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Abstract:
In this study, we explore a new category of separated boundary value problems for non-linear
fractional differential equations where the non-linear term f relies on a lower-order fractional
derivative given by:

Cpg+ X(1) = f(t,x(t),cDg+ x(t)) , tef0,T,1<a<2,0<B<1

subject to separated fractional boundary conditions :
a,%(0) + by (cpp, %(0)) = €3,8,%(T) + by (cply x(M)) =, , 0<y<1
Here cpg+, is the Caputo fractional derivative, f: [0,T] xR?—s Ris a continuous function, and
aj, by, ¢; ,i =1, 2 are real constants satisfying: a; # Oand T > 0.
The aim of this work is to study the existence and uniqueness of solutions to the separated
fractional boundary value problem using the Schauder fixed point theorem, which is a
topological theorem that asserts a relatively compact map has a fixed point that is not
necessarily unique. Therefore, it is not necessary to establish estimates on the function, but

rather on its compactness.
To conclude, an example is presented to illustrate the application of this theorem.

Keywords: fractional differential equation, separated fractional boundary conditions,
Schauder fixed point theorem, existence.

1. Introduction:

The study of fractional calculus is a discipline almost as ancient as differential calculus itself,
and traces its roots to the pioneering work of Leibniz, Gauss, and Newton[1-6].

Nonlinear fractional order differential equations are a natural outgrowth of ordinary
differential equations, and have come to occupy a crucial position in the wider field of
mathematics, with applications in numerous areas of science and engineering[7-9,2,4]- such
as physics, chemistry, and biology.

In this study, we will examine the existence and uniqueness of solutions for a class of
nonlinear fractional differential equations, wherein the termfdepends on the lower-order
function derivative of the unknown function,

cpls x(8) = f (t,x(t),cDg+ x(t)) , te[0,T,1<0<2,0<B<1 ...(1)
under separate fractional boundary conditions.
a,x(0) + b, (ch)+ x(())) = ¢1,2;%(T) + b, (cpl X(T)) =c, ,0<y<1..02)

Here cp,.+ is the Caputo fractional derivative,f: [0,T] xR%— Ris a continuous function and a;,

b;, ¢;, 1 =1, 2 are real constants with:a; #0and T > 0.
To do this, we will apply Schauder's fixed point theorem.
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2. Some Background Material:
Definition 2.1. (Gamma function)
For any complex number z such that Re(z) > 0, we define the following function called
Gamma and denoted by the Greek letter T "
r: R* - R
z - I'(z) = fomtz‘l exp~ldt.
Definition 2.2.([12]) (Fractional derivative in Caputo’s sense)
Let f:[0,+o[— R,a> 0 andn = [a] + 1, fractional derivative in Caputo's sense to the
right of O of order a > 0 is defined by :

1 t
Cgo+ f(t) = mj; (t - S)n—(x—l f(n) (S)dS

= 10;¢ (:T f(t)).
Theorem 2.1.([10]) Schauder’s fixed point theorem:
Let K be a non-empty closed and convex subset of X (X is a Banach space).
Let F: K — K be a continuous and relatively compact operator. If F(K) is contained in K,
then F has at least one fixed point in K : 3u € K such that Fu = w.
Let us first study the linear boundary problem.

3. The presentation of the problem
Our focus will be on determining the solution's existence for a boundary value problem of
fractional order differential equations:
Cpg+ X(D) = f (t,x(t),cDg+ x(t)) , te[0,T], 1<a<2,0<p<1
subject to separated fractional boundary conditions :

a,%(0) + by (cpl, x(0)) = €1,2,%(T) + b (epl, x(M) =c;  0<y<1

The Caputo fractional derivative is represented bycpg, ,f: [0,T] xR%— Ris a continuous
function, and a;, b;, ¢;, i = 1, 2 are real constants such that :a; #0and T > 0.

Our presentation will provide an existence result pertaining to this problem, which relies on
Schauder's fixed point theorem.

