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Abstract

In the paper, we deal with the uniqueness problem of entire function sharing an entire function
with its higher order difference operators and obtain two results which confirm the conjectures
posed by Liu and Laine [8] and Zhang, Kang and Liao [10] respectively. Also we exhibit some
relevant examples to fortify our results.
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1. Introduction

In this paper, a meromorphic function f always means it is meromorphic in the whole complex
plane C. We assume that the reader is familiar with standard notation and main results of
Nevanlinna Theory (see, e.g., [3, 11]). By S(r, f ) we denote any quantity that satisfies the
condition S(r, f) =o(T (r, f))asr  possibly outside of an exceptional set of finite logarithmic
measure. A meromorphic function a is said to be a small function of f if T (r, a) = S(r, ).
Moreover, we use notations p(f), pI1(f), u(f) and A(f) for the order, the hyper-order, the lower
order and the exponent of convergence of zeros of a meromorphic function f respectively. If u(f)
= p(f'), we say that f is of regular growth. We know that if f = eg, where g is a polynomial, then
p(f) = u(f)=deg(g). Let f and g be two non-constant meromorphic functions in C such that p(f)
< M(g). Then we know that T (r, f) = o(T (r, g) (r > oo) (see Theorem 1.18 [11]). As usual, the
abbreviation CM means counting multiplicities, while IM means ignoring multiplicities.

We now introduce some notations. Let ¢ € C \ {0}. Then the forward difference=c -/ for each
integer n € N is defined in the standard way by
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ALf(z) = Dcf(2) = f(z +¢) = f(2)
ATf(2) = Ac (A f(2) = AP f(z+0) = AT f(2), no>2.

Moreover
n

ALf(z) = ) (=)L (= + je),

=0

where C'7, is a combinatorial number. If an equation includes shifts or differences of f, then the
equation is called difference equation.

We recall the following conjecture proposed by Bru“ck [1].

Conjecture A. Let f be a non-constant entire function such that pl(f) f€ N U {oo}. If f and f’
share one finite value a CM, then f* —a = c(f — a), where c € C\ {0}.

Though the conjecture is not settled in its full generality, it gives rise to a long course of research
on the uniqueness of entire and meromorphic functions sharing a single value with its
derivatives.

Meromorphic solutions of complex difference equations, and the value distribution and the
uniqueness of complex differences have become an area of current interest and the study is based
on the Nevanlinna value distribution of difference operators established by Halburd and
Korhonen [4] and by Chiang and Feng [2] respectively. Recently, many authors (see [5, 6, 8, 10])
have started to consider the sharing values problems of meromorphic functions with their
difference operators or shifts. Also it is well known that Acf can be regarded as the difference
counterpart of f>. Now, we recall the following result due to Heittokangas et al. [5], which is
difference analogue of the Bru“ck conjecture.

Theorem A. [5] Let f be a non-constant meromorphic function with p(f) <2 and ¢ € C. If f (2)
and f (z+c) share the values a € C and oo, then f (z+c) - a =1 (f (2) - a) holds for some constant t.

In the same paper, they also exhibited the following example to show that the condition “p(f) <
2” can not be relaxed to “p(f) <2”.

Example A. Let /(=) = e’ +landceC\ {0}. Clearly f (z) and f (z + c) share 1 and oo CM,

f(t + () —1 _ {ch—f—cg
-1

# constant.
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Using the same restrictive condition “p(f ) < 2” in Theorem A, Liu and Laine [8] obtained the
following result.

Theorem B. [8] Let f be a transcendental entire function of order p(f ) < 2 not having period c. If
fand A%/ share the value 0 CM, then 22/ = 1f, where t € C \ {0}.

Next we consider the following example.

Example B. [8] Let f (z) = Ae?'°9¢*D — ((1 — c¢)/c), where ¢ € R\ {0}, ¢ > —1 and A is an arbitrary
constant. Then we get (A1f (z) — 1) =c(f (z) — 1).

Therefore Example A suggests that (A"f - a)/(f - a) may reduce to a non-zero constant, at least if
p(f)=1and N (r, 1/f) # S(r, f ). Now motivated by Example A, Liu and Laine [8] posed the
following conjecture (see Remark 1.4 [8]).

Conjecture B. Let f be a transcendental entire function of order 1 < p(f') <o not having period c.
If f and 22/ share the value a € C\{0} CM, then ALl —a=1 (f—a), where T € C\ {0}.

In 2015, Zhang, Kang and Liao [10] settled Conjecture B partially under the conditions “p(f) <
2” and “Mf —a) < p(f)”. Actually they obtained the following result.

