UtilitasMathematica
ISSN 0315-3681 Volume 119, 2022

ON THE (s, t)-PADOVAN AND (s, t)-LUCAS-PADOVAN QUATERNIONS
AND THEIR MATRIX SEQUENCES

GWANGYEON LEE!
'DEPARTMENT of MATHEMALtics, HANSEO UNIVERSITY, SEOSAN, CHUNGNAM,
31962, REPUBLIC of KOREA
agylee@hanseo.ac.kr *

Abstract

In this paer, we introduce the (s, t)-Lucas-Padovan quaternions which generalizes Padovan and
Lucas- Padovan quaternions. We derive the Binet-like formula and generating function for the
(s, t)-Lucas-Padovan quater- nions. Also, we obtain certain binomial sums regarding the (s,
t)-Padovan and (s, t)-Lucas-Padovan quaternions. (s, t)-Padovan, (s, t)-Lucas-Padovan,
quaternions, matrix sequences r
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1. Introduction

Many authors have studied about Padovan quaternions, [3, 4, 7, 8, 12, 13]. Quaternions are used in
such fields as quantum physics and computer science, and in differential equations and group
theory [5, 9, 11, 10]. As we know, many authors gave a generalization for (s, t)-Fibonacci, (s, t)-
Padovan, (s, t)-Perrin, (s, t)-Pell and (s.t)-Pell-Lucas for Fibonacci, Padovan, Perrin, Pell and Pell-
Lucas numbers, [1, 2, 3, 6, 16]. In [15, 16, 17], the authors have studied matrix sequences
obtained from them. In [3, 4, 15, 6, 15, 16], the authors have studied (s, t) quaternions for (s, t)-
Fibonacci, (s, t)-Padovan and (s, t)-Perrin. In particular, in [8], the author introduced a
generalization of quaternion sequences for Fibonacci sequence which called Horadam
quaternions.

A quaternions is described by:

q =a +bi +cj +dk,

where a, b, ¢ are real numbers and i, j, k the orthogonal part at the base in R3. We note that the
quaternion multiplication is defined using the rules i? = j2 = k? = ijk = —1. The conjugate and
norm of a quaternions are defined by q* =a — bi — cj — dk and N (q) = qq* = a?+b?+c?+d2.
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The Padovan sequence is the sequence of integers Pn defined by initial values Po = P1 =P, =1
and the recurrence relation

Pn=Pn-2+Pn-3(1.1)

foralln = 3. The first few valuesof Pyare 1,1,1, 2,2,3,4,5,7,9, 12, 16, 21, 28, 37, 49, 65,
86,114, ...

The Padovan quaternions are defined by
QPn = Pn + Pn+1i + Pn+2j + Pn+3k,
where Pp is the nth Padovan number and i, j and k are orthonormal bases.

Now, we will define a new sequence to be called Lucas-Padovan (abbr. Ludovan) sequence L, in
the same way that we define Lucas sequence for Fibonacci sequence. The Ludovan sequence is
defined by the following rules; let Lo = 1 and, forn >1,

Ln=Pn-1+Pn+1,
where P is the nth Padovan number. The first few values of Ludovan sequence Ly, for n >0, are
1,2,3,3,56,8,11, 14, 19, 25, 33, 44,58, 77, 102, 135, . ..
The Ludovan quaternions are defined by, for n >0,
QLn = Ln + Ln+1i + Ln+2j + Lnssk,

where Ln is the nth Ludovan number and i, j and k are orthonormal bases.

2. (s, t)-PADOVAN AND (s, t)-LUCAS-PADOVANQUATERNIONS

In this section, we give definitions of the (s, t)-Padovan and (s, t)-Ludovan. We also investigate
their properties. In [4], the authors defined the (s, t)-Padovan sequence as follows: For any real
numberss, t andn > 2, let 27t> — 4s® =0, s> 0 and t f= 0. Then the (s, t)-Padovan sequence
{Pn(s, t)} is defined by

Pn+3(S, t) = SPn+1(S, t) + tPn(s, 1),
where Po(s, t) =0, P1(s, t) =1, Pa(s, t) = 0.
Using the definition of the (s, t)-Padovan sequence, we define the (s, t)-Ludovan sequence.

