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1. Introduction  

In the study of Applied Mathematics and Mathematical physics generating functions [2-3] 

play a vital role. These are used to investigate some different important properties of 

sequences and are important in the study of orthogonal polynomials. Hermite 

polynomials are an important class of orthogonal polynomials which play vital role in the 

study of pure and applied mathematics, Mathematical physics and engineering and have 

lot of applications in physics and engineering. Quantum mechanical behavior of some 

systems in physics is analyzed by using Hermite polynomials.  

The goal of this paper is to obtain the generating functions for the Modified Hermite 

polynomials by applying the Truesdell’s method [2,4,6], giving a proper explanation to the 

index m . Two generating functions are obtained for the Modified Hermite polynomials 

from ascending differential recurrence relation and descending differential recurrence 

relation. In Truesdell’s method to derive the generating functions, two functional 

equations called as −F type function and −G type function are utilized and have been 

given as 
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( ) ( )1,, +=



 zFzF

z
  and  ( ) ( )1,, −=




 zGzG

z . 

To obtain an ascending generating function for the set  )(xmk+ , where k is fixed. 

Truesdell [7] made use of the following differential difference equation of the ascending 

type, 

( ) ( ) ( )xmxBxmxAx
dx

d
mmm 1),(),( ++= 

.
, 

where the coefficients ),( mxA and ),( mxB are suitably restricted. Also for obtaining a 

descending generating function for the set  )(xmk− ,where k is fixed. The following 

differential difference equation of the descending type is used 

( ) ( ) ( )xmxDxmxCx
dx

d
mmm 1),(),( −+= 

.
, 

where the coefficients ),( mxC and ),( mxD are suitably restricted. In this paper, by 

utilizing Truesdell method the generating functions are obtained for the Modified Hermite 

polynomial by giving a proper explanation to the index m  and with its applications.  

1.1 Definition: M. A. Khan, A. H. Khan and N. Ahmad [1] defined  

                   the Modified Hermite Polynomials, 
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for eu = , Eq.1 transforms to Hermite Polynomials, we get  
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1.2 Differential Recurrence Relations:  

Using definition given in Eq. 1, we write the ascending differential recurrence relation and 

descending differential recurrence relation  

                   
( ) ( )uxHumuxH mm ;log2;' 1−=

                                     
(2) 

  and                      ( ) ( ) ( )uxHmuxHmuxHx mmm ;;';' 1 += −                 (3)    

using Eq. 2 into Eq. 3, we write 

                   
( ) ( ) ( )uxHmuxmHuxHumx mmm ;;';log2 11 += −−                 (4) 

Dividing Eq. 4 by m, we get 

( ) ( ) ( )uxHuxHuxHux mmm ;;';log2 11 += −−   
                (5) 

replacing m by 1−m  in the Eq. 5, 

            
( ) ( ) ( )uxHuxHuxHux mmm ;;';log2 1++=

                     
(6)                       
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( ) ( ) ( )uxHuxHuxuxH mmm ;;log2;' 1+−=

                      
(7) 

dividing Eq. 7 by !m , 

                  

( ) ( ) ( )
!

;

!

;
log2

!

;' 1

m

uxH

m

uxH
ux

m

uxH mmm +−=                         (8) 

            

( ) ( ) ( ) ( )
( ) !1

;1

!

;
log2

!

;' 1

mm

uxHm

m

uxH
ux

m

uxH mmm

+

+
−= +                            (9) 

putting ku =log  into Eq.2 and Eq.9, we have   

                              
( ) ( )uxHkmuxH mm ;2;' 1−=                                             (10) 

 

   
( ) ( ) ( ) ( )

( )!1
;1

!

;
2

!

;' 1

+

+
−= +

m

uxHm

m

uxH
kx

m

uxH mmm                         (11) 

Eq.10 and Eq.11 are descending and ascending differential recurrence relations, 

respectively of the Modified Hermite polynomials. 

2. Generating relations deduced from the ascending differential recurrence relation  

To derive the generating function from the differential difference equation of the 

ascending type, −F type function is used,  

   
( ) ( )1,, +=




 zFzF

z
                                             (12) 

The Truesdell’s Method has been used to find a generating function for class of 

polynomials ( ) uxH m ;+ . 

The ascending differential recurrence relation for the polynomial ( )uxHm ;  is,  

                     

( ) ( ) ( ) ( )
( )!1

;1

!

;
2

!

;' 1

+

+
−= +

m

uxHm

m

uxH
kx

m

uxH mmm                   (13) 

Let  ( )
( )
!

;

m

uxH
x m

m = , then the Eq.13 can be written as, 

                      
( ) ( ) ( )xmxxkx

dx

d
mmm 1)1(2 ++−=                                    (14) 

By using the mathematical symbols used in Truesdell’s method ,we have, 

Let ,             ( )
( )

)1(

;
),(

+
==


 


uyH
yyf ,  is an integer.                                  (15) 

by  Eq.14 and Eq.15, we get  

              
( ) ( ) ( )1,)1(,2, ++−=




 yfyfkyyf

y
                                 (16) 
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This type of equation is called as −f  type equation and can be written as,                

( ) ( ) ( )1,),(,),(, ++=



 yfyByfyAyf

y
 

with  kyyA 2),( =  and )1(),( +−= yB . 