Theorem C. [10] Let f be a transcendental entire function such that p(f ) < 2 and a(f Z 0) be an

entire function such that p(a) < p(f) and Mf — a) < p(f). If f — o and AT f - g share 0 CM, then
o is a polynomial of degree at most n — 1 and f must be of form f (z) = a(z) + H(z)e%, where H is
a polynomial such that cH = —a and ¢, d € C \ {0} such that ¢ = 1.

In the same paper, Zhang, Kang and Liao [10] made the following comment:
“We are not sure whether the assumption a Z 0 in Theorem 1.2 [10] is necessary or not.”
Thereby Jhang, Kang and Liao [10] posed the following conjecture.

Conjecture C. Let f be a transcendental entire function such that p(f) <2 and A(f) < p(f). If f and
A"f share 0 CM, then f must be of the form f (z) = ce®, where ¢, d € C \ {0}.

To the knowledge of authors Conjectures B and C are not still confirmed. In the paper, we have
settled both Conjectures B and C. On the other hand we have improved Theorems B and C by
removing the condition “p(f) <2”

We now state our main results.
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Theorem 1.1. Let f be a transcendental entire function such that p(f ) < +oo, ¢ € C \{0} such that
AL T 0 and o(Z 0) be an entire function such that p(a) < p(f ) and A(f — ) < p(f ). If f — o and
AL - o share 0 CM, then a is a polynomial of degree at most n — 1 and f must be of form f (z)
= a(z) + H(z)e%, where H is a polynomial such that cH = —o and ¢, d € C \ {0} such that ¢ = 1.
Theorem 1.2. Let f be a transcendental entire function such that p(f) < +oo, ¢ € C \ {0} such that
ALS f=0and Mf) <p(f). If fand AZS share 0 CM, then f must be of form f (z) = c0e%, where
c0,d e C\ {0}.

Following example shows that condition “A(f — o) < p(f)” in Theorem 1.1 is sharp.

Example 1.1. Let f (z) = e* and ¢ = log 2. Note that

T n

AMf(z) =Y _(—1)Cif(z+ (n—j)e) = e > (1) Cheln=9e

i=0 J=0
_ (Cnc . Carlze(n*l)c 4.+ (_1)71) P

= (e 1)et =t
Therefore 8¢/ = fand so fand 2t /share 1 CM. Since 0 and oo are the Borel exceptional values

of f, it follows that 1 can not be a Borel exceptional value of f and so Mf — 1) = p(f'). Clearly f
does not satisfies the conclusion of Theorem 1.1.

Following examples show that condition “A(f ) < p(f)” in Theorem 1.2 is sharp.

log(1+7) _

Example 1.2. Let f(z) = (expz— 1) exp log( ¢ ) where log denotes the principal branch of
the logarithm and ¢ = 2mi such that log(1 + 1) f# c. Note that

A.f(z) = (expz—1)exp (lo‘g’(l%ﬂ(“ +ﬁ)) — (expz —1)exp (

log(1 +7)
c

C

log(1 +7) H)

= (expz—1)exp

) (exp(log(1 + 7)) — 1)
= T(expz —1)exp (W*)
= 7f(2).

Clearly f and Acf share 0 CM. On the other hand, we see that p(f) < 1 and A(f ) = Mexp z -1) = 1.
Since Mf ) < p(f ), it follows that A(f ) = p(f ). Also it is clear that f does not satisfies the
conclusion of Theorem 1.2.
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Example 1.3. Let f (z) = sin z. Note that M(f ) = p(f ) and A«(f ) and f share 0 CM, but f does not
satisfy Theorem 1.2.

It is easy to see that condition “p(a) < p(f)” in Theorem 1.1 is sharp.

Example 1.4. Letf (z) = e*+ 1, a(z) = e* - 1 and ¢ = log 2. Note that p(a) = p(f') and Af (z) = €%
Clearly Mf- a) =0 < p(f) and f - a and Acf - a share 0, but f does not satisfies the conclusion of
Theorem 1.1.

Following example shows that condition “p(f ) < +o0” in Theorem 1.1 is necessary.

Example 1.5. Let f (z) = e? (e5® — 1), where s(z) is a periodic function with period ¢ = log 2 and
a(z) = -€% Clearly p(f) =+ o . Note that Acf = fand so f - a and Acf - o share 0 CM. On the
other hand, we see that A(f - o) = 0 < p(f), but f does not satisfies the conclusion of Theorem 1.1.

Following example shows that condition “p(f) < +00” in Theorem 1.2 is necessary.

