
UtilitasMathematica  

ISSN 0315-3681 Volume 120, 2023 

 
 

1191 
 

The study of a separated boundary value problem for a fractional equation 

involving a derivative of lower order at the Schauder fixed point 
 

Djebaili Manel1,2*, Merad Ahcene3 
1University Abbes-Laghrour, Khenchela, Algeria. 

2Ingénierie des Connaissances et Sécurité Informatique(ICOSI).3University Larbi Ben Mhidi, 

Oum El Bouaghi,Algeria.∗ Corresponding author e-mail:manel.djebaili@univ-khenchela.dz 

 

 

Abstract: 
In this study, we explore a new category of separated boundary value problems for non-linear 

fractional differential equations where the non-linear term f relies on a lower-order fractional 

derivative given by:  

cD0+ 
α x(t) = f (t, x(t), cD0+ 

β
x(t))        ,     tϵ[0, T], 1 < α ≤ 2 , 0 < β ≤ 1     

subject to separated fractional boundary conditions : 

a1x(0) + b1 (cD0+ 
γ
x(0)) = c1,a2x(T) + b2 (cD0+ 

γ
x(T)) = c2     , 0 < γ < 1 

Here cD0+ 
α ,  is the Caputo fractional derivative, f: [0,T] ×R2→ Ris a continuous function, and 

ai, bi, ci ,i = 1, 2 are real constants satisfying: a1 ≠  0 and T > 0.  

The aim of this work is to study the existence and uniqueness of solutions to the separated 

fractional boundary value problem using the Schauder fixed point theorem, which is a 

topological theorem that asserts a relatively compact map has a fixed point that is not 

necessarily unique. Therefore, it is not necessary to establish estimates on the function, but 

rather on its compactness. 

 To conclude, an example is presented to illustrate the application of this theorem. 

 

Keywords: fractional differential equation, separated fractional boundary conditions, 

Schauder fixed point theorem, existence. 

 

1. Introduction: 

The study of fractional calculus is a discipline almost as ancient as differential calculus itself, 

and traces its roots to the pioneering work of Leibniz, Gauss, and Newton[1-6]. 

Nonlinear fractional order differential equations are a natural outgrowth of ordinary 

differential equations, and have come to occupy a crucial position in the wider field of 

mathematics, with applications in numerous areas of science and engineering[7-9,2,4]- such 

as physics, chemistry, and biology. 

In this study, we will examine the existence and uniqueness of solutions for a class of 

nonlinear fractional differential equations, wherein the termfdepends on the lower-order 

function derivative of the unknown function,  

cD0+ 
α x(t) = 𝑓 (t, x(t), cD0+ 

β
x(t))         ,     tϵ[0, T], 1 < α ≤ 2 , 0 < β ≤ 1    .....(1)            

under separate fractional boundary conditions. 

a1x(0) + b1 (cD0+ 
γ
x(0)) = c1,a2x(T) + b2 (cD0+ 

γ
x(T)) = c2     , 0 < γ < 1....(2) 

 

 Here  cD0+ 
α is the Caputo fractional derivative,f: [0,T] ×R2→ Ris a continuous function and ai, 

bi, ci , i = 1, 2 are real constants with:a1 ≠0 and T > 0. 

 To do this, we will apply Schauder's fixed point theorem. 
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2. Some Background Material: 

Definition 2.1. (Gamma function) 

For any complex number 𝐳 such that Re(𝐳) > 0, we define the following function called 

Gamma and denoted by the Greek letter   ̎𝚪  ̎. 

𝚪 ∶  𝐑∗+ → 𝐑 

𝐳 →   𝚪(𝐳) =  ∫ 𝐭𝐳−𝟏
+∞

𝟎
𝐞𝐱𝐩−𝐭𝐝𝐭.    

Definition 2.2.([12]) (Fractional derivative in Caputo's sense) 

Let 𝐟: [𝟎, +∞[→ 𝐑, 𝛂 > 𝟎  𝒂𝒏𝒅 𝒏 = [𝛂] + 𝟏,  fractional derivative in Caputo's sense to the 

right of 0 of order 𝛂 > 𝟎 is defined by : 

𝐜𝐃
𝟎+
𝛂 𝐟(𝐭) =  

𝟏

𝚪(𝐧 − 𝛂)
∫ (𝐭 − 𝐬)𝐧−𝛂−𝟏
𝐭

𝟎

𝐟(𝐧)(𝐬)𝐝𝐬 

                                                            = 𝐈𝟎+
𝐧−𝛂 (

𝐝𝐧

𝐝𝐭𝐧
𝐟(𝐭)). 

Theorem 2.1.([10]) Schauder's fixed point theorem: 

Let K be a non-empty closed and convex subset of X (X is a Banach space).  