Lemma 3.1: Let be a given function and consider the linear equation:

Cpg+ X(1) =y (1)

Then the linear fractional differential equation:

g+ x() =y() , te[0,T], 1<a<2,0<B<1 .. (3)
subject to separated fractional boundary conditions :
a;x(0) + b, (CDE+ X(O)) = ¢1,a,X(T) + b, (CDE+ X(T)) =c, 0<y<1 v (4)

Has a unique solution given by:

t _ o—1 T _ o—1 T _ o—y—1
x(t) = j (t=s) y(s)ds — i{az J (T=5) y(s)ds + b, f uy(s)ds}
0 0 0

I'(a) v, () (o —1)
c
+ vt +—
a1
— 1-y _
Such that; v; = 2 Tr(i(zyzj{')sz . v, = (;21 Va12C1
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4. Results and discussions

According to Schauder's fixed point theorem, we consider the existence of the solution of the
boundary problem (1).

Let: 1 = [0,T] et C(I) be the space of all continuous real functions defined | and defining the
space:

X = {x(t):x(t) € ¢([0, TDand cpf, x(t) € C([0,T]),0 < B < 1}

Muni's Norm:||x||x = |Ix]| + ”cDg+ x(t)”

Here: X|l, = max |x(t d”c B =max|c B xt|
Ixll.. = max |x(®)] and||cpp, || = max eng, (O

t
(X, ]I 1) is a Banach space.
Therefore, the solution of the boundary problem (1)-(2) is equivalent to (3)-(4).

We define the operator F: X — X as follows:

t _ a—-1
Fx(t) = fo %f (s,x(s), cDg+ x(s)) ds
t T (T _ S)a—l 8
_ V_l{az fo e (s,x(5), cob x()) ds e (5)

T(T — )71
+ b, jo %f (S,X(S), cDg+ x(s)) ds} + vyt + :_1

Thus, each solution of the boundary problem (1)-(2) is also a solution of the boundary
problem (5).
Therefore, we must show that F is relatively compact so that problem (1)-(2) has at least one
solution.
Remark 4.1: ([12]) I§+f(t)is the Riemann-Liouville inequality of ordera such that :
a 1 t
f(t) = —J (t—s)*1f(s)ds
I o+ I'(a) Jg

Theorem 4.2:

1
Let:f:[0,T] xR —R,m € L<([0,T],R*) ,t € (0,a — 1), satisfying :
If (. xy)l<m(t) + dq]x[Pt +d;|y|P?
Suchthat: d; =20, 0<p;< 1, i=12.
Thus, the problem (1)-(2) has at least one solution.
Demonstration :

1 T
Let us note :|[m]| = (fOTIm(s)I?ds) , Let the set be defined by a closed, bounded, and
convexB,.set:
B,={xeX: |x||<r},r>0.

_)a—-1
We set: Fx = F;x+ Fx,such that: (Fix)(t) = f; (tr?x) (Nx)(s)ds , (Fx)(t) =
—K,t+*

a1

1 T (T—s)*1 T (T-5)* V"1
With -Kx = = {az fO ) (NX) (S)ds + b2 f() T'(a-v)

And(Nx)(t) = £ (tx(t), cpll, x()) , te[0, T].

We will prove thatF maps the set B,. to itself, i.e: F (B,.) € B,. .
Calculating :|(Fyx)(t)|

(Nx)(s)ds} v,
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B t(t__s)a—l
F0©= || T WS
tt—s)*?! dq[x[°Pt + d2|CD0+X w
_.fowlm(s)lds+ @ f(t s)* 1ds

Hence:

1
IFaxl, < oo

—r)l“ (d;rPt 4 dpre2)T®
o) \aa — T
Calculating: | (Fx)(t)|

Na+1)

Cq
I(F20(B)] < (KT + =
1

T(T )0(—1 B P2
< oo laal [ S (Im)l+ dalxler -+ dafeod x| ")as
T(1~__S)a—y—1
1 Iby| j C (ms) + dy|x]Ps
2 0 F(a'—”Y) ( 1
p
+ d2|CDg+X Z)d }+H+TIV2|
Hence:
IF 2]l < T {1azllim (1 _T)l_TT‘H+—Tala2| (dqrPr + d,rP2)
2=y | T(@ \o—r1 Ma+1) " * z
|b2|||m||< -+ ) TaY|b,| } ™
TV T+ ——————(dq1P1 + drP2)  +—
Tla—p) \a—y—x Ta—y+ D™ 2 ]
+ T|v,|