Example 1.6. Let f (z) = e%e®@, where s(z) is a periodic function with period ¢ = log 2. Clearly
p(f) =+ . Note that A.f = fand so f and Acf share 0 CM. On the other hand, we see that A(f) =0 <
p(f), but f does not satisfies the conclusion of Theorem 1.2.

2. Auxiliary lemmas

For the proof of our main results, we make use of five key lemmas. We just recall these lemmas
here.

Lemma 2.1. [2] Let f be a meromorphic function of finite order p and n1, n2 € C such that
nl#n2. Then for any € > 0 we have

o TEEmM) e
m (rm> = O(rP=175),

Lemma 2.2. [2] Let n1, n2 be two arbitrary complex numbers and f be a meromorphic function of
finite order 6. Let € > 0 be given. Then there exists a subset E < (0, o) with finite logarithmic
measure such that for all r  E U [0, 1] we have

exp(—ro-1te) < (L2 M)
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Lemma 2.3. [7] Let f be a transcendental meromorphic solution of finite order p of a difference
equation of the form U (z, f)P (z, f) = Q(z, f ), where U (z, f), P (z, ), Q(z, f) are difference
polynomials such that the total degree deg (U (z, f)) = n in f and its shifts and deg (Q(z, f)) <n.
Moreover we assume that U (z, ) contains just one term of maximal total degree in f and its
shifts. Then for each € > 0 we have

m(r, P (z, f)) = O(r""""%) + S(r, f)
possible outside of an exceptional set of finite logarithmic measure.

Remark 2.1. From the proof of Lemma 2.3, we can see that if the coefficients of U (z, ), P (z, ),
Q(z, T), say ah satisfy m(r, aA) = S(r, f'), then the same conclusion still holds.

Lemma 2.4. [9] Let g be a non-constant meromorphic solution of the linear difference equation
bkg(z + kC) + bi-1g(z + (k — I)c) +. .. + bog(z) = R(z), where R is polynomial and bi’s fori=0, 1,
..., k are complex constants with bxbo= 0, c € C\ {0} and k € N. Then either p(g) > 1 or gis a
polynomial. In particular if bk # £bo, then p(g) > 1.

Lemma 2.5. [11] Suppose that f1, f2, .. ., fn (n > 2) are meromorphic functions and g1, g2, . . .,
gn are entire functions satisfying the following conditions

(i) i fj(.?gj =0
j=1

(ii) g; — g; is non-constant for 1 <i < j <mn;
(iii) T'(r, fj) = o (L(r,e9™9%)) (r — oo,r € E) for1 <j<n,1<h<k<n.
Then [; =0 for j=1,2,....n.

3. Proofs of main results

Proof of Theorem 1.1. By the given conditions, we have AM(f — a) < p(f ). Then there exist an
entire function H(# 0) and a polynomial P such that

f=o+ He, (3.1)

where p(H) < p(f - a) and deg(P ) = p(f - a). Since p(a) < p(f), it follows that p(H) < p(f) and
deg(P )= p(f). Let

P(2)=az®+as1z'+---+a0, (3.2
where as(# 0), -1, ..., a € Cand s € N. Also from (3.1), we deduce that
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A?f - A?“ + Hnep- (3.3)
Where
H,(z) = ZqH(: +ic)ePEHI=PE) and ¢ = (—=1)" 7. (3.4)
i=0

Now we divide the following two cases.

Case 1. Suppose p(f ) < 2. In this case, from Theorem C we easily conclude that o is a
polynomial of degree at most n—1 and f must be of the form f (z) = a(z)+H(z)e%, where H is a
polynomial such that cH = —o and ¢, d € C \ {0} such that ¢ = 1.

Case 2. Suppose p(f ) > 2. Since f — a and AZf — o share 0 CM, then there exists a polynomial
function Q such that

Al —a=(f—a)e?. (3.5)

Since p(H) < p(f), we have p(H(z + ic)) < p(f) for1=0, 1, . . ., n. Note that deg (P (z + ic) - P
(2) s-1=p(f)- 1. Then from (3.4), we deduce that p(Hn) < p(f ). Also we see that

p(Afa) = pla). Consequently from (3.3), one can easily conclude that / (AZf) < p(f).
Now from (3.5), we deduce that deg(Q) p(f) =s.

Now we divide the following two sub-cases.

Sub-case 2.1. Suppose deg(Q) = 0. Then from (3.5), we may assume that
AVf—a=co(f — ), (3.6)

where c0 € C\ {0}. Now from (3.1), (3.3) and (3.6), we deduce that

Ala — o = (coH — H,)el. (3.7)
Note that p(Ala—a) < p(f) = p(ep) = u (e‘:p) and p(coH — Hy) < plf) =
7 (ep). Consequently T (r, Al'a —a) = S (r. ep) and T (r,coH — H,) = (r ep).