Let F: K → K be a continuous and relatively compact operator. If  F(K) is contained in K, 

then F has at least one fixed point in K : ∃𝑢 ∈ 𝐾  such that  F𝑢 = 𝑢. 
Let us first study the linear boundary problem. 

 

3. The presentation of the problem 

Our focus will be on determining the solution's existence for a boundary value problem of 

fractional order differential equations:  

cD0+ 
α x(t) = 𝑓 (t, x(t), cD0+ 

β
x(t))         ,     tϵ[0, T],       1 < α ≤ 2 , 0 < β ≤ 1         

subject to separated fractional boundary conditions : 

a1x(0) + b1 (cD0+ 
γ
x(0)) = c1,a2x(T) + b2 (cD0+ 

γ
x(T)) = c2         0 < γ < 1          

 

The Caputo fractional derivative is represented bycD0+ 
α  ,f: [0,T] ×R2→ Ris a continuous 

function, and ai, bi, ci, i = 1, 2 are real constants such that :a1 ≠0 and T > 0.  

Our presentation will provide an existence result pertaining to this problem, which relies on 

Schauder's fixed point theorem. 

Lemma 3.1: Let be a given function and consider the linear equation:  

cD0+ 
α x(t) =y(t) 

Then the linear fractional differential equation:  

cD0+ 
α x(t) = 𝑦(𝑡)        ,     tϵ[0, T],             1 < α ≤ 2 , 0 < β ≤ 1        … (3) 

subject to separated fractional boundary conditions : 

a1x(0) + b1 (cD0+ 
γ
x(0)) = c1,a2x(T) + b2 (cD0+ 

γ
x(T)) = c2         0 < γ < 1         … . (4) 

 

Has a unique solution given by:  

x(t) = ∫
(t − s)α−1

Γ(α)

t

0

y(s)ds −
t

v1
{a2∫

(T − s)α−1

Γ(α)

T

0

y(s)ds + b2∫
(T − s)α−γ−1

Γ(α− γ)
y(s)ds

T

0

}

+ v2t +
c1
a1

 

 

Such that: v1 =
a2  TΓ(2−γ)+b2T

1−γ

Γ(2−γ)
               ,       v2 =

a1 c2−a2c1

a1 v1
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4. Results and discussions  

According to Schauder's fixed point theorem, we consider the existence of the solution of the 

boundary problem (1).  

Let: I = [0,T] et C(I)  be the space of all continuous real functions defined I and defining the 

space: 

𝐗 = {𝐱(𝐭): 𝐱(𝐭) ∈ 𝐂([𝟎, 𝐓])𝐚𝐧𝐝 𝐜𝐃𝟎+ 
𝛃
𝐱(𝐭) ∈ 𝐂([𝟎, 𝐓]) , 𝟎 < 𝛃 ≤ 𝟏} 

Muni's Norm:‖𝐱‖𝐗 = ‖𝐱‖∞ + ‖𝐜𝐃𝟎+ 
𝛃
𝐱(𝐭)‖

∞
 

Here:      ‖𝐱‖∞ = 𝐦𝐚𝐱
𝐭∈[𝟎,𝐓]

|𝐱(𝐭)|  and‖𝐜𝐃𝟎+ 
𝛃
‖

∞
= 𝐦𝐚𝐱
𝐭∈[𝟎,𝐓]

|𝐜𝐃𝟎+ 
𝛃
𝐱(𝐭)| 

(X, ‖. ‖) is a Banach space. 

 Therefore, the solution of the boundary problem (1)-(2) is equivalent to (3)-(4).  

We define the operator F: X → X as follows:  

 

𝐅𝐱(𝐭) = ∫
(𝐭 − 𝐬)𝛂−𝟏

𝚪(𝛂)
𝒇 (𝐬, 𝐱(𝐬), 𝐜𝐃𝟎+ 

𝛃
𝐱(𝐬))

𝐭

𝟎

𝐝𝐬

−
𝐭

𝐯𝟏
{𝐚𝟐∫

(𝐓 − 𝐬)𝛂−𝟏

𝚪(𝛂)
𝒇 (𝐬, 𝐱(𝐬), 𝐜𝐃𝟎+ 

𝛃
𝐱(𝐬))

𝐓

𝟎

𝐝𝐬             …… . (𝟓)     

+ 𝐛𝟐∫
(𝐓 − 𝐬)𝛂−𝛄−𝟏

𝚪(𝛂 − 𝛄)
𝒇 (𝐬, 𝐱(𝐬), 𝐜𝐃𝟎+ 

𝛃
𝐱(𝐬))𝐝𝐬

𝐓

𝟎

} + 𝐯𝟐𝐭 +
𝐜𝟏
𝐚𝟏

 

 

Thus, each solution of the boundary problem (1)-(2) is also a solution of the boundary 

problem (5).  