We then obtain:
T T 111\ 17T T
IFxll,, < S Thvp 1= () (14520

lag I'(a) a-t [v1l

by |l T Y~/ 1-¢ \17T
2|v1|I'((x—y) (q_y_-t> + (dqrP1 + dprPz) x (

Now, let us calculate: ” cDg+ Fy

T™ |a2|Ta+1 |b2|Ta—y+1 )
I'(a+1) [ve|T(a+1) |vi|T(a—y+1)

a—B t1_
|CD0+F (t)| = Lo+ (Nx)(t)_le‘(Z—B)
T s
< [ S (m(s)| + dyxIPt + dafep, x| )ds K, D
- ||m||T°“B“( 1-1 )1_T (dyrPt + d,rP2)T* B+ K.l T1-B
- T(a-B) \a-B-= [a—-B—-1) *r2-p)
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IImIIT"‘““T< 1-1 )1"‘ T1B|v,|

Fa—B) \a—B-v ' T@Z-P)
|m||T*~# (IazIT““(l—r)l“
F2-p)vel\ ) \a-—t )
b, [T YT/ 1—1 \ °©
+ INa—vy) (a—y—‘t) )
T* P
+ (dlrpl + dzrpz) {F((X——B-i-l)

e lay| T* |by | T*Y
* TANCED <r<a+ D Tla—vy+ 1))}

Finally, we have:
a—Tt sq_\1—-T
IFxilx < 2+ Thvp [HEE— () (1+527)

laq] I'(a) a-t vyl

|b2thHT“'V"( 1-t )1_T 01 0 ( T ag | T+ by |TE-Y+1 )
[viIT(a-y) \a-y-t + (dyr T dprP?) X M(a+1) * |vq|T(a+1)  |v¢|T(a—-y+1)
JImIIT“‘B“( 1-1 )H T Plvy| , Iim|IT?F (lale““ (ﬁ)H+
Ma-B) \a-B-t re-g) r2-p)lvil\ I \a-t
[by|TO YT/ 1-7 \17T P1 py (TP
I(a—y) (a—y—t) )+ (dlr T dzl' ){I‘(a—ﬁ+1)
T1-B (IazIT“ [by | T )}
[v1IT(2-B) \I'(a+1) = T(a-y+1)
Let us note :
_ leal [lm|IT*" 1—1)1_1( IazIT) T Blvy| | [Im||[by|T® Y"1 ¢ 11 )1_‘
== + -
- |al|+-T|V2| (o) (u—f 1+|V1| + rz-p) + vy T (a—y) (a—y—t
N ||m||T“-B-T( 1t )1“ 4+ mirt = (IazIT“ (ﬂ)“ n |b2|T“_Y( 1-t )1-‘>
Fa-B) \a—B-t [v1IT(2-B) \ T(a) \a—7 F(a-y) \a-y-t
M=—T" lag|T®*? | lbplTev* | TeP TP (Iale“ |bz|T°“V)
_[‘(a+1) [veIT(a+1) |v1|I‘(a—y+1)'I‘(a—B+1) [v1IT(2-B) \I'(a+1) INa-y+1)

Now, letrbe a positive number such that:
1 1
r = max {SL, (3d, M)-r1 ,(3d, M)E}

Then:
”FX”X <L+ M(dlrpl + dzrpz) .

Finally: F(B,) c B,..

We demonstrate thatFis compact.
It is clear that the operatorFis uniformly bounded(demonstrated previously).
LetB, c X, a bounded and continuous set f € X thenf is continuous

|f (t,x(t), cDg+ X(t))| <N, t€]0,T] et x€B,.
We show that F is equicontinuous :
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For t;,t, € [0,T]:0<t, <t, <T < 1,foreachx € B,.
Calculating :|| (F1x)(t2) — (F1x)(t1) |l

t1 _ oa—1 ty _ a-—1
(B () — (Fy) ()] = f =™ Ny (s)ds — f {2 =™ Nyy(s)ds
0 0

I'(a) I'(a)
|ft1 (t1r(s)) (Nx)(s)ds — fotl (tzr:)) (Nx)(s)ds —
J s (Nw) (s)ds|
< jtZMKNX)( )ds — ftl (& =" — =) o)l
<), TT@ s)|ds i e s)|ds
(t; —t))*N  (|(t; =t -, + t4*DN
Fa+1) Fa+1)
< 2N(t; —t)* N|[t,* — t,°|
- T(a+1) Na+1)