Transforming ),( yf into ),( yg , so that 

( ) ( )1,),(, +=



 ygyCyg

y
. 

Let        ( )











−= 

y

y

dvvAyCyg

0

),(exp,),(   

therefore,          ( )











−= 

y

y

dvkvyfyg

0

2exp,),(   

                ( )  )(exp,
2

0

2 yykyf −−=   

by choosing 00 =y , we obatin 

       ( )  2exp,),( ykyfyg −=                                   (17) 

Now differentiating Eq.17  partially w.r. to y , we have     

        ( ) ( )1,)1(,
2

++−=


 −  yfeyg
y

ky  

                           
( ) ( )1,)1(, ++−=




 ygyg

y
                          (18) 

Thus, we get that −g type equation is satisfied. 

Let ( ),yC  denote the coefficient of ( )1, +yg  which is factorable in Eq.18, 

therefore,         ( ) )1()1(, +−= yC  with ( ) )()(, yYAyC  =  

where,                   1)( +=A     and        1)( −=yY . 

Now  transforming ( ),yg  into ( ),zF  by letting, 

                                     

1
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+−=−==                        (19) 
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)1(logexp, vvAyg  

                            

( )








+= 
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
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0 )1log(exp,),( vvygzFF                    (20) 
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by choosing  0,1 00 =−= y , 
2

1
0 =F  and using the relation 

                                 

2loglog)(log
0

+= 
x

zzx                             (21) 
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                                            ( ) )1(,),( +=  ygzF                          (22) 

 From Eq. 19, by choosing 01 =y , we have yz −= . 

Therefore, Eq. 22 becomes,  

                        ( ) )1(,),( +−=  zgzF                               (23) 

Now to verify that −F equation is satisfied by ),( zF , we find  

 ( ),zF
z


, 

therefore,              ( ) ( ) ,)1(, zg
z

zF
z

−



+=




 

( ) ( ) ( )  )1(1,)1()1(, −+−+−+=



 zgzF

z
 

( ) ( ) ( ) 1,)1()1(, +−++=



 zgzF

z
 

( ) ( )1,)2(, +−+=



 zgzF

z
 

( ) ( )1,, +=



 zFzF

z
 

now writing ( ),zF  in the following form by using Eq. 17 and Eq. 23 as, 

                                   ( ) ( ) )exp(,)1(, 2zkzfzF −−+=                  (24) 

                                  
( ) ( ) )exp(,, 2zkuzHzF −−=                                      (25) 

Now using Truesdell’s generating function theorem[2,p.82, Theorem 14.1], which states 

that if a function ( ),zF  satisfies the F equation ( ),yzF + and if  possesses a Taylor 

series, then this series may be put in the form, 

( ) ( )


=

+=+
0

,
!

,
m

m

mzF
m

y
myzF  . 
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from Eq. 25, we have 

                             
( ) ( ) ( )  2exp;, yzkuyzHyzF +−−−=+           (26) 

and                       ( ) ( ) ( )uzHzkmzF m ;exp, 2 −−=+ +                              (27) 

from Eq. 26 and Eq.27, and by above theorem, we get 

( ) ( )  ( ) ( )


=

+ −−=+−−−
0

22
;exp

!
exp;

m

m

m

uzHkz
m

y
yzkuyzH  (28) 

cancelling the factor ( )2exp zk−  from both sides of equation (28), 

      

( ) ( )  ( )


=

+ −=−−−−
0

2 ;
!

2exp;
m

m

m

uzH
m

y
kyzkyuyzH             (29) 

replacing xz =−  in Eq.29, we get 

( ) ( ) ( )


=

+=+−−
0

2 ;
!

2exp;
m

m

m

uxH
m

y
kyxkyuyxH                   (30) 

Now simplifying the expression on the left side,              

( ) ( )  ( )  ( ) xyyaaxyyxyykkxyky 2222 2

logexplog2exp2exp2exp −−=−−=−−=+−  
Eq. 30 can be written as, 

         

( ) ( ) ( )


=

+

−− =−
0

2 ;
!

;
2

m

m

m
xyy uxH

m

y
uyxHa                           (31) 

          

( ) ( ) ( )


=

+

− =−
0

2 ;
!

;
2

m

m

m
yxy uxH

m

y
uyxHa                                 (32) 

Eq. 32 is a generating relation [1, p.273, (10.1)] for the modified Hermite polynomials 

( )uxH m ; . 

3. Generating function derived from Descending Equation  

By using Truesdell’s −G equation, 

     
( ) ( )1,, −=




 zGzG

z
                                      (33) 

we obtain a generating relation for the class of the polynomials ( ) uxH m ,− , which 

satisfies the descending differential recurrence relation. 