Therefore, we must show that F is relatively compact so that problem (1)-(2) has at least one 

solution.  

Remark 4.1: ([12]) 𝐈𝟎+
𝛂 𝐟(𝐭)is the Riemann-Liouville inequality of order𝛂 such that : 

𝐈 𝟎+

𝛂

𝐟(𝐭) =
𝟏

𝚪(𝛂)
∫ (𝐭 − 𝐬)𝛂−𝟏
𝐭

𝟎

𝐟(𝐬)𝐝𝐬 

Theorem 4.2:  

Let :f: [0, T ] × R → R , 𝐦 ∈ 𝐋
𝟏

𝛕([0,T], 𝐑+)  , 𝛕 ∈ (𝟎, 𝛂 − 𝟏),  satisfying : 

|𝒇 (t, 𝐱,𝐲)| ≤ m(t) +  𝒅𝟏|𝒙|
𝝆𝟏  + 𝒅𝟐|𝒚|

𝝆𝟐   , 

Such that: 𝐝𝐢 ≥ 𝟎  ,     𝟎 ≤ 𝛒𝐢 ≤  𝟏 ,  i=1,2  . 

Thus, the problem (1)-(2) has at least one solution. 

Demonstration : 

Let us note :‖𝐦‖ = (∫ |𝐦(𝐬)|
𝟏

𝛕𝐝𝐬)
𝐓

𝟎

𝛕

, Let the set be defined by a closed, bounded, and 

convex𝑩𝒓set:  
𝐵𝑟 = {𝑥 ∈ 𝑋 ∶  ‖𝑥‖ < 𝑟} , 𝑟 > 0. 

We set: 𝐅𝐱 = 𝐅𝟏𝐱 + 𝐅𝟐𝐱,such that:     (𝐅𝟏𝐱)(𝐭) = ∫
(𝐭−𝐬)𝛂−𝟏

𝚪(𝛂)

𝐭

𝟎
(𝐍𝐱)(𝐬)𝐝𝐬         ,   (𝐅𝟐𝐱)(𝐭) =

 −𝐊𝐱𝐭 +
𝐜𝟏

𝐚𝟏
 

With :𝐊𝐱 =
𝟏

𝐯𝟏
{𝐚𝟐 ∫

(𝐓−𝐬)𝛂−𝟏

𝚪(𝛂)

𝐓

𝟎
(𝐍𝐱)(𝐬)𝐝𝐬 + 𝐛𝟐 ∫

(𝐓−𝐬)𝛂−𝛄−𝟏

𝚪(𝛂−𝛄)

𝐓

𝟎
(𝐍𝐱)(𝐬)𝐝𝐬} 𝐯𝟐 

And(𝐍𝐱)(𝐭) =  𝒇 (𝐭, 𝐱(𝐭), 𝐜𝐃𝟎+ 
𝛃
𝐱(𝐭))  , 𝐭𝛜[𝟎, 𝐓]. 

We will prove that𝐅 maps the set 𝑩𝒓 to itself, i.e: 𝐅 (𝑩𝒓 ) ⊂ 𝑩𝒓 . 
Calculating :|(𝐅𝟏𝐱)(𝐭)| 
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|(𝐅𝟏𝐱)(𝐭)| = |∫
(𝐭 − 𝐬)𝛂−𝟏

𝚪(𝛂)
(𝐍𝐱)(𝐬)𝐝𝐬

𝐭

𝟎

| 

≤ ∫
(𝐭 − 𝐬)𝛂−𝟏

𝚪(𝛂)
|𝐦(𝐬)|

𝐭

𝟎

𝐝𝐬 +
𝐝𝟏|𝐱|

𝛒𝟏   +  𝐝𝟐|𝐜𝐃𝟎+ 
𝛃
𝐱|
𝛒𝟐

𝚪(𝛂)
∫ (𝐭 − 𝐬)𝛂−𝟏
𝐭

𝟎

𝐝𝐬 

Hence: 

‖𝐅𝟏𝐱‖∞  ≤
‖𝐦‖

𝚪(𝛂)
(
𝟏 − 𝛕

𝛂 − 𝛕
)
𝟏−𝛕

+ 
(𝐝𝟏𝐫

𝛒𝟏   +  𝐝𝟐𝐫
𝛒𝟐)𝐓𝛂

𝚪(𝛂 + 𝟏)
 

Calculating:|(𝐅𝟐𝐱)(𝐭)| 

|(𝐅𝟐𝐱)(𝐭)| ≤  |𝐊𝐱|𝐓 +
𝐜𝟏
𝐚𝟏

 