Definition 2.1. The (s, t)-Ludovan sequence {Ln(s, t)} is defined by

=

Ln(S, t) = Pn—l(S, t) + Pn+l(s, t),
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where Lo(s, t) = 1, Li(s, t) = 0.
In this paper, to simplify notation, we take Pn(s, t) = pn and La(s, t) = In. That is, pn+3 = Spn+1 + tpn

and In = pn-1 + pn+1. The first few terms of pn are

[pntn>0:0, 1,0, s, t, 5%, 2st, s° + 12, 3s7t, s+ 3st?, ...,

and, we define p—2 = 1/t and p—1 = 0. Also, the first few terms of 1, are

{lndn>0: 1,0, s+ 1, ¢, s+ 5% 25t + 1, 5% +5° + 2, 352t + 2st, 5 + 5% + 3t + 42, ...,

and we define 1-2= -s/t>and 1-1 = 1/t.
Lemma 2.1. Let {In} be the (s, t)-Ludovan sequence. Then, for any real numbers s, t and n >
0 we have ln+3 = Sly+1 + tln.

Proof. From Definition 2.1, since lo =1, 11 =0, l,=s+ 1, and Iz = t, we have I3 = sl; + tlo. By
induction on n, since In = pn-1 + pn+1 @and pn = pn-2 + pn-3, We have

Slh+1 + thh = S(Pn + pn+2) + t(Pn-1 + Pr+1)
= (Spn+2 + tpn+1) + (SPn + tpn-1)
=pn+4 + pn+2 = In+3.
Therefore, the proof is completed. Q
Now, we define the (s, t)-Padovan quaternions and (s, t)-Ludovan quaternions.

Definition 2.2. The (s, t)-Padovan quaternion sequence Qpn and (s, t)-Ludovan quaternion
sequence Ql, are defined respectively by

Qpn = Pn + P+l + Pns2j + Posak,
Qln = In + Insai + lnsgj + Inesk,
where pn and I, are the nth (s, t)-Padovan number and (s, t)-Ludovan number, respectively.
From Definition 2.2, we can get Qpn+3 = SQpn+1 + tQpn and the following result.
Lemma2.2. Let {Qln} be the (s, t)-Ludovan quaternion sequence. Then, n > 0, we have
Qln+1 = Qpn-1+ Qpn+1.
Qln+3 =5Qlh+1 +tQln.

Proof. (i)From Definition 2.1, this result is easy to get. (ii)From Lemma 2.1, we have
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QIn+3 = In+3 + In+4i + In+5j + In+6k
= (Sln+1 + th) + (Sln+2 + thh+1)i + (Slnez + thh+2)j + (Slh+a + thhea)k
= SQln+1+ tQln.
Therefore, the proof is completed.

In [4], we have the following two theorems which among them, the first is about the Binet-like
formula for the nth (s, t)-Padovan quaternion, and the second is about the generating function for
the (s, t)-Padovan quaternion.

Theorem 2.1. [4] The Binet-like formulas for the nth (s, t)-Padovan quaternion is, n > 0,

Qpn = ada" + bp" +cjy",
where a, £ and y are the roots of the characteristic equation

x3—sx—t=0(2.1)
associted with (1.1)
(B—1)(v—1) (ax—1)(v—1) (a—1)(F—1)

a = ) = c=

(a—B)a—7)’ (B —a)(8—7) (v—a)(y—p0)’

and
& =1+ i+ a?j+ >k, B=1+pBi+ B%j+ 3k, ¥y =1+ vi+~%j + k.
Theorem 2.2. [4] The generating function for the (s, t)-Padovan quaternion is
i+ sk + (1 +sj + th)r +tjz?
1 — sx? —ta3 '

From Lemma 2.2 and Theorem 2.1, we have the Binet-like formula for the (s, t)-Ludovan
quaternion.
Theorem 2.3. (Binet-like formula) The Binet-like formula for the nth (s, t)-Ludovan quaternion is

gp(T) =

1 . 1 1
Ql, = aca™(— + a) + bES™( 3 + B) + ey (= + ).

&

From the Binet-like formula for the (s, t)-Ludovan quaternion, we have the following theorem.
Theorem 2.4. For positive integer m,

(i) 2y (M) ™ Ql, = Qlayy.
(it) S (M) s™ 4 Qlp—w = Qlnt2m.

