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Abstract: In this paper, we investigate the existence and attractivity of solutions to a class of 

first-order random differential equations by using the well-known Random Banach Fixed 

Point Theorem. The stochastic nature of the system is modeled via measurable random 

operators and integrability conditions. Using Carathéodory-type assumptions and 

compactness arguments, we establish sufficient conditions under which a unique random 

solution exists. A lemma is provided to convert the random differential equation into an 

equivalent random integral equation. Furthermore, we construct a verified example 

satisfying all conditions of the main theorem. This study contributes to the growing body of 

literature on stochastic analysis and fixed point theory in random metric spaces. 
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1. Introduction 

Random differential equations (RDEs) are used to simulate a wide range of uncertain events, 

such as processes in economics, engineering, physics, and medicine. The study of existence, 

uniqueness, and qualitative properties of their solutions plays a significant role in the 

mathematical theory of stochastic systems.Many real-world systems are affected by random 

influences, either from the environment or internal fluctuations. To handle such uncertainty, 

traditional deterministic models are extended to incorporate randomness, leading to the 

formulation of random differential equations. In recent years, various methods have been 

developed for analyzing RDEs, such as stochastic calculus, random integral equations, and 

fixed point theory. Among them, fixed point theorems in random metric and normed spaces 

have proven to be powerful tools for establishing the existence and uniqueness of solutions 

[6][1][2]have extensively studied random equations using probabilistic and analytical 

approaches. 

In this paper, we focus on the application of a well-known fixed point theorem, namely the 

Random Banach Fixed Point Theorem, to study the existence and attractivity of solutions to 

the following first-order random differential equation: 

𝑑𝑥(𝑡,𝜔)

𝑑𝑡
= 𝑓(𝑡, 𝑥(𝑡, 𝜔), 𝜔),  𝑡 ∈ [0, 𝑇],  𝜔 ∈ Ω      (1) 
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with initial condition 

𝑥(0, 𝜔) = 𝑥0(𝜔)          (2) 

where: 

• 𝑓: [0, 𝑇] × ℝ × Ω → ℝ is a jointly measurable random function, 

• 𝑥0: Ω → ℝ is a given random variable (initial condition), 

• 𝑥(𝑡, 𝜔) is the unknown random function (solution). 

2. Preliminaries 

Definition 2.1.  A random variable is a measurable function 𝑥: Ω → ℝ defined on a complete 

probability space (Ω, ℱ, ℙ) . [6] 

Definition 2.2.  A function 𝑓: [0, 𝑇] × ℝ × Ω → ℝ is called a random function if for each (𝑡, 𝑥) ∈

[0, 𝑇] × ℝ, the map 𝜔 ↦ 𝑓(𝑡, 𝑥, 𝜔) is ℱ-measurable .[6][1] 

Definition 2.3.  A mapping 𝐴: 𝑋 × Ω → 𝑋 is called a random operator if: 

• For each 𝜔 ∈ Ω, 𝐴(⋅, 𝜔): 𝑋 → 𝑋 is a deterministic operator; 

• For each 𝑥 ∈ 𝑋, the map 𝜔 ↦ 𝐴(𝑥, 𝜔) is ℱ-measurable .[2][6] 

Definition 2.4.  A function 𝑓: [0, 𝑇] × ℝ × Ω → ℝ is said to satisfy Carathéodory conditions if: 

• For each fixed 𝜔 ∈ Ω, the mapping (𝑡, 𝑥) ↦ 𝑓(𝑡, 𝑥, 𝜔) is continuous; 

• For each fixed (𝑡, 𝑥) ∈ [0, 𝑇] × ℝ, the mapping 𝜔 ↦ 𝑓(𝑡, 𝑥, 𝜔) is ℱ-measurable .[1][2] 

Definition 2.5.  Let 𝐶([0, 𝑇], ℝ) be the space of all continuous real-valued functions on [0, 𝑇], 

equipped with the supremum norm. A function 𝑥: [0, 𝑇] × Ω → ℝ is said to be jointly 

measurable if the mapping (𝑡, 𝜔) ↦ 𝑥(𝑡, 𝜔) is measurable with respect to the product 𝜎-

algebra ℬ([0, 𝑇]) × ℱ . [6] 

A family {𝑥𝑛} of functions from [0, 𝑇] to ℝ is said to be: 
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• Uniformly bounded if there exists 𝑀 > 0 such that |𝑥𝑛(𝑡)| ≤ 𝑀 for all 𝑛 and 𝑡 ∈ [0, 𝑇]; 

• Equicontinuous if for every 𝜀 > 0, there exists 𝛿 > 0 such that |𝑥𝑛(𝑡1) − 𝑥𝑛(𝑡2)| < 𝜀 

whenever |𝑡1 − 𝑡2| < 𝛿, for all 𝑛 .[1][6] 

3. Conversion to Integral and Operator Equation 

To apply fixed point theorems, we first convert the given first-order random differential 

equation into an equivalent random integral equation. 