Now from Lemma 2.5 and (3.7), we deduce that Aa = a and cgH = H,.
Let h(z) = seasz""! Then p(h) = p(h) and

s||c||as|

T(r.h) =m(r,h) = (1+o(1))r L. (3.8)

v

Now for 0 <j <n, we have
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eP(z—i—jc)—P(z) _ ejscaszs_lepj(z} _ hj(!:)ep-j(z}.
where Pj is polynomial with degree at most s — 2. Note that
p(e%)) = deg(P) <s —2<s = 1=p(h) = u(h)

andso Tr, eP =S(r, h)yand so T (r,e™) = S(r, hj) forj=0, 1, 2, ..., n. Now from

Lemma 2.1, we have

m (-r, %) -0 (.,,p(H)—Hs) ? (3.9)

where € > 0 is arbitrary. Since p(H) < p(e”), we chose € > 0 such that p(H) — 1 +2e < p(ef) — 1 =
p(h) = p(h). By the definition of the lower order, there exists a R > 0 such that T (r, h) > r*® =
rP™~¢ holds for r > R. Then from (3.9), we deduce that

li
rone ()
and so
o HEz+jo)\ "
m (3. 7H(:) ) = S(r. h) (3.10)
forj=0,1,...,n.Similarly we can prove that
H(z) i .
ml|lr,———— | =S(r,h 3.11
o (n e e ) = St @311)
forj=0,1,...,n. Let
H(z+jc) P'Z L3 I I
bnmi(2) = &=, (3.12)
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Fu(h) = bujl’. (3.13)
j=0

Since T (r, eF’j):S(r, h), forj =0,1,...,n,from(3.10), (3.11) and (3.12), one can easily
conclude that

m(r,b;) +m (r :) = S(r,h), for 3 =0,1,..., n. (3.14)
j

Now from the proof of Theorem 2.1 [9], we can easily conclude that
n m(r,h) + S(r,h) = m(r, Fn(h)) + S(r,h)

and so from (3.8), we have

_ sliellal

m(r, Fn(h)) = n——(1 + o(1))r* L + S(r,h) = n T(r, h) + S(r. h). (3.15)

T

i

Now since coH = Hy, from (3.4), we conclude that

Fo(h) =Y " bojh? =
7=0

and so m(r, Fa(h)) = O(1). Then from (3.15), we deduce that T (r, h) = S(r, h), which is
impossible.

Sub-case 2.2. Suppose deg(Q) > 1. Now by taking logarithmic differentiation on (3.5), we get

(A% f) — o B fr—a _ 0
Af —« f—«a

and so from (3.1) and (3.3), we deduce that
(H, I - H 0 = M, 0Q) e = (Ala— o) (H' HP' + HQ') — (Aa — a) H.(3.16)
Now we divide following two sub-cases.

Sub-case 2.2.1. Suppose 2:%/= q. Since p(H) < p(e”), p(Hn) < p(c® ) and p(a) < p(e”), from
Lemma 2.5 and (3.16), we conclude that
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H\H - H,H — H,HQ =0 (3.17)
and
(A'a—a)(H' +HP' + HQ') — (ATa — o) H = 0. (3.18)
Then from (3.17), we get

" H
Tn =0
o, o Y

and so from (3.18), we have

(Ao — ) H) ,
c — T P .
(Ao — «v) H, ™

On integration, we have
Ao —a = ciHyel' (e; € T\ {0}). (3.19)

Since p(Hn) < p(eP), it follows that p (Hn®") = p(e). Again since p (A'ga — a) < p(e”), we arrive
at a contradiction from (3.19).

An Ho 1y =
Sub-case 2.2.2. Suppose 2c@ = q. In this case, from (3.16), we have i H and
0 Hn = c2He®, where ¢2 € C\ {0}. Also from (3.5), we have
Fu(h) =) bujh! = %, (3.20)
j=0

where bj’s are given by (3.12). Now from (3.20), we conclude that Fn(h) is an entire function and
so T (r, Fn(h)) = m(r, Fa(h)). Then from (3.15), we get T (r, Fn(h)) =n T (r, h) + S(r, h) and so
from (3.20), we have n T (r, h) + S(r, h) = T (r, €9). Clearly p(h) = p(e®). Since p(h) =s - 1, it
follows that p(e®) = s - 1 and so deg(Q) =s - 1.