Proof. From (2.1), we know that o® —sa —t =0, g2 —sg —t=0and y* — sy —t =0.
()Since sa +t =03, sp +t =p3and sy +t =y, we have
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m

: ) - 1 .1 1
3 ('”)wm”mn - 2 (m)s”f’"”’ (ufm-"( L a) EbAAM =+ B) + Ay~ + 1,))
—\n n fa! Ié] ¥

1 - 1 1
= E ( ) (un sa)"t"T(— +a) + b,:'.f(s.:i_f)n?‘.min(*3 + 8) + ey(sy) " (— + ”))
Q ~

~ 1 1
= aa(sa + t)m(— + )+ b3(s8+ )" (= ; + B) + cy(sy + t)m( + )
¥ L

1 1 |
+8) + A ™ (= +7)

1 -
= aba®™ (= + o) + bpFP™ (= 3
o 4

= (-QZSm .

In the same way as proof of (i), we can get the result 2-u—o ()s™“#"Qlu—u = Qluom.

Therefore, the proof is completed
Using the generating function, we can obtain binary coefficient representations for the nth (s, t)-

Padovan quaternion.
Theorem 2.5. For the nth (s, t)-Padovan quaternion Qpn,

T

n
QP _ m H,S?n—n-l—l_fn—Q-m-—l + i m H,S?n—nfn—Q-m.
o Z 3m—n+1) Z 3Im—n)
0 m=0

m=

T
. m + 1 (3m—n+2 2m—1 m+1 3 1 2
y 1.?‘1 L — _'_,[‘ m—n-+ ?Ln M
/ Z (Bm —n+ 7) Z dm—n+1

m=0
Proof. In this proof, let’s put (i + sk) as A, (1 + sj + tk) as B and (tj) as C to proceed concisely
with the proof. Then we have the generating function of the Padovan quaternions as follows:

T Bl l
gplx) = E Qpna™ = (A+ Br + ( ‘1'2)71 S S—
u>0 o ‘

= (A + Bz + Cz?) Z(.ﬁurg + ta? )
u>0

S A (s ) BY (s ) O3 (s )t
'LLED U-EO UED

4 Z i: (;1‘) Svtufr,_-._raufr + B Z i: (i‘:)sutur.?ﬁulﬂ»l

u>0v=0 w>0v=0

U .
(2.2) O () sUpu oS,
.

u>0v=0
In the first formula of (2.2), if we set n = 3u — v then we can obtain that

422 ( ) U, Su v 42 Z (3!” i ”) lSm nfn—?m n

u=0v=0 n=0m=0
Using the same process, we can obtain the following equations
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n n
T T
anlz) = I ..I,n — 4 53?71.711?;1172771{_71. 4 B HB-mfn«I»lfan-mfl‘I_-n
99 (7) Z(“M 3m—n Z Z Im—n-+1

n>0m=0

n
€ I8 E m ."Srn—n+2fn—2m—2 e
Im—n+2

n>0m=0
T

L]
—ieh Y Y (3 )f
n>0m=0 A=
- m
1 517 t '_3m7n+1]._1172m71‘ n
Tlasit )ZZ(BPH—H—I-].)ﬁ !

n>0m=0

n
. m 3m—n+2n—2m—-2_n
+(t) Z z (3?11 -n+ 2) ’ f o

n>0m=0

n n
T . o _ (s e .
_ E E . - SBm- n«\»lfn 2m 1+ E . S.r]‘m. n?,_n ZmJ
3nm—n+1 3m—n
m=0

n>0 Lm=0

i

m+ 1 Im—n+2,;n-2m-—1 : s m+1 3m—n+1,n—2m
= s 24m £y s rm2mg
(31:1 —n+ ?) ’ J A 3m—n+1 ”
m=

m=0

Therefore, the proof is completed.

Now, we consider the generating function for the (s, t)-Ludovan quaternion.

Theorem 2.6. The generating function for the (s, t)-Ludovan quaternion is

(L+(s+1)j+th)+((s+1)i+tj+ (s+s2)k)x + (1 +ti + (st +1)k)z?
1— sx? —ta3 '

gi(x) =
Proof. Assume that the function
gi(r) = Z Qlpr™ = Qlo + Qlix + Qlax® + ... + Qlpa™ + ...
n>0

be generating function of the (s, t)-Ludovan quaternions. Multiply both of side of the equality by
term sx2 such as
SXZQ'(X) = SQ'OX2 + SQ|1X3 +SQlx*+ ...+ SQ|an+2 +

and multiply by term tx3 such as
13gi(x) = tQlox® + tQIx® + QI + . . . + tQIX™3 + . ..

