ ,   𝑝 ∈ 𝑋𝑖𝑛,   𝑧 ∈ 𝑌∗, 𝑞 ∈ 𝑌𝑜𝑢𝑡 and  
            |𝑤| = |𝑧| = 𝑛 − 1. 

Now, (𝑎, 𝑥, 𝑠, 𝑦)𝛼𝑓
∗ = (𝑎, 𝑤𝑝, 𝑠, 𝑧𝑞)𝛼𝑓

∗ 

= ∑

𝑐∈𝑄𝑠

{(𝑎, 𝑤, 𝑐, 𝑧)𝛼𝑓
∗ ⋅ (𝑐, 𝑝, 𝑠, 𝑞)𝛼𝑓 > 0. 

Since 𝑄𝑠 is finite, ∃ 𝑐′ ∈ 𝑄𝑠 such that  
 

  (𝑎, 𝑤, 𝑐′, 𝑧)𝛼𝑓
∗ ⋅ (𝑐′, 𝑝, 𝑠, 𝑞)𝛼𝑓 = ∑

𝑐∈𝑄𝑠

{(𝑎, 𝑤, 𝑐, 𝑧)𝛼𝑓
∗ ⋅ (𝑐, 𝑝, 𝑠, 𝑞)𝛼𝑓 > 0. 

     
Thus (𝑎, 𝑤, 𝑐′, 𝑧)𝛼𝑓

∗ > 0 and (𝑐′, 𝑝, 𝑠, 𝑞)𝛼𝑓 > 0. 

By induction hypothesis, ∃ 𝑡′ ∈ 𝑄𝑠 such that (𝑏, 𝑤, 𝑡′, 𝑧)𝛼𝑓
∗ ≥ (𝑎, 𝑤, 𝑐′, 𝑧)𝛼𝑓

∗ and 𝑡′ ≈

𝑐′ 
Now, (𝑐′, 𝑝, 𝑠, 𝑞) > 0 and 𝑡′ ≈ 𝑐′. Hence by induction hypothesis, ∃𝑡 ∈ 𝑄𝑠 such that 

(𝑡′, 𝑝, 𝑡, 𝑞)𝛼𝑓 ≥ (𝑐′, 𝑝, 𝑠, 𝑞)𝛼𝑓 and 𝑡 ≈ 𝑠.Thus ∃  𝑡 ∈ 𝑄𝑠 such that (𝑏, 𝑤, 𝑡′, 𝑧)𝛼𝑓
∗ ⋅

(𝑡′, 𝑝, 𝑡, 𝑞)𝛼𝑓 ≥ (𝑎, 𝑤, 𝑐′, 𝑧)𝛼𝑓
∗ ⋅ (𝑐′, 𝑝, 𝑠, 𝑞)𝛼𝑓 and 𝑡 ≈ 𝑠 
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Thus, (𝑎, 𝑥, 𝑠, 𝑦)𝛼𝑓
∗ = (𝑎, 𝑤𝑝, 𝑠, 𝑧𝑞)𝛼𝑓

∗ 

    = ∑

𝑐∈𝑄𝑠

{(𝑎, 𝑤, 𝑐, 𝑧)𝛼𝑓
∗ ⋅ (𝑐, 𝑝, 𝑠, 𝑞)𝛼𝑓} > 0. 

= (𝑎, 𝑤, 𝑐′, 𝑧)𝛼𝑓
∗ ⋅ (𝑐′, 𝑝, 𝑠, 𝑞)𝛼𝑓 > 0. 

≤ (𝑏, 𝑤, 𝑡′, 𝑧)𝛼𝑓
∗ ⋅ (𝑡′, 𝑝, 𝑡, 𝑞)𝛼𝑓 

    ≤ (𝑏, 𝑤𝑝, 𝑡, 𝑧𝑞)𝛼𝑓
∗ ≤ (𝑏, 𝑥, 𝑡, 𝑦)𝛼𝑓

∗ 

Therefore (𝑏, 𝑥, 𝑡, 𝑦)𝛼𝑓
∗ ≥ (𝑎, 𝑥, 𝑠, 𝑦)𝛼𝑓

∗ and 𝑡 ≈ 𝑠 

The converse is trivial.  
  
Theorem 1 Let ℳ𝑚 = (𝑄𝑠, 𝑋𝑖𝑛, 𝑌𝑜𝑢𝑡, 𝑊, 𝛼𝑓) be a 𝑝𝑤𝑓𝑚𝑚 and let ≃ (∼, ≡) be an 

equivalence relation on 𝑄𝑠. Then ≃ (∼, ≡) is a weak admissible(admissible, strong 
admissible) relation on 𝑄𝑠.  

  
Proof. Let 𝑎1, 𝑎2 ∈ 𝑄𝑠, if 𝑎1 ≃ 𝑎2, then if ∀   𝑝 ∈ 𝑋𝑖𝑛, 𝑞 ∈ 𝑌𝑜𝑢𝑡   𝑏 ∈ 𝑄𝑠,

(𝑎1, 𝑝, 𝑏, 𝑞)𝛼𝑓 > 0 ⇔ ∃  𝑐 ∈ 𝑄𝑠, (𝑎2, 𝑝, 𝑐, 𝑞)𝛼𝑓 > 0 which implies that 𝑎1 ≈ 𝑎2. 

Therefore ≃ is a weak admissible relation on 𝑄𝑠. The proofs of other cases are 
similar.  

  
Theorem 2 Let ℳ𝑚 = (𝑄𝑠, 𝑋𝑖𝑛, 𝑌𝑜𝑢𝑡, 𝑊, 𝛼𝑓) be a 𝑝𝑤𝑓𝑚𝑚 and let ≃ is a weak 

admissible(admissible, strong admissible) relation 𝑄𝑠. Then ≈ is a refinement of ≃ (∼, ≡).  
  
Proof. Let ≈ be a weak admissible relation on 𝑄𝑠.By definition of weak admissible 

∀   𝑎, 𝑏, 𝑠 ∈ 𝑄𝑠, 𝑝 ∈ 𝑋𝑖𝑛, 𝑞 ∈ 𝑌𝑜𝑢𝑡  if 𝑎 ≈ 𝑏 and (𝑎, 𝑝, 𝑠, 𝑞)𝛼𝑓 > 0, then ∃   𝑡 ∈ 𝑄𝑠  such that 

(𝑎, 𝑝, 𝑡, 𝑞)𝛼𝑓 > 0 which implies 𝑝 ≃ 𝑞. 

Therefore ≈ is a refinement of ≃ 
The proof of other cases are similar.  
  
4  conclusion 
  This work introduces and investigates the concept of pwfmm. In addition, several 

of the features of pwfmm are investigated. The homomorphism of strings to pwfmm has 
been verified. The concept can be extended to admissible relations, which have been 
explored by numerous academics in the field of fuzzy finite state automata since their 
inception.  
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