Let
Q) =ds—1z' + ds2z"2 + - - - + d0. (3.21)
Now from (3.5), we have
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Z +P H(z+jc) Rl 4 (1) = RE) — (3.22)

where Rj(z) =P (z+jc)-P(2) =1, 2, ..., n). Then from (3.2), we may assume that
R;(z) = jsagezST1 + Py 5 (2), (3.23)

where Ps.2(z) is a polynomial with degree at most s - 2. Clearly deg(Rj) =s-1forj=1,2,...,
n.

Now we divide the following two sub-cases.

Sub-case 2.2.2.1. Suppose n = 1. Then from (3.22), we have

(_-_.IMGRNZ) — 1 = Q) (3.24)

H(z)

H(z+c)
From (3.24), it is clear that (=) is an entire function. Now from (3.9), we deduce that

H(z+c)\ _ CHE+ON ) -1+
T(r,iH(:) )—m (1.7}](:) )—(_)(rp +)

H(z+c)
and so " ( H(z) ): p(H)— 1 <p(f)—1=s—1=p(eRt). Therefore it is easy to conclude that 0 is
i ) e HGte) JRi(z)
a Borel exceptional value of the entire function “! H(z) © '

: . L Hzte) IR (2) H(ztc) Ri(z) _ |
Consequently 1 is not a Borel exceptional of “1 ) dn and so “1 H() © 1

infinitely many zeros. But in this case, we arrive at a contradiction from (3.24).

must have

Sub-case 2.2.2.2. Suppose n > 2. Then from (3.21) and (3.23), we see that
Rj(z) = Q(z) = (jsasc — de_1)="1 ...,

where j=1, 2, ..., n. Now we divide following two sub-cases:

Sub-case 2.2.2.2.1. Suppose there exists jO(1 <jO < n) such that josasC = ds-1. Therefore deg(Rjo —
Q) <s—2. In this case from (3.22), we have
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H(Z—'—(.}) z+jc)—Pl(z4c z+joc)—P(z+c z 1\ E I
/E. “ Cjﬁep( +ijc)—P(z+c) JrBjDeP( +ioc)=P(z+e) | JFa(z) _ (—1)"*1, (3.25)
1<j<n
Jj#Fjo
where
H(z + joc D—Ri (2 2 o
BjD(Z) e C’jo% — E’Q( ) RJD( ) (32())

Let Q: = eR1l . Note that

(i P(z+ic)—P(z+(i—l)c))
N+ —-De)Qi(z+(—2)c)...Q1(z +¢) = e\=?

(?P(erjc)fP(erc)
forj=2,3,...,n. Then (3.25) can be written as

U(z, Q)Q:= ()™, (3.27)

where

V@) = Y et ﬂ’ Qi+ ( — DIz + ( — 2)0) - Qu(z + )
1<5<n
J#70

+B;,(2)Q1(2 + (o — 1)e)Q1(z + (jo — 2)e) - Q1(z +¢)

if jo = 2 and

U(z,Q1(2)) = Z ijgfft;ﬂ@ﬂz (J—1)0)Q1(z+ (j —2)c) - Q12 + ¢)
2<j<n i

+Bj, (2)

ifjo=1.

From (3.27), it is clear that U (z, Q1) # 0 and deg(U (z, Q1)) =n -1 > 1. Now we want to prove
that if a) is a coefficient of U (z, Q1), then m(r, ak) = S(r, Q1). Note that p(eR?) = p(eR?) = deg(R1)
=s—1and p(e®R?) =deg(Q - Rjo) <s—2<s—1=p(e?). Consequently

T(r,eQ RI0) = S(r, e?1) = S(r, Qu). (3.28)

Also it is easy to prove from (3.9) that
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H(z+ jc : ;
m (r._ (;ﬂ)) = S(?‘.eRl) =S(r,Q1) (1=1.2,....n). (3.29)

Now from (3.26), (3.28) and (3.29), we see that

m(r, Bj,(z)) <m (-r’. H[%:)}oc)) +m (? Q)R (’:]) < S(r,Qq).

Then in view of Remark 2.1 and using Lemma 2.3, one can easily conclude from (3.27) that m(r,
Q1) = S(r, Q1). Therefore T (r, Q1) = m(r, Q1) = S(r, Q1), which is a contradiction.