Then, we write
(1 — sx® — x})gi(x) = Qlo + Qlix + (Ql2 — sQlo)x? + (Qlz — sQl1 — tQlo)x* + . . .+ (Qln —
SQlh—2 — tQIh-3)x" + . ..

From (ii) of Lemma 2.2, we obtain that
(L—sx>—t3gi(X) = (1 + (s + 1)j +tk) + ((s + 1)i + tj + (s + s)K)x + (1 + ti + (st + K)X2.

Therefore, the proof is completed.
Using the generating function, we can obtain binary coefficient representations for the nth (s, t)-

Ludovan quater- nion.
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Theorem 2.7. For the nth (s, t)-Ludovan quaternion Qln,

- m far .
Ol = __;2 + fZ “Sm—ntn—Qm—Z
Al 7;0 ((3?” —n+ 2) i 3Im —mn s
n
. m m—+ 1 am_ o
4+ + s | g3m n+lrn 2m—1
Z ((3“: —n+ 1) (311-& —n+ 2) ﬁ) ’

m=0

E m 1 3m—nyn—2m
] (( 3m 7?3) (3?)?7”4‘ ) )

m=0

m+ 1 . .
+k '.2 4 '.3 '_Bﬂtfntnfbnfl_
Z ((ﬂn—n) +(3m—n+2)(% ’ )) °

m=0

Proof. In this proof, let’s put (1 + (s + 1)j +tk) as A, (s + 1)i +tj + (s + s2)k) as B and (1 +ti +
(st + t)k) as C to proceed concisely with the proof. Then, in the same way as proof of Theorem
2.5, we have the generating function of the (s, t)-Ludovan quaternions as follows:

ai(x) =Y Qlua™ = (A+ Br + Ca?)

1 — sz2 —ta3
w>0

1 T
o 4 3'm ﬂfﬂ Zm 71+B Bm n+lffn 2m— 1 n
=3 (o) 3 (s

n=0m=0 n>0m=0
+CVZ Z ( m ) 3m— n+2fn 2m— 2 L
) — 2
n>0m=0 3n n+

Now using A= (1 + (s + 1)j + tk), B=((s + 1)i + tj + (s + s2)k), C = (1 + ti + (st + t)k) and the
properties of binomial coefficients, we can get the conclution we want.

Therefore, the proof is completed

Since Qpn = Pn + P+l + Pn+2j + prsak and Qln = In + In+1i + ln2j + In+3k, we can get many identities
for the binomial coefficients.

Corollary 2.1. For the nth (s, t)-Padovan number p, and the nth (s, t)-Ludovan number I,, we have
the following identities.

() b= T (g ) 5520

(H) 1”‘ - IZ::'L:C' (Sm mﬁ-l—?) s n+2#n m=? + Zm—O (S.mn 'n) H3m T 2m
' 1 +1 ) —2m—
(1ii) Z:; o (Em an l) §dm—n—lm—2m+1 _ Z-:;.:O (3?;?1 n+2) gdm—n+2n—2m—1 1
. n 3 1 2 o3 1 2m _ + 3 1 2
(1\-} Z-mzlo (Snln n) S + Zm =0 (3?7{ m;l-l—l) Mo = Zm:O (Bﬂ;n n—)—l) monTnAm,
. n o3 1 2m+1 n+ +1y .3 2m+1 _ N &3 2m+1
(‘.) Zm: (Sm, m‘.:l-l—l) men fn mE + Zm =0 (;::1 11) ) " ﬂfﬂ e - Z?‘?I:O (3?;:1 TL) . m= nfﬂ m+
1 z . (3 m+1 2) Sm—n+2yn—2m—1 u z . (3 m+1 z)Hgm_?H_gfn_g.m__l
m= M—T+2 m= m—n-+ .

