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Abstract

The main aim of this study is to define k- Oresme Hybrid numbers by using Oresme numbers and
to investigate some of their algebraic properties and applications. For this purpose, many
formulas and relations have been created for these new numbers, including some implicit
summation formulas, and links with the other numbers. Moreover, the fundamental properties in
terms of integer sequences are also given.
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1. Introduction

Sequences with the recurence relations have an increasing interest and usage in number theory.
Such sequences are used not only in number theory, but also in important fields such as physics,
biology, cryptography and computers, and nowadays the interest in these sequences is increasing.
The most widely used of these sequences is the Horadam sequence. The Horadam sequence with
arbitrary initial values w, and w; is defined with the help of the second-order linear recurrence
relation  {wy, = wy(a,b;p, @)} n=o

Wn = PWnp_1 — qWy_3. (1-1)

Based on the initial values, the parameters p and g it is possible to obtain a large number of
different sequences from this sequence. Information about these sequences can be found in the
references [1, 6, 7, 10]. Oresme is known as the first person to define and investigate the topic of
fractional powers [11]. While examining rational number sequences and their sums, Oresme
inadvertently encountered a special case of the Horadam sequence, but this work was not
published then was later reworked by Horadam. To put it briefly, Horadam first discussed the
extension of arbitrary parameters p and g to rational numbers in 1974[8]. In his study, the author
obtained the relationship between these numbers and Fibonacci numbers by giving the number e
which characterizes the Oresme numbers. This character numbere = pab — qa? — b? obtained
by Horadam has been observed and used in many important identities involving Oresme
numbers, such as the Cassini identity. The distinguishing properties of Oresme numbers stem
from the roots of the characteristic equation of these numbers, and therefore they are considered
as a degenerate subsequence of the Horadam sequence.
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Oresme sequence, which are obtained by taking the values a, b, p, q in the Horadam sequence as
0, % 1, i, respectively, are found by the second order linear recurrence relation.

1
Ontz = Opy1 — ZOn (1.2)

Some elements of this sequence are

{...,—64,—24,—8,—2,0,%,%,%,%,--- }

In [2], Morales investigated Oresme polynomials and their derivatives. He defined the k- Oresme
sequence {0X} .-, which is a type of generalization of Oresme numbers by

0 = 0® -2 o® (1.3)

k2 “n-2

with 0F = % , 0¥ = 0. For k = 2, this sequence is reduced to the classical Oresme sequence.

For k? —4 > 0, the Binet's formula, which gives these numbers, can be given by using the
recurrence relation .

(1.4)

0 = _1 <k+\/k2—4>n B (k—\/k2—4>n
noT VkZa 2k 2k

Also, Morales discussed the matrix forms of Oresme polynomials by extending the k- Oresme
sequence to rational functions and investigated the relationships between Oresme polynomials
and their derivatives. Recently, there are some studies on Oresme numbers and their applications.
For these studies, the references can be examined in [2, 3, 4, 5, 8, 13, 17]. In [4], Halici et al.
examined k- Oresme numbers involving negative indices. Recursive relation of this sequence is

denoted by {OEI;)} and defined by

nz0

0% = k2(0%),, - 0%,,) (1.5)

n+1 -n+2
The n th term of this sequence is

k (a™=B™)
OSn) = _anO—'kﬁ (16)

with initial conditions Of'? =—k, 05") = 0. The values a and S are as in equation (1.4).

2. k -ORESME HYBRID NUMBERS

Ozdemir defined a non-commutative number system in 2018 and called it hybrid numbers. The
author examined in detail the algebraic and geometrical properties of this new number system,
which he described in this study[12]. In 2018, Szynal-Liana introduced Horadam Hybrid

2
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numbers and examined their special cases[14]. In 2019, Szynal-Liana considered Fibonacci
Hybrid numbers and examined them[15]. In 2019, Szynal-Liana examined Jacobsthal and
Jacobsthal-Lucas hybrid numbers[16]. In 2021, Isbilir Z. and Gurses N. examined Pentanacci
and Pentanacci Lucas hybrid numbers[9].