Sub-case 2.2.2.2.2. Suppose jsasc #ds 1, 1 j n. In this case, (3.22) can be rewriten as

Q) = o= Pa) 2§ o A0 pyce) (3.30)
2 ()
=
where
1—:’5_2(:) =Q(z) — ds 125V =de 9224 de_3252 + -+ + dp. (3.31)

Again from (3.23) and (3.30), we have

EQ(Z) — edsfl,:s—lgﬁ’s,g(,:) — Z ¢j H(t + }”) Ejsasczﬁ_lepg_z,j(z) + (_1)71.. (332)
i=1

H(z)
Note that ns |asc| > (n — 1)s|cas| > - - - > s|asc| and either |ds-1] € {jslasc| : j=1,2,...,n} or
|ds—1] € {js |asc| : j =1, 2, ..., n}. Therefore if we compare |ds—i| with ns |asc|, (n - 1)s |asc|, . . ., S

lasc| , then it is enough to compare |ds - 1| with ns |asc|.
Now we divide following two sub-cases.

Sub-case 2.2.2.2.2.1. Suppose ns|asc| < |ds-1]. Let arg ds-1 = 61 and arg(asc) = 02. Take 6o such that
cos((s — 1)8o + 01) = 1. Then using Lemma 2.2, we see that for any given € (0 <& <s — p(H)),
there exists a set E © (1, o) of finite logarithmic measure such that for all z = re'® satisfying |z| =
r ¢ [0, 1] U E we have

exp (—T"G(H)_HE) <

Note that
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|exp (ds-12"7)] (3.34)
lexp (|ds—1|r*~" (cos((s — 1) + 61)) + isin((s — 1)0p + 61)))| = exp (|ds—1[r*"") .
Similarly we can show that

|exp (jsa.sczs_l)‘ = exp ( as)c|'r5_1 cos((s —1)0p + 92]) ,7=12...,n. (3.35)

If possible suppose deg(Ps2j) =S - 2 > 0. Set Ps2j = c0,j +cl,jz +. . +cs—2,j% 2, where ckj =
Ok,j(Cos okj + i sin ak;j). Then

s—2
Ps_9i(2) = Z Qk:j'.?“k{COS(O:k,j + k) + isin(ay ; + kbp) }
k=0
and so
s—2
lexp (Ps—2,j(2))| = exp (Z ,gkjj-rk cos(ay, ; + ng)) . (3.36)
k=0
Note that
2 2 i1 0 1
Z,ijr cos(ay ; + kbo)| < Z —,QS_Q’j?‘S_Q(lJr@—‘F...JF 0.7 2)
A 0 k‘: QS—Q’j r‘ 'QS 27.} ]"'S

We see that Z=241 4 4 23 1 . ()agp H| > and so for 5 in (0,1) and

0s-2,3 T ) 0s—2,5 757
‘ ol ~ 053, 00, .
r > r(eo )“eha\eg 2"’r+.,+95; (3.36), we get
lexp (Ps—a,(2))] < e\p(|cs 2.5/1°7 2(1+¢ )) for r > -'r(ctg) Let |( | = max{|cs_g ;| :

: 1
j= ,.‘..n} and c0 = 5. Then Vxeha\e
3|( \ 52 o
lexp (Ps—2,j(2))| < exp 5 ,J=12....n (3.37)

for sufficiently large values of r. If Ps. 2 is a constant, then (3.37) also holds.

Similarly we can prove that

)exp (—PS,Q(;:))‘ < exp (3(5%_2.}“52) (3.38)
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for sufficiently large values of r. Clearly from (3.33), (3.35) and (3.37), we get

H(2+70) jsasess=t Pi;(2) (3.39)

. 3|C
< exp (j‘a|(l clrs L eos((s — 1)0g + 02)) + pPUH)—14e To-r‘SQ)

F4

= exp(jz +y).

where

x = slase|rs cos((s — 1) ) +02)), y= 7Pl

andj=1,2,...,n Now from (3.32), (3.34), (3.38) and (3.39), we have
e}cp(|ds,1\rs_1) = {e‘»{p de_ 175_1)} (3.40)
| (@) '
exp(Ps—2(2))
< Zc‘; e P (1) fexp(-Paca(2)
<

- 3|ds_
Z lcjlexp (jzr +y) +1 | exp (|(92|-r5_2) :
j=1

First we suppose x <0, i.e., cos((s— 1)6o + 62)) <0. Let cos((s— 1)fo + 62)) = —x1, where 0 <x1 <
1. If x1 = 0, then from (3.40), one can easily conclude that

) - 3(|Co| + | _
exp ( ds—1 -3‘5_1) < Chrexp (r‘p(H)_lJ” + (%] 2 s 2|)T‘S 2) \ (3.41)

where C1 > 0. Since p(H) — 1+ ¢ <s — 1, (3.41) leads to a contradiction. Next we suppose 0 < x1
<1. Inthis case, since p(H) — 1 + & < s — 1, we see that

T -
- 3|C
E cjlexp (—js\asc wqrs™t 4 ppH)—14e 4 21700 -rS_Q) — 0
g=1

asr — oo and so for g1 in (0, 1) and r > r(e1), we have
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T —

A _ . 3Gl
E |cj] exp (‘}5 agclars! 4 pp(H) =1t | TT‘S 2) <ey.
j=1

Consequently from (3.40), we get

9

“

3|d,_
exp ([ds—1[r*™) < (14 e1) exp (Mrsg) .

which leads to a contradiction.