(Vi) Z;::D (Smm;z-l—Q) 317?1 ﬂ+2fﬂ B 1+Zm =0 (Srrzn n) 37’71 i 2m+l+zm O(Sm mn-l—l) 3?71 71+2f71 2
_I_Zm O(S;rzn:+2)"3?n n-I—SIm 2m—1

+1 1
Zm O(Sn;n n) Sm—nyn— an-l-l_l_zm O(Bn;n—-lr;1+2) gim—n+2yn—2m— 1+zm 0(3,7?1t1+2) Sm—n+3ym—2m—1

71



UtilitasMathematica
ISSN 0315-3681 Volume 119, 2022

Proof. Since Qpn = pn + Pn+ti + Pn+2] + Pk and Qln = In + lnsai + In+2j + ln+3k, from Theorem 2.5
and Theorem 2.7, we cna get (i) and (ii). Since pn+3 = P+1)+2 and ln+3 = ln+1)+2, We can get (iii)
and (v). Since pn+3 = Spn+1 + tpn and ln+3 = Sl+1 + tln, we can get (iv) and (vi).

Therefore, the proof is complete.

From Corollary 2.1, if we let s =t = 1, then, for the nth Padovan number P, and Ludovan number
Ln, we have the following identities for binomial coefficients.

=0 \3m— ?1—{—1) + Z:;I—ID (3?21+];1) = z?n 0 (Sm n) + Zm 0 (3712?it1]:|—2) + Z:::D (S?r?an—tll—l—Q)'

3m— n—|—2)+ Zm 0 (Sm ﬂ)—l——il_ Zm 0 (Sm n—l—l)_l_j_ Zm 0 (S?TZT]——I;LI—I—Z)
n
= m= (Sm n)—l_ Zm =0 (317?1_11.4-2)—1_ Zm:O (3-;;.?1—-114-2)'

(i) Pa=>0_ 0(3mﬂ;+1)
(ii) L, = Zm -0 (3m ﬂ_|_2) + Zm_l] (Sm n)
(i) Sommy (s ™ 1) = Som o (L)
(iv) 37

D

)

1
(
n
:1 =0 (Bm n) —I_Zm O(Bm n—f—l) Z:; O(Sr:a,n—lr_ll—k—l)
1
neo (
1
(5

3. (s, t)-PADOVAN AND (S, t)-LUDOVAN QUATERNIONS MATRIX SEQUENCES

In [14], the authors gave some matrix representations associated with the Horadam quaternions.
In [13], the author gave the matrix representation of Padovan quaternions. And, in [15], the
authors introduced the (s, t)- Padovan quaternions matrix sequence using the expression in [13].

In this section, we give definition of the (s, t)-Ludovan quaternions matrix sequence.

In [15], the authors gave the definition for the (s, t)-Padovan quaternions matrix sequence, Pn(s,
t) as follows: Forn >0,s > 0,t f=0and 27t>— 4s® =0,

Pn+3(S, t) = SPn+1(S, t) + tPn(s, t), (3.1)

Where
Qpz Qp1 Qpo 0 s t s 0
‘;Do(h‘.f): Q'p] on Qp_l .‘;D]_(h‘.t): 1 0 0 ;DO(H.?L-). ‘PQ(H.?‘): 0 s t po(-‘;.f).
Qpo Qp-1 Qp_2 0 1 0 1 00

Then, by induction on n, we can get, forn >0

n

0 s t Qpn+2 Qpn+1 Qpn
Puls.t)= |1 0 0| Pols.t)= [Qpnr1 Opn OQpn_1
0 1 0 QJ’-’H QJ' In—1 Qf-’n—?

In this paper, we let

72



UtilitasMathematica
ISSN 0315-3681 Volume 119, 2022

Then, by induction on n,

0 s t Pn+1 Pn+2 tpn
3.2 R*"= |1 0 0| =1 pn  pPne1 tpn_1
_l’_
0O 1 0 Pn—1  Pn tpn—2

So as it follows:
Pn(s, t) =R PO(S, t)

Now, let us define the (s, t)-Ludovan quaternions matrix sequence by using (s, t)-Padovan

quaternions matrix sequence.