Calculating: ||(Fx)(t2) — (FX) (£1) |l

Cq
IFrx)(2) = () (62)] = | ~taKo 4 2+ Ky~ L
< |Klltz — t4]
{|a2| T = N bl (T =9 TN
S S
lvil Jo I'(a) lvil )y  T(a—1v)
+ |U2|}|t2—t1|

< N |a2|Ta n |b2|Ta_y +| | |t t|
=\ \Ta+ 1) " Ta—y+n) " 227 h

Hence:
2N(t; —t1)%  N[t% —t,%]
Fx)(t;) — (FX)(t)|le <
I(Fx)(t2) — (Fx)(ty) | NOEED) TG D
laz|T*N |, |T*Y
(Ivlll"(a+1) 2T (a—y+1) + |V2|) [ty — t4]

Now let us calculate : ”( Cops FX)(tz) - (Cng+ FX)(tl) ”w

thll_B

(I NX) (ty) + F(Z——B)

Ky
PNR) (t) — mt 5

(s FX)(t2) = (cph, FX)(ty)| =
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_IRxl [ 1-p _ ¢ 1-B|y [tz 2= P!
< taplt2 t |+ft1 oy |(Nx)(s)|ds

ty (tz—5)* P 1—(t1-5)*F
0 T(a—P)

1 N la,|T*N |b, | T*Y
< + + |v,|
F(o—B) \Iv] (1T (a+1) [y T(a—7+1)

ZN(tZ - tl)a_ﬁ Nltza_ﬁ - tla_'Bl
INa—p+1) I'Na—p+1)

+ ~ |(N%)(5)|ds

X [t 2P — 1P| +

Finally, we obtain:

IF () — (ROl < ke — )7 Nlt" — 4

I'(a+1) T(a+1)
laz|T*N |b,|TY _
(|V1|F(a+1) |v1 T (a—y+1) + |172|) |t2 t1|

1 N ( lay|T®N |y |T*Y } )
+ —e —
T'(o—B) (Ivll {Ivllr(aﬂ) + [v1 T (a—y+1) + [vl

2N(t2 - tl)a_ﬁ Nltza_ﬁ - tla_'g|
IFa—B+1) 'o—p+1) °

X |t21_ﬁ - tll_ﬁl +

Whent, —» t;andasa > 1, a —f > 0and 1 — B = 0then |[(Fx)(t;) — (Fx)(t1)| = 0
And sincefis continuousF is also continuous. This implies thatf isequicontinuous.

We have proved thatF is equicontinuous and uniformly bounded, according to the Ascoli-
Arzela theorem,F is relatively compact.

According to Schauder's fixed point theorem, problem (1)-(2) has at least one solution.

Corollary 4.3: we Suppose there exists a constant 7 € |0,a — 1[, fand a function,
1
m € L=([0,T], R*) such that :

|f (t’ X’Y)| < m(t) + dllxl +d2|y| ) d-i =0 ’ i=1,2 .

If(d; + d3;)M< 1 , then problem (1) -(2) has at least one solution.
Moving on to the practice.

5.Example :

Be the problem of nonlinear fractional differential equations:
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1
3

cD‘:)+ X(t)

s 1 1
cpz, X() = (5¢% — 3t)ex°® 4 7= X +

1+ |sin2x(t)|/

Subject to separated fractional boundary conditions:
1

x(0) + by (ch)Jr x(0)> =2.52x(1) + %(CD%Jr x(l)) =M. . (7

Let:a=§,B=%,y=%, T=1,a;=1,¢,_2.5 ,a, =2 ,bz=§ etc, =m,

In this case, we have :
1

1 1 2
f(t; X, Y) = (Stz —_ 3t)e_X2(t) + E |X(t)|§ + < |Y| ) ’

1 + sin?x
Which implies:
1 1 1
F(tx,y)| <[5t =3t + —|x[5 + |ylz
Suchthatd, = -, d, =1, p1 =3 , p2 = yand m(t) = |5t2 - 3t| € L“[0,1].

It is easy to verify that the conditions of theorem (1) are satisfied, therefore the problem (6)-
(7) has at least one solution in [0,1].

6 .Conclusion
Using Schauder's fixed point theorem, we were able to determine the existence of at least one
solution to the separated boundary value problem.
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