Next we suppose x > 0, i.e., cos((s - 1)8o + 02)) > 0. In this case, we have exp(jx +y) < exp(nx +
y) forj=0, ..., nandso from (3.40), we get

exp (|d5—1 |‘I'S_1) (‘34:2)
n 3ld._- _
g Z CJ eXp (jlr' + y) —|— ]_ exp ( | é 2| '.7182)
j=1
- 3dy
= Z c;| | exp (jo +y)exp ( (9 2 rS—Q)
7=0 2

3(|C ls
= Bexp (ns|asc|-rs_1 cos((s —1)0g + 62)) + pPUH) =1t | (1% + 52 )-rs_z) .

2

B = 3 Cjl.
Where ,Eo' | since p(H) — 1 + ¢ <s—1 and B = exp(log B) = o(r* - 1), from (3.42), we

deduce that
exp (\(15_1|-r5*1) < exp (n.5-|a.5c:| cos((s — 1)0p + O2)rs 1 + o(-rsfl)) . (3.43)

By assumption, we have ds-1 # nsasc and ns|asc| < |ds-1]. First we suppose ns|asc| = |ds-1]. In
that case cos((s — 1)00 + 02) Z1 and so cos((s — 1)0g + 02) < 1.

Therefore ns|asc| cos((s — 1)00 + 02) < ns|asc| = |ds—1|. Next we suppose ns|asc| < |ds-1|. Then
obviously ns|asc| cos((s — 1)80 + 02) < nslasC| < |ds-1].

Therefore in either case, we have ns|asc| cos((s — 1)00 + 02) <|ds-1|. Then there exists €2 > 0 such
that ns|asc| cos((s— 1)80 + 02) + 2¢2 < |ds-1| and so from (3.43), we
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exp (|ds-1r*71) < exp ((|ds-1] = 222) 7).

which is a contradiction.

Sub-case 2.2.2.2.2.2. Suppose ns|asc| > |ds-1|. In this case (3.32) can be rewritten as

ensasczs_leps_grﬂ(z) (3—1—1)
n—1 N p - -

Z L_JH(/’ +"]C) ejsa.sc‘zs_leps_g__j(z) _ i H({’) gds_lzs_leps_z(z)-

= on H(z+ nc) cn H(z + ne)

Let arg(asc) = 01 and arg ds-1 = 02. Take 0o such that cos((s — 1)0o + 01) = 1. Then using Lemma
2.2, we see that for any given € (0 <& < s — p(H)), there exists a set E < (1, o) of finite
logarithmic measure such that for all z = re'® satisfying |z| = r ¢ [0, 1] U E we have

< exp (-rP(H)—Hf) G=0,1,....n—1). (345)

exp (—rot 1) < | HELI

In this case, we easily get
lexp (jsasez""") | = exp (js|ase|r*™Y), i =0,1,...,n (3.46)
and
lexp (ds—12°71)| = [exp (|ds—1|r* " cos((s — 1)0 + 02))| < |exp (|ds1|r*)]| . (3.47)

Also we easily obtain

. 3ldg_ :
5" ) and ‘exp(Ps,g(z))‘ < exp( Ts=2],5-2

i ) (3.48)

lexp(£Ps—2;(2))| < exp (

For sufficiently large values of r. Then from (3.45), (3.46) and (3.48) we get

Me_imsﬂs_l els-24(2)
H(z + nc)

31C ]
< exp (js asclrsTL 4 ppUH)—1e 20|-r3_2> (3.49)

9

]

. 3C
< exp ((n — 1)s|age|rs™t 4 ppH)—1+E 2o -rs_z) :
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forj=1,....,n-1. Again from (3.45), (3.47) and (3.48) we get

H(z) pds—12""1 JPa(z)
H(z+nc)

3ldg_- .
< exp ( do_q|rs=t 4 ppH)—14e %7‘“2) . (3.50)