 ≤
𝐓

𝐯𝟏
{|𝐚𝟐|∫

(𝐓 − 𝐬)𝛂−𝟏

𝚪(𝛂)
( |𝐦(𝐬)| + 𝒅𝟏|𝒙|

𝝆𝟏   +  𝒅𝟐|𝐜𝐃𝟎+ 
𝛃
𝐱|
𝝆𝟐

𝐓

𝟎

)𝐝𝐬

+ |𝐛𝟐|∫
(𝐓 − 𝐬)𝛂−𝛄−𝟏

𝚪(𝛂 − 𝛄)

𝐓

𝟎

( |𝐦(𝐬)| +                             𝒅𝟏|𝒙|
𝝆𝟏   

+  𝒅𝟐|𝐜𝐃𝟎+ 
𝛃
𝐱|
𝝆𝟐
)𝐝𝐬} +

|𝐜𝟏|

|a1|
+ T|v2| 

 
Hence:  

‖F2x‖∞ ≤ 
𝐓

𝐯𝟏
{
|𝐚𝟐|‖m‖

𝚪(𝛂)
(
1 − τ

α − τ
)
1−τ

Tα−τ +
T𝛂|𝐚𝟐|

𝚪(𝛂 + 𝟏)
(𝒅𝟏𝒓

𝝆𝟏   +  𝒅𝟐𝒓
𝝆𝟐)

+
|𝐛𝟐|‖m‖

𝚪(𝛂 − 𝛄)
(
1 − τ

α − γ− τ
)
1−τ

Tα−γ−τ +
T𝛂−𝛄|𝐛𝟐|

𝚪(𝛂 − 𝛄 + 𝟏)
(𝒅𝟏𝒓

𝝆𝟏   +  𝒅𝟐𝒓
𝝆𝟐)} +

|𝐜𝟏|

|a1|

+ T|v2| 
 

We then obtain: 

‖𝐅𝐱‖∞ ≤  
|𝐜𝟏|

|𝐚𝟏|
+ 𝐓|𝐯𝟐|+

‖𝐦‖𝐓𝛂−𝛕

𝚪(𝛂)
(
𝟏−𝛕

𝛂−𝛕
)
𝟏−𝛕

(𝟏 +
|𝐚𝟐|𝐓

|𝐯𝟏|
) 

+ 
|𝐛𝟐|‖𝐦‖𝐓

𝛂−𝛄−𝛕

|𝐯𝟏|𝚪(𝛂−𝛄)
(
𝟏−𝛕

𝛂−𝛄−𝛕
)
𝟏−𝛕

+ (𝐝𝟏𝐫
𝛒𝟏   +  𝐝𝟐𝐫

𝛒𝟐) × (
𝐓𝛂

𝚪(𝛂+𝟏)
+

|𝐚𝟐|𝐓
𝛂+𝟏

|𝐯𝟏|𝚪(𝛂+𝟏)
+

|𝐛𝟐|𝐓
𝛂−𝛄+𝟏

|𝐯𝟏|𝚪(𝛂−𝛄+𝟏)
) 

Now, let us calculate:‖𝐜𝐃𝟎+ 
𝛃
𝐅𝐱‖

∞
 

|𝐜𝐃𝟎+ 
𝛃
𝐅𝐱(𝐭)|  = |𝐈𝟎+

𝛂−𝛃
(𝐍𝐱)(𝐭) − 𝐊𝐱

𝐭𝟏−𝛃

𝚪(𝟐 − 𝛃)
| 

≤ ∫
(𝐭−𝐬)𝛂−𝛃−𝟏

𝚪(𝛂−𝛃)

𝐭

𝟎
(|𝐦(𝐬)| + 𝐝𝟏|𝐱|

𝛒𝟏   +  𝐝𝟐|𝐜𝐃𝟎+ 
𝛃
𝐱|
𝛒𝟐
)𝐝𝐬+|𝐊𝐱|

𝐓𝟏−𝛃

𝚪(𝟐−𝛃)
 

 ≤  
‖𝐦‖𝐓𝛂−𝛃−𝛕

𝚪(𝛂 − 𝛃)
(
𝟏 − 𝛕

𝛂 − 𝛃 − 𝛕
)
𝟏−𝛕

  +  
(𝐝𝟏𝐫

𝛒𝟏   +  𝐝𝟐𝐫
𝛒𝟐)𝐓𝛂−𝛃

𝚪(𝛂 − 𝛃 − 𝛕)
+ |𝐊𝐱|

𝐓𝟏−𝛃

𝚪(𝟐 − 𝛃)
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≤
‖𝐦‖𝐓𝛂−𝛃−𝛕

𝚪(𝛂 − 𝛃)
(
𝟏 − 𝛕

𝛂 − 𝛃 − 𝛕
)
𝟏−𝛕

+ 
𝐓𝟏−𝛃|𝐯𝟐|

𝚪(𝟐 − 𝛃)