Hybrid numbers and Horadam Hybrid numbers, respectively, are defined by
K={z=a+bi+ce+dh:a,b,cdeR}

and
Hy =Wy + Wi+ Wy + Wy 3h

The relations provided between the three different base elements used in the set K are

i2=-1,& =0 h*=1,ih=—-hi=¢+i
The conjugate of any hybrid number z in the K set is defined by
Z=a—bi—ce—dh,
The character value of element z of K is
S(z)=zz=2z=a*+(b—c)*>—c*—d?

This character number is commonly used to determine the generalized norm of a hybrid number.
We suggest you look at Ozdemir's work to get detailed and useful information about hybrid
numbers [12]. This work has inspired many studies and applications involving these numbers.
One of these studies, Oresme Hybrid numbers, was discussed by Syznal et al.(See, [17]). In [17],
the authors defined the Oresme Hybrid number for positive number n as follows.

OHn = OTl + 0n+1i + 01’1+2£ + 01’1+3h (17)
In addition, the authors introduced the k-Oresme Hybrid number.

oH® = 0% + 0% i+ 0% e+ 0% (1.8)

n+1 n n+3

Also, in the same study some basic identities including k- Oresme Hybrid numbers are given
with the help of iterative relation, but other important identities are not given (see, [17]. Thr. 2.4).
They also defined Oresme Hybrationals for a nonzero real variable x .

OHp(x) = Op(x) + Opy1 ()i + Opy2(x)€ + Opyz3()h (1.9)

with n > 0.
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In this current study, we introduced and investigated k- Oresme Hybrid numbers OH,gk)in detail
by making use of all the studies on rational functions. For k > 2, we consider some fundamental

and important identities involving the numbers OH,(lk) and having applications in the literature.

Firstly, we give the Binet formula which provides the derivation of many important equations.

Theorem 1. Binet formula for k-Oresme Hybrid numbers is

1 ~ ~
OHY) = ——(a"a@— p"f) (1.10)
where,
@=1+ai+a’e+a’h, f=1+pi+p%+p3h (1.11)

Proof. We use the equality OH(” = 0{ + OT(l'i)li + 01(11_('_)28 + Or(zl-(l-)3h' Let's substitute every
term in this equation. Then, we get

(k) : 2 3 n : 2 3
OH,” = ——=—[a™"(1+ ai+ a“e+ a’h) + B*(1 + i+ B°e + B°h)].
If we also use the equations (1.11), then we obtain
OH® = —— (aa - p"f)
Vk? — 4

which indicates that the proof is complete.

Recurrence relation giving the k- Oresme Hybrid numbers is

k k 1 k
OHyY, = OHL) — 7 OHL (1.12)
2_ 2_ 2_
with OH® = %(1 +e+ kkzlh) and OH™ = % (1 +i+ kkzls + kkzzh). The correctness

of this relation can be seen using the nth term of the sequence and induction.

In the following theorem, we give the generating function of the sequence involving numbers
oH®.

Theorem 2. For the numbers OH,(lk), the following equation is satisfied.
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(k) (k)
k) OH, " (1-z)+zOH;
) OH zn =
n=0 n

(1.13)

72

1- z+k2

Proof. From the definition of the generating function,
f(2) = 0H® + 0H®z + 0HP 22 + 0P 23 ..

—zf(2) = —ZOHék) — ZZOHl(k) — z30H2(k) — Z40H§k) +

_ G ) | () | o
k2 f(z) OH +3 OH +3 OH +3 OH

can be written. If necessary operations are made on the last three equations, then the function
2

F(2) (1 —z+i—2) is

OHY + 2(0H — OHJ?) + 22 (OH” — 0B + Z OHJ?) + 23 (O — oH{® +

1 9]

~OH®) +

So, by making necessary simplifications and calculations on the last equation, the following
equation is obtained

(K)eq _ (k)
F(2) = OH, (1 -2z) + zOH;

1-z+35

which indicates that the desired equality is true. Thus, the proof is completed.

In the following theorem, we give the Cassini identity containing k- Oresme Hybrid numbers.