Lemma 3.1 (Conversion Lemma).  Let 𝑓: [0, 𝑇] × ℝ × Ω → ℝ be a jointly measurable function 

satisfying the Carathéodory conditions and suppose that for each 𝜔 ∈ Ω, 𝑓(⋅,⋅, 𝜔) is 

continuous in (𝑡, 𝑥). Then the initial value problem: 
𝑑𝑥(𝑡,𝜔)

𝑑𝑡
= 𝑓(𝑡, 𝑥(𝑡, 𝜔), 𝜔),  𝑡 ∈

[0, 𝑇];  𝑥(0, 𝜔) = 𝑥0(𝜔) is equivalent to the integral equation: 𝑥(𝑡, 𝜔) = 𝑥0(𝜔) +

∫ 𝑓
𝑡

0
(𝑠, 𝑥(𝑠, 𝜔), 𝜔) 𝑑𝑠, ∀𝑡 ∈ [0, 𝑇],  𝜔 ∈ Ω. 

Now, define the operator 𝒜 on the space 𝒳 : = 𝐶([0, 𝑇], ℝ) of continuous functions (with 

values depending on 𝜔) by: 

(𝒜𝑥)(𝑡, 𝜔) : = 𝑥0(𝜔) + ∫ 𝑓
𝑡

0
(𝑠, 𝑥(𝑠, 𝜔), 𝜔) 𝑑𝑠      (3) 

Thus, a function 𝑥(𝑡, 𝜔) is a solution of the random differential equation if and only if it is a 

fixed point of the operator 𝒜, that is, 

𝑥(𝑡, 𝜔) = (𝒜𝑥)(𝑡, 𝜔)          (4) 

4. Theorem Used and Hypotheses 

To establish the existence and uniqueness of the solution to the random integral equation, 

we employ the following well-known fixed point theorem adapted for random operators. 

Theorem 4.1 (Random Banach Fixed Point Theorem ).[6]  Let (𝑋, 𝑑) be a complete metric 

space and (Ω, ℱ, ℙ) be a probability space. Let 𝑇: 𝑋 × Ω → 𝑋 be a random operator such that 

for each 𝜔 ∈ Ω, the mapping 𝑇(⋅, 𝜔): 𝑋 → 𝑋 is a contraction; i.e., there exists 0 < 𝑘 < 1 such 



UtilitasMathematica  

ISSN 0315-3681 Volume 122, 2025 

3312 
 

that: 𝑑(𝑇(𝑥, 𝜔), 𝑇(𝑦, 𝜔)) ≤ 𝑘 ⋅ 𝑑(𝑥, 𝑦), ∀𝑥, 𝑦 ∈ 𝑋 and for each 𝑥 ∈ 𝑋, the map 𝜔 ↦ 𝑇(𝑥, 𝜔) 

is ℱ-measurable. 

Then there exists a unique random fixed point 𝑥 ∗(𝜔) ∈ 𝑋 such that: 𝑇(𝑥∗(𝜔), 𝜔) =

𝑥 ∗(𝜔),  for almost all 𝜔 ∈ Ω. 

We consider the following set of hypotheses under which we will establish the main result. 

H1- Measurability and Continuity: 

The function 𝑓: [0, 𝑇] × ℝ × Ω → ℝ is measurable in 𝜔 for each (𝑡, 𝑥) and continuous 

in (𝑡, 𝑥) for each 𝜔. 

H2- Lipschitz Condition: 

There exists a constant 𝐿 > 0 such that for all 𝑡 ∈ [0, 𝑇], all 𝑥1, 𝑥2 ∈ ℝ, and all 𝜔 ∈ Ω: 

|𝑓(𝑡, 𝑥1, 𝜔) − 𝑓(𝑡, 𝑥2, 𝜔)| ≤ 𝐿 ⋅ |𝑥1 − 𝑥2|     (5) 

H3- Bounded Initial Value: 

The initial function 𝑥0: Ω → ℝ is a measurable and bounded random variable. 