+ 
‖𝐦‖𝐓𝟏−𝛃

𝚪(𝟐 − 𝛃)|𝐯𝟏|
(
|𝐚𝟐|𝐓

𝛂−𝛕

𝚪(𝛂)
(
𝟏 − 𝛕

𝛂 − 𝛕
)
𝟏−𝛕

+                                                  
|𝐛𝟐|𝐓

𝛂−𝛄−𝛕

𝚪(𝛂 − 𝛄)
(
𝟏 − 𝛕

𝛂 − 𝛄 − 𝛕
)
𝟏−𝛕

)

+        (𝐝𝟏𝐫
𝛒𝟏   +  𝐝𝟐𝐫

𝛒𝟐) {
𝐓𝛂−𝛃

𝚪(𝛂 − 𝛃 + 𝟏)

+                                                  
𝐓𝟏−𝛃

|𝐯𝟏|𝚪(𝟐 − 𝛃)
(
|𝐚𝟐|𝐓

𝛂

𝚪(𝛂 + 𝟏)
+

|𝐛𝟐|𝐓
𝛂−𝛄

𝚪(𝛂 − 𝛄 + 𝟏)
)} 

Finally, we have: 

‖𝐅𝐱‖𝐗 ≤  
|𝐜𝟏|

|𝐚𝟏|
+ 𝐓|𝐯𝟐|+

‖𝐦‖𝐓𝛂−𝛕

𝚪(𝛂)
(
𝟏−𝛕

𝛂−𝛕
)
𝟏−𝛕

(𝟏 +
|𝐚𝟐|𝐓

|𝐯𝟏|
) 

+ 
|𝐛𝟐|‖𝐦‖𝐓

𝛂−𝛄−𝛕

|𝐯𝟏|𝚪(𝛂−𝛄)
(
𝟏−𝛕

𝛂−𝛄−𝛕
)
𝟏−𝛕

+ (𝒅𝟏𝒓
𝝆𝟏   +  𝒅𝟐𝒓

𝝆𝟐) × (
𝐓𝛂

𝚪(𝛂+𝟏)
+

|𝐚𝟐|𝐓
𝛂+𝟏

|𝐯𝟏|𝚪(𝛂+𝟏)
+

|𝐛𝟐|𝐓
𝛂−𝛄+𝟏

|𝐯𝟏|𝚪(𝛂−𝛄+𝟏)
) 

 

 

+
‖𝐦‖𝐓𝛂−𝛃−𝛕

𝚪(𝛂−𝛃)
(
𝟏−𝛕

𝛂−𝛃−𝛕
)
𝟏−𝛕

+ 
𝐓𝟏−𝛃|𝐯𝟐|

𝚪(𝟐−𝛃)
+ 

‖𝐦‖𝐓𝟏−𝛃

𝚪(𝟐−𝛃)|𝐯𝟏|
(
|𝐚𝟐|𝐓

𝛂−𝛕

𝚪(𝛂)
(
𝟏−𝛕

𝛂−𝛕
)
𝟏−𝛕

+

                                               
|𝐛𝟐|𝐓

𝛂−𝛄−𝛕

𝚪(𝛂−𝛄)
(
𝟏−𝛕

𝛂−𝛄−𝛕
)
𝟏−𝛕

) +        (𝐝𝟏𝐫
𝛒𝟏   +  𝐝𝟐𝐫

𝛒𝟐) {
𝐓𝛂−𝛃

𝚪(𝛂−𝛃+𝟏)
+

                                                
𝐓𝟏−𝛃

|𝐯𝟏|𝚪(𝟐−𝛃)
(
|𝐚𝟐|𝐓

𝛂

𝚪(𝛂+𝟏)
+

|𝐛𝟐|𝐓
𝛂−𝛄

𝚪(𝛂−𝛄+𝟏)
)} 

Let us note : 

L = 
|c1|

|a1|
+ T|v2|+

‖m‖Tα−τ

Γ(α)
(
1−τ

α−τ
)
1−τ

(1 +
|a2|T

|v1|
) + 

𝐓𝟏−𝛃|𝐯𝟐|

𝚪(𝟐−𝛃)
+
‖𝐦‖|𝐛𝟐|𝐓

𝛂−𝛄−𝛕+𝟏

|𝐯𝟏|𝚪(𝛂−𝛄)
(
𝟏−𝛕

𝛂−𝛄−𝛕
)
𝟏−𝛕

 

 

+ 
‖𝐦‖𝐓𝛂−𝛃−𝛕

𝚪(𝛂−𝛃)
(
𝟏−𝛕

𝛂−𝛃−𝛕
)
𝟏−𝛕

+ 
‖m‖𝐓𝟏−𝛃

|𝐯𝟏|𝚪(𝟐−𝛃)
(
|𝐚𝟐|𝐓

𝛂

𝚪(𝛂)
(
𝟏−𝛕

𝛂−𝛕
)
𝟏−𝛕

+
|𝐛𝟐|𝐓

𝛂−𝛄

𝚪(𝛂−𝛄)
(
𝟏−𝛕

𝛂−𝛄−𝛕
)
𝟏−𝛕

) 