Definition 3.1. For n > 1, the (s, t)-Ludovan quaternions matrix sequence Ln(s, t) is defined by
Ln(s, t) = Pnfl(s, t) + Pn+l(s, t),

and LO(s, t) is defined
Lo(s, t) = VPo(s, 1),
where Py(s, t) is the nth (s, t)-Padovan quaternions matrix sequence and

0 s+1 ¢
V=1|1 0 1

1 - s

: L -3

From definition 3.1, we have

Ly (s,t) = Pn-1(s,t) + Pnt1(s, 1)
[Qpnt1 Qpn QPn—1 Qpnys QPny2 QPnia
= | Qpn QPn-1 Qpnz| + |QPns2 UOPny1 Opn
_Q'Pn- 1 Qpn—2 Qpn_3 Qpnt1 Qpn Qpn—1
-Q'InJrQ anJrl (2171
— Q'In—i—l an an—l
B Q'In Q'In—l (-ggﬂ-—2

In this paper, to simplify notation, we take Pn(s, t) = Pn and La(s, t) = Ln. That is,

Lo=VP,
[0 s+1 ¢t [si+tj+s?k 1+sj+th i+sk
=1 0 1 1+sj+tk i+ sk j
[+ 1 3 i+ sk j 1+k

[Ql; QL Qly
= [Qh Qlp Ql_1].
[Qlo Q1 Ql o

and P, = RMPy. It is also easy to prove that, for n >0,
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Pn+1  Pn+2 tpn
(3‘3) R"Y = Pn Pn+1 f}"ﬂ-—l
Pn—1 Pn tPrn—2

0 s+1 t lne1 Ilneo tl,
0 1|=|1 Ly th.|=VR"

1
1
R

n ‘Fn— 1 ‘In ﬂfn-—?

Lemma 3.1. Let {Ln} be the (s, t)-Ludovan quaternions matrix sequence. Then, for n > 0,
Ln+3 = SLn+1 + th
Proof. It can be proved in the same way as the proof of Lemma 2.1 by using (3.1). Q

Theorem 3.1. For the nth (s, t)-Ludovan number Iy, the nth (s, t)-Ludovan quaternions matrix Ln
and m, n >0,

(i) Ln =RMLo.

(i) Ln =VPn.

(i) Lmen = RML, =R,

Proof. (i)Since In = pn-1 + pn+1, We have, from(3.2),

Ln=Pn-1+Pn+1

— (Rn—l + Rn+1)|:)0

Pn Pn+1 ?L_I)?"! -1 Pn+2 Pn+3 fpn—kl
= Pn—1 Pn tpn—2| + Pn+1  Pn+2 tpn ;DO
Pn—2 Pn-1 ?LI)?"!-—S Pn Prn+1 ?Lpn—l

{?1—1—1 En—Q—Z Hﬂ
= "I-n En—b—l Hn—l P[]
In—l ']-n Hn—?

— R™VP,.

Since Lo = VPo, we have L, = RML.
(ii) Since (3.3) is established, we have L, = R"Lo = RMVPg = VRNPy =VP,,.
(iii) Since Pmen = RM*NPy, Pran = RMP, = RIP,. From (i), since (3.3) is established, we have
Lm+n = VPm+n
= VRM*Np,

= RMVRMP,
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=RML, =Ry,
Therefore, the proof is completed.
Corollary 3.1. For nonnegative integers m, n,
Qlm+n = pm+1QIn + pm+2QIn—1 + tpmQIn-2
= pn+1QIm + pn+2QIm—1 + tpnQIm—2.
Proof. From (iii) fo Theorem 3.1, the proofis completed.

In [15], the authors gave the Binet-like formula and the generating function for the nth (s, t)-
Padovan quaternions matrix sequence as follows: forn > 0,

(3.4) P, = aa™ + bA" + ",
where «a, f and y are roots of the equation (2.1),
_ Pe+Pia+Popy - Pa+Pi8+Poay P+ Piv + Poafi

a= , b= c=

(v — B)(ex — ) (B—a)(B—7) ' (v —a)(v—05)

Po + Prx + (P2 — sPo)a?
(3.5) gp(z) = = lli”(z_”; o2

Using the equation (3.4), we can obtain the Binet-like formula for the (s, t)-Ludovan quaternions

matrix sequence.
Theorem 3.2. The Binet-like formula for the nth (s, t)-Ludovan quaternions matrix sequence is

1 - 1 1
L, =aa™ (— + n) + ba™ (_i + :':f> + " (— + ") .
v [ 8

From the Binet-like fomulas for the (s, t)-Padovan quaternions matrix sequence and the (s, t)-
Ludovan quaternions matrix sequence, we have the following thoerem.
Theorem 3.3. For pasitive integer m,
) Gnpm— n'pl _ pgm
m) T — ufta‘)f)n v = lpn—i—Zm

(7

) >
111) Z:? o (M)t Ly = Lap,.

iv) 3o (

??3

n 0
m

T
e T

T
u) 1T ufu[:n uw — =L n+2m-

Proof. In the same way as proof of Theorem 2.4, we can getthe results.