Theorem 3. The elements of the sequence {OH,(lk)} satisfy the following identity.

n=0

oH®,01%, — (0n%) = - (1" ag. (1.14)

Proof. Using OHY), = —— (a™*1@ — g™+15), OH('? = ———(a" '@ — p"1f) and
n+1 = iz 1~ Vs

(OJLI,E’”)2 = ——[(@"@)? - 2(ap)"a@f + ("F)"], then the left-hand side of (1.14) will be

as follows.
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1 ~ ~
LHS = - [( n+1 ~ Bn+1ﬁ)(an 15 Bn 1[;) ((an&)z _ Z(Qﬁ)nﬁlﬁ + (ﬁnﬁ)z)]

and

2
onlon®, - (on) =

~I8[a +B2 ]

Here, if we also use the relations between the roots, then we get the desired result. That is, we
have

2 ~
o) 0n, - (on®) Z_(E> ap .

Thus, the theorem is completed.

In the following theorem, we give the Catalan identity provided by the k- Oresme Hybrid
numbers.

Theorem 4. Forn > r and k > 2, the following equality is true.

2 5 2
oul).on, - (on)" = —(2mrap(o®) . (1.15)

n+r

Proof. If we use the Binet formula to write the numbers OHY) | 0H® and 0H®, then left-
hand side of the equation to be proved is

T

(@) + 2(apyap + (5F) ~ @pyap () - @syas (L) - @ar? - (67p)°

B

On the last equation, if necessary simplifications and algebraic operations are completed, then

oH®,01%, — (08%)” = () -2rap(o®)’

is obtained that the claim is proven.

If we pay attention here, in the situation = 1 this equation is reduced to the Cassini identity for
the k- Oresme Hybrid numbers.

In the following theorem, we give the d'Ocagne identity, which includes k- Oresme Hybrid
numbers.

Theorem 5. For positive integers m, n the following equation is true.

n+1

2n—-1  _
oH{on% — onPonl), = () aBoyl,. (1.16)
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Proof. Let's take the values on the left side of the equation that needs to be proven separately.
1 ~ ~ ~
OHr(lli)loHr(rI:) — ) [an+m+1(&)2 _ a”*lﬁmdﬁ _ ﬁn+10lm51ﬂ + ﬁn+m+1(ﬁ)2].

1 B ) o~ o~
OHr(lk)OHr(rlgl — ) [an+m+1(a)2 + Bn+m+1(ﬁ) _ am+1ﬁnaﬁ _ ﬁm+1anaﬁ].

From the last two equations, we get

OHY, 01 — 0B 0HY), = ——(af)la™p™(@ - B) + aB™(f — )],

1 . [(VEZ=2 )\ /1\2" _ _
M 0HY — onOH, = () (T ) () o — g,

~ 2_ 2n
_@EZY nn_g

0HY, 0HY — on{YoH )

n+1 m m+1 m \/m !
W0 () W) gy (K) N
oH®. on® — oH®o® | = (E) Ggow.

Thus, the claim is true.

In the following theorem we give the Honsberger's identity which includes the k- Oresme Hybrid
numbers.

Theorem 6. For positive integers m, n the following equation is satisfied.

0H, = k0P 0H), -~ 0%, 0nY. (1.17)
Proof. To see that the equation in (1.17) is true, we write the value OHTS'fm as follows.
0H® = 1,08 + k0%, (1.18)

Let's see that the values k; and k, are k; = kOH,Sfiland k, = —%OH,(,'L"‘).

If we substitute the Binet formula in equation (1.18) and do the necessary operations, then we get
the following equation.

@G — BB = Jga™ — B+ kpa T = ko7 = @ (ka + ko) — ko BT (R B+
k,).

From the last equality, we can write

aa™?! =kia +k, (1.19)
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BB™ = ki + k, (1.20)

By the aid of (1.19) and (1.20) equations, we obtain

~ m+1_ppm+1l
ky = % = koH®), (1.21)
k, = % LoH% (1.22)

If we substitute these values k; and k, in the equation (1.18), then we get

1
oY = ko on{), ——0ol onl¥

n+m k n-—1

which is desired result. Thus, the proof is completed.

Now, we give a formula that gives the sum of the first n of the k- Oresme Hybrid numbers in the
theorem below.