 

M=
𝐓𝛂

𝚪(𝛂+𝟏)
+

|𝐚𝟐|𝐓
𝛂+𝟏

|𝐯𝟏|𝚪(𝛂+𝟏)
+

|𝐛𝟐|𝐓
𝛂−𝛄+𝟏

|𝐯𝟏|𝚪(𝛂−𝛄+𝟏)
+

𝐓𝛂−𝛃

𝚪(𝛂−𝛃+𝟏)
+ 

𝐓𝟏−𝛃

|𝐯𝟏|𝚪(𝟐−𝛃)
(
|𝐚𝟐|𝐓

𝛂

𝚪(𝛂+𝟏)
+

|𝐛𝟐|𝐓
𝛂−𝛄

𝚪(𝛂−𝛄+𝟏)
) 

Now, letrbe a positive number such that: 

𝑟 ≥ max {3𝐿, (3𝑑1 𝑀)
1

1−𝜌1  , (3𝑑2 𝑀)
1

1−𝜌2} 

Then:  
‖Fx‖X  ≤ L + M(𝐝𝟏𝐫

𝛒𝟏   +  𝐝𝟐𝐫
𝛒𝟐) . 

 

       ≤  
𝑟

3
+
𝑟

3
+
𝑟

3
= 𝑟 . 

Finally:  F(𝑩𝒓 ) ⊂ 𝑩𝒓 . 
 
We demonstrate that𝐅is compact. 

It is clear that the operator𝐅is uniformly bounded(demonstrated previously). 

Let𝐵𝑟 ⊂ 𝑋 , a bounded and continuous set 𝑓 ∈ 𝑋 then𝑓 is continuous 

 

|𝑓 (t, x(t), cD0+ 
β
x(t))| ≤ 𝑁,       𝑡 ∈ [0, 𝑇]  𝑒𝑡   𝑥 ∈ 𝐵𝑟 . 

We show that 𝐅 is equicontinuous : 
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For  𝑡1, 𝑡2 ∈ [0, 𝑇] : 0 ≤ 𝑡1 < 𝑡2 ≤ 𝑇 < 1, for each𝑥 ∈ 𝐵𝑟 . 
Calculating :‖(𝐅𝟏𝐱)(𝒕𝟐) − (𝐅𝟏𝐱)(𝒕𝟏)‖∞ 

|(𝐅𝟏𝐱)(𝒕𝟐) − (𝐅𝟏𝐱)(𝒕𝟏)| = |∫
(𝒕𝟏 − 𝐬)

𝛂−𝟏

𝚪(𝛂)
(𝐍𝐱)(𝐬)𝐝𝐬 − ∫

(𝒕𝟐 − 𝐬)
𝛂−𝟏

𝚪(𝛂)
(𝐍𝐱)(𝐬)𝐝𝐬

𝒕𝟐

𝟎

𝒕𝟏

𝟎

| 

                                                      =|∫
(𝒕𝟏−𝐬)

𝛂−𝟏

𝚪(𝛂)
(𝐍𝐱)(𝐬)𝐝𝐬 − ∫

(𝒕𝟐−𝐬)
𝛂−𝟏

𝚪(𝛂)
(𝐍𝐱)(𝐬)𝐝𝐬 −

𝒕𝟏

𝟎

𝒕𝟏

𝟎

                                                                ∫
(𝒕𝟐−𝐬)

𝛂−𝟏

𝚪(𝛂)
(𝐍𝐱)(𝐬)𝐝𝐬

𝒕𝟐

𝐭𝟏
| 

                                                             

≤ ∫
(𝒕𝟏 − 𝐬)

𝛂−𝟏

𝚪(𝛂)
|(𝐍𝐱)(𝐬)|𝐝𝐬 − ∫

(𝒕𝟐 − 𝐬)
𝛂−𝟏 − (𝒕𝟏 − 𝐬)

𝛂−𝟏

𝚪(𝛂)
|(𝐍𝐱)(𝐬)|𝐝𝐬

𝒕𝟏

𝟎

𝒕𝟐

𝐭𝟏

 

≤
(𝒕𝟐 − 𝒕𝟏)

𝜶𝑵

𝚪(𝛂 + 𝟏)
+ 
(|(𝒕𝟐 − 𝒕𝟏)

𝜶 − 𝒕𝟐
𝜶 + 𝒕𝟏

𝜶|)𝑵

𝚪(𝛂 + 𝟏)
 

 ≤
𝟐𝑵(𝒕𝟐 − 𝒕𝟏)