Using the equation (3.5) for the generating function, we can obtain binary coefficient
representations for the nth (s, t)-Padovan quaternions matrix sequence Ph.

Theorem 3.4. For the nth (s, t)-Padovan quaternions matrix sequence P,

T
m . m " o
2D DE i 21 + StR + $2(R2 — sI) L P,
n S 3 —n I —n+1 st B —m 42 s (R s ) 0

m=0
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where 1 is the identity matrix of order 3.

Proof. From (3. 5) in the same way as proof of Theorem 2.5, we have

gp Z Z (J”? n ) Bm— nyn— 2m nzp +Z Z (3?}3 r':’+l) B3m— n-i-l?an 2m—1, 717)1

n>0m=0 n>0 m=0
N ( m ) 3m— ﬂ+2fﬂ 2m— 2 n(‘pzi ‘!T)O)
Z Z L — 2
n>0m=0 3n n+

Since P1 =RPgand Py = R2Po, we have

gp (s Z'P !

n=>0

=) ) s {( " )f-QI + ( " _>st7z+ ( " ,)SQ(RQ - m} Poar™.
750 m—0 3Im —n m—n+1 3m—n-+2

Theorefore, the proof is completed.
Since P, = RMPg and

0 s ¢ s t 0
R=11 0 0|.R*=1|0 s ¢
0 1 0 1 0 0

we have

[Qpnt2 Qpnt1 Qpn
:Dn. = Qpn+1 Qf’n- QPn—l
L Qpn Qpno1 Qpn_s
[Pns1 Pny2  tpn

— Pn Pn+1 fp-n—l :DO
[Pn—1 Pn tpn—_o

n Y mn—2m—2 m 9 m _ m .
P t £27 SR 22—\ p
Z ’ {(Em — n) - (317; —n+ 1) st + (37” ot 2) s°( 5 )} b

m=0
n . (BWT—H,)F (S-I;ntzl—l—z) 2t (Sm n+1) ?l2
(36) = Z ‘ng_ntn_zm_Q (3171-_1?']H+1)St (S'HT 'n)fz (Sm Tl+2) ; f ,PO’
m=0 3minn+2 52 (S'm 'rH»l) st (Svr?in)tz (B-m.fnJrZ)'Sa

Corollary 3.2. For the nth (s, t)-Padovan quaternion Qpn,

- m m m+ 1 o m+1 3,
= s+i t+j st +k st p st TEm
@pn Z {(373? —n+ 1) o "(33?7 — -n) / (Sm —n+ 2) ’ (fﬂm —n+ 1) ’ } ’

m=0

s, m m m + 1
o2 : ' : ’ 2 ' o2 ASdm—n—1ln—2m— ].
g +1 st + t“+ k i t
{(3733 —n+ l) (Sm — 'n) / (31?1 —n— 1) (3377 —n -+ 1) }

m=0

Proof. Since Qpn - 1 is the (2, 3)-entry of the matrix Pn
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si+tj+s2k 1+sj+tk i+ sk
Po=| 1+sj+tk i+ sk J
i + sk j T+k

we can get, from (3.6),

n _
- 3m—n, n—2m—2 m . m 2. m 3 1

= 5 t st(i 4 sk t st -+ k%
Pn-1 Z ’ {(BM—H—I—I)H (04 sk) + (Sm—n) () + (31:;—;?—1—2)5 (f * )}

m=0
n 7
3m—n n—2m—2 m 9 . m A m 9 m+1 9
=) 5t 5% 4 st + 24k s S
mE::() {(3”.’ —n+ ?) (37” —n+ l) J (3.’!3 — ?.’) (3”; —nt+ 2) }

Since Qpn+1)-1 = Qpn, from Theorem 2.5, we can get the conclution.