Now from (3.44), (3.46), (3.48)-(3.50), we obtain

exp (n.5'|asc|-r3_1) (3.51)
n—1 ] :
_ Z C_J H(Z + jf) Gj.sascf_leps_g_j (z2) i H[Z) ed_.:_lzs_leﬁs_g(z) CPS_Q_n(ZJ
— Cn H(z + nc) cn H(z + ne)
J:
_ 6|Cy + 3ld_a| ._.
< Bexp (;rz-rs_l + pp(H)—14e | 0 5 2 z‘r*’ 2) ;
B = 3 |c _ . .
Where ;=0 and x2 = max {(n — 1)slasc|, |ds - 1[}. Since |ds - 1| < nsfasc|, it follows that x2 <

nslasc|. Also we have p(H) — 1 + € < s - 1. Consequently from (3.51), one can easily arrive at a
contradiction. This completes the proof.

Proof of Theorem 1.2. By the given conditions, we have A(f ) < p(f ). Then there exist an entire
function H(Z 0) and a polynomial P such that f = HeP , where p(H) < p(f ) and deg(P ) = p(f).
Now we divide the following two cases.

Case 1. Suppose p(f ) < 2. Since p(f ) = deg(P ) < 2, it follows that p(f ) = deg(P ) = 1. Again
since AM(H) < p(f'), we have A(H) < 1. Therefore we can assume that

f (2) = H(2)e%, (3.52)

where d € C\ {0} and A(H) < 1. Now from (3.52), we deduce that

A" f(z) = Hy(z)e®, (3.53)
where
Hno(z) =Y ¢H(z+ic)e® and c| = (—1)" e, (3.54)
=0

Since f and A%/ share 0 CM, then by Theorem B, we have
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A"f = af, (3.55)

where a € C \{0}. Then from (3.52)-(3.55), we deduce that

> e H(z +ic) - ((=1)" —a)H(z) = 0. (3.56)
=1

Now we divide following two sub-cases.

Sub-case 1.1. Suppose a Z (-1)". Then using Lemma 2.4, we conclude from (3.56) that H is a
non-zero polynomial. We claim that H is a non-zero constant. If not suppose deg(H) = k € N.
Let H(z) = ak™ + a-1z""! + + alz + a0 (ak/= 0). Then comparing the coefficients of z and z*!
from (3.56), we have respectively

Y e+ (1) —a)= (T —1)" —a=0 (3.57)
i=1
and
Z ;e (ikay + ag—1) + ((=1)" —p)ag—, = 0. (3.58)
=1

Now from (3.57) and (3.58), we immediately have

T

Z (_-_l_..iei-cd- -0, (359)

=1
Again from (3.57), we have a = (% — 1)". Since a # 0, we have e Z 1. Note that

. nli n(n —1)! i

" (n—2a)ld! (n—1)—(Gi— 1)) (i—1)!

and so
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Z( iet Z( ln z(vz ioied Cdz n z(-:? l1 i—1)ed (360)

=1
:‘ TE‘ECd(E"Cd’* )fn 1%0

Therefore from (3.59) and (3.60), we arrive at a contradiction. Hence H isanon-zero constant. Then
from (3.52), we can assume that f (z) = coe®, where co, d €C\{0}.

Sub-case 1.2. Suppose a = (—1)". Then from (3.56), we have

Y e H(z +ic) = 0. (3.61)
=1

If n = 1 then we immediately arrive a contradiction from (3.61). Hence n > 2.

If we letw =z + c, then from (3.61), we have

n—1

> iV H (w +ic) = 0, (3.62)
=0

Note that p(H) < 1. Now using Lemma 2.4, one can easily conclude from (3.62) that H(w) is a
non-zero polynomial, i.e., H(z + c) is non-zero polynomial. Consequently, H(z) is a non-zero
polynomial. We claim that H is a non-zero constant. If not suppose deg(H) = m € N. Let H =
bmz™ + bm-1z™ " + ... .+ bo(b™ # 0). Now comparing the coefficient of zm from (3.62), we have

n

Z cie®d = 0. (3.63)

i=1
Again comparing the coefficient of z™ ! from (3.62) and using (3.63), we have
Z qe“d(mibm +by—1) = 0= mb,, Z ciietd = (), (3.64)

i=1

Then form (3.63), we have

T

S (=) + (1) —a=0=a= (e = 1)" £0. (3.65)

=1
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Consequently from (3.60), (3.64) and (3.65), we have a contradiction. So H is a non-zero
constant. Hence f is of the form f (z) = coe®, where co, d € C\ {0} .

Case 2. Suppose p(f) > 2. In this case, proceeding in the same way as done in Case 2 in the
proof of Theorem 1.1, we arrive at a contradiction.
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