Theorem 7. For the k-Oresme Hybrid numbers, the following equation is satisfied.
ryon{ = k?(on® - onll),). (1.23)

Proof. By using Binet's formula,

Soe b sz 5

can be written. Also, if the relations between a and £ are used, then

z OHY =
z": on 1 I—da"” + BB + ad — BB
k=1 " kz —4 aﬁ ’

n
Z o = k2(oH® - on,) ,
k=1

[a _ dﬁ _ aan+1 + aﬁan+1 E +E'a +ﬁ~ﬁn+1 _ aﬁﬁ”“],

Is obtained. Thus, the proof is completed.

In the following theorem, we obtained the formula gives the sum of squares of the k- Oresme
Hybrid numbers.
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Theorem 8. The sum of squares of the k- Oresme Hybrid numbers is

_k*{op® )? ) _ (o) _ 1—_xf~[~g
251:1(01_17(1]())2 _ <0H1 +(0Ht+1) )j'lo_Hzokz (OHt ) 2( 1_x)a . (124)

Proof. Let's denote the sum of the squares with the letter T.
() () )
(0n®) + (0ng®) + (o) + - =T

For each term, the recurrence relation of the k- Oresme Hybrid numbers is written and the
necessary calculations are made for each, and the following equation is obtained.

0H® = 0H®, + L oH®,

k2
‘ 2
T = E (on) = E

n=1 n=1

2
k20H®), + oH®,
k2

t

t
_ ®) ®) 0 oy
KT =kt > (0H),) 4 > (o “ 2k z oH® 0H!

= =
Here, lets also use the Cassini identity, that is, 0H(%,0H®, = (0n®)" - (2)™ ap.
Then, we get

kAT = k* (T - (OHl(k))Z +(on%) ) + (T + (OH(E"))2 - (OHt(k))z) +

2Kk? zgzl(OH,S"))z - (%)zn ap,

kAT = k* (T = (OHl(k)) +(on%) ) + (T + (OH(E"))2 - (OHt(k))z) + 2k2T —
2341 (K) 2"+ 2ap,

KT = T(k* + 2k + 1) — k4(0H1(k))2 + k4(0H§’+‘)1) (01113"))2 - (OHt(k))z 2% a8,

1-x

Thus, we obtain

2 —k* OH(k)+(0H(k))2 +0H(k)—(0H(k))2—2 X Vap
T =35, (0nP) = (o +{onit )_1_2"k2 &) ()
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In the following theorem, we give the formula of sums of k- Oresme Hybrid numbers with even
and odd indices terms.

Theorem 9. The sums of k- Oresme Hybrid numbers with even and odd indices terms are
() Yk_y OHy, ™ = k2(OHo — OHzp45) — (OH_y — OHzp41). (1.25)

i) XK_ 1 OHpni1"™ = k?(OHy — OHapyt) — (OH_; — OHyy). (1.26)

Proof. i) From the Binet formula of k- Oresme Hybrid numbers,

o= [ VS

2n+2 (1 - ﬁ2n+2
Z OHp,® = ~5——1]|
Vk? l1-a 1-p
is written. By using the relationshipsa + f =1, a — f = kZ_4 , af = k—12

k
z OH,, ™
n=1

_ l& = (&,B - B’a) — (&ﬁa2n+2 — ﬁaﬁZ””) _ (&azmz _ gﬁ2n+z)
VkZ—4 ap )
Zk: OH.. (O — kZ(d — ﬁ) B (&a—l — B'ﬁ—l) ~ (&a2n+1 — Eﬁ2n+1) ~ k2(Ga?n+2? — B'ﬁzn+2)
" m m k%2 —4 k2 — 4 ’

n=1

k
> 0H,® = 12(0Hy® = OHyp1,%) = (OH,® = OHy 1, @),

n=1

is obtained. The sum of odd terms of k- Oresme Hybrid numbers can also be calculated as in the
proof of even terms.

Thus, the proof is completed.

3. Conclusion
In this study, k- Oresme Hybrid numbers are defined and examined. Some of their algebraic

properties and applications are introduced. Some useful sum formulas for these newly defined

10
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numbers are given. In addition, many basic and important identities and equations are obtained
by considering the relations between the numbers studied here and Horadam numbers.
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