Now, we can obtain the generation function for the nth (s, t)-Ludovan quaternions matrix
sequence n by the way we obtained the generation function for the (s, t)-Padovan quaternions
matrix sequence as in the following theorem.

Theorem 3.5. The generating function the nth (s, t)-Ludovan quaternions matrix sequence Ln is
EO + EI.I' + (£2 — ‘5'1:0).&'.'2
gc(x) = s .

We can obtain the nth (s, t)-Ludovan quaternions matrix sequence L, by the same way as proof
of Theorem 3.4.

Theorem 3.6. For the nth (s, t)-Ludovan quaternions matrix sequence Ln,

L, =Y om0 2y ") stR )R- b L
n Z i 3m —n * 3m—n—+1 ° * 3m—n-+2 & 1) 0

m=0

i
3m—nyn—2m—2 m 243 m . T 2 2y3 5
Z 5 {(Sm - -n) v (3::1 —nT 1) T (3??3 —n+ ‘2) (RY ﬂ/)} Po

m=0

where 1 is the identity matrix of order 3.

Since Ln = RNLg, Lo = VPo and

s+ 1 t 0 t 0 t
RV=| 0 s+1 t|.RV-—sV=|1 t —s
1 0 1 _s g f+§

We have
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QIrH—Q QLH—I an
E'n = QIrH—l an an—l
Qlin an—l an—Q

- 3m—n,n—2m-2 m 2 m m 9 e
= 5 t t°1 stR s (Re—=sl) 3 L
mz_jo ’ {(Bm - ?'i‘) - (Sm -n+ l) et (Snz -n+ 2) | ’ )} 0

(3}-) _ Z 33n1—-nt-n—2m—2ﬂ[7)0_

m=0

where the matrix M is

(Sm 7_:::{—1) st + (Srr:,ntLLZ) ff (Sm 'n)fz + (317?:1;1}1) llzz " (23mm n)tS + (Bm.’;rH—Q) zfm 3
(S'm n)f + (Bm n+2) . (3m—n+1) st + (Sm 'n+2) 5° (Sm ﬂ)2L + (Bm n+l) st (3m—n+2)'\; .
(.‘3711?’1’1—?})t + (Sm—ﬂ--l—l)bf - (Smin;HZ)ST (Smir:L-I—?)' ? ((S-mfiz-l—l) - (Snln—n)) st + (3m—n+2) (Hzt + ST)

Corollary 3.3. For the nth (s, t)-Ludovan quaternion Qln

" m m
[ _ 2 t2 _Sm—utﬂ—Qm—E
Qln m,ZD ((3m— n+2)8 - (Sm—n) )5
m+1 Im—ntl,m—2m—1
t
+£Z((3m—n+1) (S'm-—ﬂ+2)s)s
. m+1 m—nyn—2
. . L OTTL nt?l e
3 (o) + (o 20) )

- m+1 ) . ;
k 2 3 Jm—ntn—Qm—l
* 7112:( Bmfn) (BmfnJrQJ{s +5))S

= il Y S " ) 4 M)+ )s
3m—n+l 3m—n 3Im—n+1)t \\3m-n-1 3m—n+1
‘ m m+1 3 m+1 m e lgn—2m—
. it t k tQ t‘Z Am—n ltn 2m 1..
+J((3m—n>5 +(3m—- +1)S )+ ((Sm—n)s +(3ﬂ1—'ﬂ—1) )}5

Proof. Since QI,,_; is the (2, 3)-entry of the matrix £,,, we can get, from (3.7),

Qpn—1 = mZ::D ghmongnmim=2 { ((3mm_ n)f + (3m _ﬂ:l . 2) ) (i 4 sk) + (( ) (Bmm_tli 2) sgt) (7)
* ((Bmm— n.) £+ (Bm —mn + l) st - (Sm —n:l + 2) ) ( ) }
- m:D s { (?m:ri n.)t - (Sm —mn + 1) - (Sm — n + Q)ST _H ((37}”:?1— n) £+ (Sm —mn + 2) 82)
Bl ((3?71 —n:1 + 1) st (Bm —mn + 2) SZt) +E ((Bmm—_:zl—b— 1>5t2 N (3??:?1 n.) 32) } '

Since Qlpn+1-1 = Qln, from Theorem 2.7, we can getthe conclution
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