 

H4- Integrability Condition: 

The function 𝑓(𝑡, 0, 𝜔) is integrable with respect to 𝑡 on [0, 𝑇] for almost every 𝜔 ∈

Ω, i.e., 

∫ |
𝑇

0
𝑓(𝑡, 0, 𝜔)| 𝑑𝑡 < ∞,  for almost every 𝜔 ∈ Ω.     (6) 

5. Main Theorem 

Theorem 5.1 (Main Theorem).  Let 𝑓: [0, 𝑇] × ℝ × Ω → ℝ satisfy the hypotheses (H1)–(H4). 

Then the random integral equation 𝑥(𝑡, 𝜔) = 𝑥0(𝜔) + ∫ 𝑓
𝑡

0
(𝑠, 𝑥(𝑠, 𝜔), 𝜔) 𝑑𝑠 has a unique 

continuous random solution 𝑥(𝑡, 𝜔), and this solution is attractive in the sense that iterative 

sequences converge to it almost surely. 
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Proof: 

Step 1: Define the Operator 

Let 𝒳 : = 𝐶([0, 𝑇], ℝ), the Banach space of all continuous functions on [0, 𝑇], equipped with 

the supremum norm: 

∥ 𝑥 ∥: = sup
𝑡∈[0,𝑇]

|𝑥(𝑡)|          (7) 

Define the operator 𝒜 on 𝒳 by: 

(𝒜𝑥)(𝑡, 𝜔) : = 𝑥0(𝜔) + ∫ 𝑓
𝑡

0
(𝑠, 𝑥(𝑠, 𝜔), 𝜔) 𝑑𝑠      (8) 

Step 2: Show that 𝒜 maps 𝒳 into itself 

Let 𝑥 ∈ 𝒳. By assumptions (H1) and (H4), the mapping 𝑓(𝑠, 𝑥(𝑠, 𝜔), 𝜔) is measurable in 𝜔 

and integrable in 𝑠. Since 𝑓 is continuous in 𝑥 and 𝑠, the integral defines a continuous 

function in 𝑡. Therefore, 𝒜𝑥 ∈ 𝒳. 

Step 3: Show that 𝒜 is a Contraction 

Let 𝑥1, 𝑥2 ∈ 𝒳. Then: 

|(𝒜𝑥1)(𝑡, 𝜔) − (𝒜𝑥2)(𝑡, 𝜔)| = |∫ [
𝑡

0
𝑓(𝑠, 𝑥1(𝑠, 𝜔), 𝜔) − 𝑓(𝑠, 𝑥2(𝑠, 𝜔), 𝜔)] 𝑑𝑠|  (9) 

Using the Lipschitz condition (H2): 

≤ ∫ 𝐿
𝑡

0
⋅ |𝑥1(𝑠, 𝜔) − 𝑥2(𝑠, 𝜔)| 𝑑𝑠 ≤ 𝐿 ⋅ 𝑡 ⋅∥ 𝑥1 − 𝑥2 ∥∞   (10) 

Taking supremum over 𝑡 ∈ [0, 𝑇], we get: 

∥ 𝒜𝑥1 − 𝒜𝑥2 ∥∞≤ 𝐿 ⋅ 𝑇 ⋅∥ 𝑥1 − 𝑥2 ∥∞       (11) 

If 𝐿 ⋅ 𝑇 < 1, then 𝒜 is a contraction on 𝒳. 

Step 4: Apply Banach Fixed Point Theorem 

Since 𝒳 is a complete metric space and 𝒜 is a contraction (when 𝐿 ⋅ 𝑇 < 1), Banach’s fixed 

point theorem guarantees the existence of a unique fixed point 𝑥∗ ∈ 𝒳 such that: 

𝑥 ∗(𝑡, 𝜔) = 𝑥0(𝜔) + ∫ 𝑓
𝑡

0
(𝑠, 𝑥∗(𝑠, 𝜔), 𝜔) 𝑑𝑠       (12) 
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Hence, 𝑥∗ is the unique solution to the integral equation. 