𝜶

𝚪(𝛂 + 𝟏)
+
𝑵|𝒕𝟐

𝜶 − 𝒕𝟏
𝜶|

𝚪(𝛂 + 𝟏)
 

 
Calculating: ‖(𝐅𝟐𝐱)(𝒕𝟐) − (𝐅𝟐𝐱)(𝒕𝟏)‖∞ 

 

|(𝐅𝟏𝐱)(𝒕𝟐) − (𝐅𝟏𝐱)(𝒕𝟏)| = |−𝐭𝟐𝐊𝐱 +
𝐜𝟏
𝐚𝟏
+ 𝐭𝟏𝐊𝐱 −

𝐜𝟏
𝐚𝟏
| 

 

≤ |𝐊𝐱||𝐭𝟐 − 𝐭𝟏| 
 

     ≤  {
|𝑎2|

|𝑣1|
∫
(𝑇 − 𝑠)𝛼−1𝑁

Γ(α)

𝑇

0

𝑑𝑠 +
|𝑏2|

|𝑣1|
∫
(𝑇 − 𝑠)𝛼−𝛾−1𝑁

Γ(α− γ)

𝑇

0

𝑑𝑠

+                                                                                            |𝑣2|} |𝐭𝟐 − 𝐭𝟏| 

 

       ≤  (
𝑁

|𝑣1|
(
|𝑎2|𝑇

𝛼

Γ(α+ 1)
+

|𝑏2|𝑇
𝛼−𝛾

Γ(α− γ+ 1)
) + |𝑣2|) |𝐭𝟐 − 𝐭𝟏| 

 

 

Hence: 

‖(F𝐱)(𝒕𝟐) − (F𝐱)(𝒕𝟏)‖∞ ≤ 
2𝑁(𝑡2 − 𝑡1)

𝛼

Γ(α+ 1)
+
𝑁|𝑡2

𝛼 − 𝑡1
𝛼|

Γ(α+ 1)
 

 

                                                                       + (
|𝑎2|𝑇

𝛼𝑁

|𝑣1|Γ(α+1)
+

|𝑏2|𝑇
𝛼−𝛾

|𝑣1|Γ(α−γ+1)
+ |𝑣2|) |𝐭𝟐 − 𝐭𝟏| 

 

Now let us calculate :‖( cD0+ 
β
Fx)(𝒕𝟐) − (cD0+ 

β
F𝐱)(𝒕𝟏)‖

∞
 

 

|( cD0+ 
β
Fx)(𝒕𝟐) − (cD0+ 

β
F𝐱)(𝒕𝟏)| = |(I0+

α−β
Nx)(t2) −

Kxt2
1−β

Γ(2 − β)
− (I

0+
α−β
Nx)(t1) +

Kxt1
1−β

Γ(2 − β)
| 

 



UtilitasMathematica  

ISSN 0315-3681 Volume 120, 2023 

 
 

1197 
 

≤
|Kx|

Γ(2−β)
|t2

1−β − t1
1−β|+∫

(𝒕𝟐−𝒔)
𝜶−𝜷−𝟏

Γ(α−β)

𝒕𝟐

𝒕𝟏
|(Nx)(s)|𝒅𝒔 

  

                                                            + ∫
(𝒕𝟐−𝒔)

𝜶−𝜷−𝟏−(𝒕𝟏−𝒔)
𝜶−𝜷−𝟏

Γ(α−β)

𝑡1

0
|(Nx)(s)|𝒅𝒔 

 

≤
1

Γ(α− β)
(
𝑁

|𝑣1|
{
|𝑎2|𝑇

𝛼𝑁

|𝑣1|Γ(α+ 1)
+

|𝑏2|𝑇
𝛼−𝛾

|𝑣1|Γ(α− γ + 1)
} + |𝑣2|) 

 

× |t2
1−β − t1

1−β| +
2𝑁(𝑡2 − 𝑡1)

𝛼−𝛽

Γ(α− β+ 1)
+
𝑁|𝑡2

𝛼−𝛽 − 𝑡1
𝛼−𝛽|

Γ(α− β+ 1)
. 

