UtilitasMathematica
ISSN 0315-3681 Volume 119, 2022

THE EQUIVALENCE OF TWO SEMI-FINITE FORMS OF THE
QUINTUPLE PRODUCT IDENTITY

JUN-MING ZHU?, ZI-QIAN HUANG?
!DEPARTMENT of MATHEMATICS, LUOYANG NORMAL UNIVERSITY, LUOYANG
CITY, HENAN PRoVINCE 471934, CHINA
2DEPARTMENT of PHYSICS, GUANGXI UNIVERSITY of CHINESE MEDICINE,
NANNING CITY, GUANGXI PRoVINCE 530200, CHINA
junmingzhu@163.com?, huangziqian2004@163.com?

Abstract
Two semi-finite forms of the quintuple product identity are proved to be equivalent by means of

Abel’s method on summation by parts.
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1. INTRODUCTION
The celebrated quintuple product identity states that [1, p. 82]:
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Here and throughout this note, we define the products of g-shifted factorials as usual by

(a,q)eo

(@:q)eo = l [“ - aq) and (a3 ¢ = (aq™; Qoo
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forn € Z and |g| < 1, with the following abbreviated multiple parameter notation
(@b, -, ¢k = (a ak(b; Q- - (C; A, kK€ Z U {oo}.

For the historical note and various proofs of this important identity (1.1), the reader can consult
the paper [5]. A powerful generalization of (1.1) was presented with applications by Liu [6].

The author and Zhang [7, 8] gave three semi-finite form of the quintuple product identity, two of
which are stated in the following two theorems, respecitvely.

Theorem 1.1. ([7, 8]) There holds
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Theorem 1.2. ( [8]) There holds
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For the details of deducing the quintuple product identity (1.1) from Theorem 1.1 and 1.2, we
refer the reader to [7] and [8], respectively.

In this short note, we will prove that Theorem 1.2 is equivalent to Theorem 1.1 by means of
Abel’s method on summation by parts.

The modified Abel’s lemma on summation by parts is very effective in evalu- ating finite and
infinite summations. See, [2-4], to name a few. Here we only employ this manner for the case of
unilateral and nonterminating series, which can be stated in the following lemma.

For an arbitrary complex sequence {Ax}, let
VAL = Ac — A and AAL = A — Aks.

Lemma 1.3. Let {A«} and {B«} be two complex sequences. Then we have

Z By VAL, =[AB]. —A_ 1By + ZAkABk,
k=0 k=0

provided that the series on both sides are convergent and there exists the limit

[AB]+ := limk—w Ak Bi+1.

2. THE EQUIVALENCE of THEOREM 1.1 AND 1.2

Let

_ E : (& O R
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And
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Define
(2:2: { K24k 2k
Ag = u(—])kqﬂzﬂ and By = (_—l)quER:,k.
(q: @k
Then, we have
A-1Bo=[AB]+=0
With the differences
2202, 2.
VA, = (1-z7¢ i )z q'(nk(—l)kqili
(1 —z=¢)(q: i
And

Kk
ABr = (=g 7 (1 +zfF™HE.

Using Lemma 1.3, we get

fR=(0=-2q) ) BV A =(1-22q) ) AraBy

k=0 k=0

=(1- qu):E: Eglfliglﬁqk2+k(1 +_;qk+l X
— (q: 9k

(2.1) = (1 - 2¢)g(q2).
2.1. From Theorem 1.2 to Theorem 1.1. Combining (2.1) and Theorem 1.2, we get

[ (—24: (G P

~ = (=20 Qo7 G ) o
- 2q - 2g 1 D(2°q7:q7)

2(gz) =

Then, replacing z with zq—1 gives the identity (1.2), which completes the proof of Theorem 1.1.

2.2.  From Theorem 1.1 to Theorem 1.2. Using (2.1) and Theorem 1.1, we have
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f(2) = (1 - 20)9(q2) = (1 — 229)(~29; Q)(220%; ) = (~20; 0)(22; G2)-0, Which is the identity
(1.3). This ends the proof of Theorem 1.2.
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