Step 5: Attractivity 

Define the iterative sequence: 

𝑥 (0)(𝑡, 𝜔) = 𝑥0(𝜔)          (13) 

𝑥 (𝑛+1)(𝑡, 𝜔) = 𝑥0(𝜔) + ∫ 𝑓
𝑡

0
(𝑠, 𝑥 (𝑛)(𝑠, 𝜔), 𝜔) 𝑑𝑠      (14) 

Then we have: 

∥ 𝑥 (𝑛+1) − 𝑥∗ ∥∞≤ 𝐿 ⋅ 𝑇 ⋅∥ 𝑥 (𝑛) − 𝑥∗ ∥∞⇒∥ 𝑥 (𝑛) − 𝑥 ∗ ∥∞≤ (𝐿 ⋅ 𝑇)𝑛 ⋅∥ 𝑥 (0) − 𝑥∗ ∥∞→ 0 

as 𝑛 → ∞. Thus, the solution 𝑥∗ is attractive. ▫ 

6. Verified Example 

Let us consider the following first-order random differential equation: 

𝑑𝑥(𝑡,𝜔)

𝑑𝑡
= −𝜆𝑥(𝑡, 𝜔) + sin(𝑡) ⋅ 𝜉(𝜔),  𝑥(0, 𝜔) = 𝜉(𝜔)     (15) 

where 𝜆 > 0 is a real constant and 𝜉: Ω → ℝ is a bounded measurable random variable such 

that 𝜉(𝜔) ∈ [−1,1]. This models a randomly forced damped system, where randomness 

arises from 𝜉(𝜔). 

Step-by-Step Hypothesis Verification 

(H1) Measurability and Continuity: 

• The function 𝑓(𝑡, 𝑥, 𝜔) = −𝜆𝑥 + sin(𝑡) ⋅ 𝜉(𝜔) is continuous in (𝑡, 𝑥) for each fixed 𝜔, 

since 𝑥 ↦ −𝜆𝑥 and 𝑡 ↦ sin(𝑡) are continuous. 

• For fixed (𝑡, 𝑥), 𝑓 is measurable in 𝜔 since 𝜉(𝜔) is measurable. 

Thus, (H1) is satisfied. 

(H2) Lipschitz Condition: 

|𝑓(𝑡, 𝑥1, 𝜔) − 𝑓(𝑡, 𝑥2, 𝜔)| = | − 𝜆𝑥1 + 𝜆𝑥2| = 𝜆|𝑥1 − 𝑥2|     (16) 
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Hence, Lipschitz constant 𝐿 = 𝜆. So, (H2) is satisfied. 

(H3) Measurable and Bounded Initial Value: 

𝑥0(𝜔) = 𝜉(𝜔)           (17) 

Since 𝜉(𝜔) is given as a measurable and bounded random variable, (H3) is satisfied. 

(H4) Integrability of 𝑓(𝑡, 0, 𝜔): 

𝑓(𝑡, 0, 𝜔) = sin(𝑡) ⋅ 𝜉(𝜔)         (18) 

Since sin(𝑡) is continuous on [0, 𝑇] and 𝜉(𝜔) is bounded, 𝑓(𝑡, 0, 𝜔) is integrable over [0, 𝑇]. 

(H4) is satisfied. 

Contraction Check: Choose 𝜆 = 0.5 and 𝑇 = 1. Then, 

𝐿 ⋅ 𝑇 = 0.5 ⋅ 1 = 0.5 < 1         (19) 

Hence, 𝒜 is a contraction on 𝐶([0, 𝑇], ℝ). 

Conclusion: All assumptions (H1)–(H4) are satisfied, and the contraction condition 𝐿 ⋅ 𝑇 < 1 

holds. Therefore, by Theorem 5.1, the unique random solution exists and is attractive. 

7. Conclusion 

In this paper, we studied the existence and attractivity of solutions to a class of first-

order random differential equations using the Random Banach Fixed Point Theorem. We 

transformed the random differential equation into an equivalent random integral equation 

and constructed a corresponding random operator that satisfied the contraction property. 

By verifying standard hypotheses, including Carathéodory-type measurability and 

continuity, Lipschitz condition, and integrability, we successfully applied the fixed point 

theorem to guarantee a unique and attractive random solution. 

A verified example was provided to illustrate the main result and demonstrate how 

each hypothesis is satisfied. The approach shown here contributes to the analytical 

foundation for random differential equations and has potential applications in stochastic 

dynamic systems. This framework can be extended in future work to study impulsive, 

fractional, and higher-order random differential systems, and can aid in the analysis of real-

world systems driven by random behavior. 
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