Now from Eq. 10, we have 

( ) ( )uxHmkuxH mm ;2;' 1−=  

Let ( ) ( )uxHx mm ;= , then the above equation can be written as, 

                          
( ) ( )xmkx

dx

d
mm 12 −=                                                 (34) 

By using the notations in Truesdell’s method ,we have 

Let ( ) ( )uyHyyf ;),(  == , where  is an integer. 
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 therefore Eq. 34 can be written as,   

                          ( ) ( )1,2, −=



 yfkyf

y
                                        (35) 

Eq. 35 called −f  type equation and can be written as 

( ) ( ) ( )1,),(,),(, −+=



 yfyByfyAyf

y
 

with  0),( =yA  and  kyB 2),( = . 

now transforming ),( yf into ),( yg , so that  

( ) ( )1,),(, −=



 ygyCyg

y
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0exp,),(   

                                               ( ) ( )1exp,),( ayfyg  =                          (36) 

 where, 1a  is a constant of integration. 

differentiating Eq.36  partially w.r. to y  and using Eq. 35, we have     

( ) ( ) ( )1,exp2, 1 −=



 yfakyg

y
 

by using Eq. 36, we write 

                          
( ) ( )1,2, −=




 ygkyg

y
                                    (37)

 
Let ( ),yC  denote the coefficient of ( )1, −yg  which is factorable in Eq. 37. 

Then, ( )  kyC 2, = , where ( ),yC  satisfies the factorability condition 

( ) )()(, yYAyC  = . 

therefore,  kA 2)( =   and 1)( =yY . 

Now transforming the function ),( yg into ),( zg by letting,   
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by choosing  01 =y  , we get yz = . 
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Now, if we choose 00 = in the above equation, then we get
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Now to show that −G equations is satisfied by ),( zG , we determine ( ),zG
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by using Taylor’s series expansion in powers of y ,
 

                              
( ) ( )mzG

m

y
yzG

m

m

−=+ 


=

 ,
!

,
0

                            (38) 

Therefore, we have 

( )( )
( )

( )( )
( )uzH

mk

a

m

y
uyzH

k

a
mm

m

m

;
)1(2

)exp(

!
;

)1(2

)exp(
1

1

0
1

1
−+−



=
+

+−
=+

+
 


 cancelling the 

factor 
( )( )1

1

2

)exp(
+

k

a
 on both sides and simplyfying, we write                       

 

( )
( )

( )uzH
mm

ky
uyzH m

m

m

;
)1(

1

!

2
;

)1(

1

0

−



= +−
=+

+
 

  

( )
( )

( )uzH
mm

ky
uyzH m

m

m

;
)1(

)1(

!

2
;

0

−



= +−

+
=+  





 

                  

( )
( )

( ) ( )uzH
m

ky
uyzH mm

m

m

;
!

2
;

0

−



=

−
−

=+     

                  

( )
( ) ( )

( ) ( )uzH
m

uy
uyzH mm

m

mm

;
!

log2
;

0

−



=

−
−

=+        (39) 

replacing y by zy − , we have  

               

( )
( ) ( ) ( )

( ) ( )uzH
m

zyu
uyH mm

m

mmm

;
!

log2
;

0

−



=

−
−−

=       (40)         

and replacing y by lz in Eq.40, we have  
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( )
( ) ( ) ( )

( ) ( )uzHz
m

lu
ulzH mm

m

m

mmm

;
!

1log2
;

0

−



=

−
−−

=       (41) 

Equations (39), (40) and (41) are new generating relations for the Modified Hermite 

polynomials. 

4. Applications 

 The following results are derived if we put eu =  and 1log =u into equations (32),(39), 

(40) and (41),respectively.  

by using Eq. 32,We get  

   

( ) ( ) ( )


=

+

− =−
0

2

!

2

m

m

m
yxy xH

m

y
yxHe  .                        (42) 

This result is discussed in Rainville [3; p.197, (1)], Truesdell [7,p.85,(10)], Weisner [6,p. 

144,(4.2)].  

by using Eq. 39,We get  

                       

( )
( )

( ) ( )zH
m

y
yzH mm

m

m

−



=

−
−

=+   
0 !

2
                      (43) 

This result is discussed in Weisner [6, p. 144,(4.1)]. 

by using Eq. 40 and 41, we get  

                              

( )
( ) ( )

( ) ( )zH
m

zy
yH mm

m

mm

−



=

−
−−

=  
0 !

2
           (44)         

and 
                     

( )
( ) ( )

( ) ( )zHz
m

l
lzH mm

m

m

mm

−



=

−
−−

=  
0 !

12
.       (45) 

above results, Eq.44 and Eq.45 are discussed in Rainville [3; p.197, (1)], Truesdell 

[7,p.85,(10)],  

4. Conclusion 

Two new generating relations are obtained for the Modified Hermite polynomials

( )uxHm ;  by using the Truesdell’s method. In applications certain generating relations of 

Modified Hermite polynomials are discussed. This method is a powerful technique to 

obtain generating relations from the differential recurrence relations of the ascending and 

the descending type for the polynomial ( )uxHm ; . 
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