 
Finally, we obtain: 
 

‖(Fx)(𝑡2) − (Fx)(𝑡1)‖X ≤ 
2𝑁(𝑡2 − 𝑡1)

𝛼

Γ(α + 1)
+
𝑁|𝑡2

𝛼 − 𝑡1
𝛼|

Γ(α + 1)
 

 

                                                                       +(
|𝑎2|𝑇

𝛼𝑁

|𝑣1|Γ(α+1)
+

|𝑏2|𝑇
𝛼−𝛾

|𝑣1|Γ(α−γ+1)
+ |𝑣2|) |𝐭𝟐 − 𝐭𝟏| 

 

                                                                       + 
1

Γ(α−β)
(
𝑁

|𝑣1|
{
|𝑎2|𝑇

𝛼𝑁

|𝑣1|Γ(α+1)
+

|𝑏2|𝑇
𝛼−𝛾

|𝑣1|Γ(α−γ+1)
} + |𝑣2|) 

 

 

× |𝑡2
1−𝛽 − 𝑡1

1−𝛽| +
2𝑁(𝑡2 − 𝑡1)

𝛼−𝛽

Γ(α− β+ 1)
+
𝑁|𝑡2

𝛼−𝛽 − 𝑡1
𝛼−𝛽|

Γ(α− β+ 1)
, 

 

When𝑡2 → 𝑡1and asα > 1 , 𝛼 − 𝛽 > 0 and  1 − β ≥ 0 then  |(F𝐱)(𝒕𝟐) − (F𝐱)(𝒕𝟏)| → 0 

 

And sincefis continuous𝐅 is also continuous. This implies thatf  isequicontinuous. 

 

We have proved that𝐅 is equicontinuous and uniformly bounded, according to the Ascoli-

Arzela theorem,𝐅 is relatively compact. 

 

According to Schauder's fixed point theorem, problem (1)-(2) has at least one solution. 

 

Corollary 4.3: we Suppose there exists a constant   𝜏 ∈ ]0, 𝛼 − 1[,   𝑓and a function,  

m ∈ L
1

τ([0,T], R+) such that :  

 

|𝒇 (t, 𝐱,𝐲)| ≤ m(t) + 𝒅𝟏|𝒙|  +𝒅𝟐|𝒚|   ,            di ≥ 0  ,   i=1,2  . 

 

If(𝒅𝟏 + 𝒅𝟐)M< 1  , then problem (1) -(2) has at least one solution. 

Moving on to the practice. 
 

5.Example : 

 

Be the problem of nonlinear fractional differential equations: 
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  𝐜𝐃𝟎+ 

𝟓

𝟑 𝐱(𝐭) = (𝟓𝐭𝟐 − 𝟑𝐭)𝐞−𝐱
𝟐(𝐭) +

𝟏

𝟐𝛑
|𝐱(𝐭)|

𝟏

𝟑 + 

(

 
 
|    𝐜𝐃𝟎+ 

𝟑

𝟒 𝐱(𝐭)|

𝟏 + |𝐬𝐢𝐧𝟐𝐱(𝐭)|

)

 
 

𝟏

𝟐

, 𝐭𝛜[𝟎, 𝐓]……(𝟔)   

Subject to separated fractional boundary conditions: 

𝐱(𝟎) + 𝐛𝟏 (𝐜𝐃𝟎+ 

𝟏

𝟐 𝐱(𝟎)) = 𝟐. 𝟓,𝟐𝐱(𝟏) +
𝟏

𝟓
(𝐜𝐃𝟎+ 

𝟏

𝟐 𝐱(𝟏)) = 𝛑.                       .......(7) 

Let :𝛂 =
𝟓

𝟑
 , 𝛃 =

𝟑

𝟒
 , 𝛄 =

𝟏

𝟐
 , 𝐓 = 𝟏 , 𝐚𝟏 = 𝟏 , 𝐜𝟏=𝟐. 𝟓  , 𝐚𝟐 = 𝟐  , 𝐛𝟐 =

𝟏

𝟓
  𝐞𝐭 𝐜𝟐 = 𝝅, 

In this case, we have : 

𝒇(𝐭, 𝐱, 𝐲) = (𝟓𝐭𝟐 − 𝟑𝐭)𝐞−𝐱
𝟐(𝐭) +

𝟏

𝟐𝛑
|𝐱(𝐭)|

𝟏

𝟑 + (
|𝐲|

𝟏 + 𝐬𝐢𝐧𝟐𝐱
)

𝟏

𝟐

, 

Which implies: 

|𝑓(𝐭, 𝐱, y)| ≤ |𝟓𝐭𝟐 − 𝟑𝐭| +
𝟏

𝟐𝛑
|𝐱|

𝟏

𝟑 + |𝐲|
𝟏

𝟐 

Such that:𝒅𝟏 =
𝟏

𝟐𝝅
 ,  𝒅𝟐 = 𝟏  , 𝝆𝟏 =

𝟏

𝟑
  , 𝝆𝟐 = 

𝟏

𝟐
𝐚𝐧𝐝  𝒎(𝒕) = |𝟓𝐭𝟐 − 𝟑𝐭| ∈  𝑳∞[𝟎, 𝟏]. 

It is easy to verify that the conditions of theorem (1) are satisfied, therefore the problem (6)-

(7) has at least one solution in [0,1]. 

 

 

6 .Conclusion 
Using Schauder's fixed point theorem, we were able to determine the existence of at least one 

solution to the separated boundary value problem. 
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