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Abstract

This work consists of a contribution to the resolution of the problems related to the problems of
three reservoirs which includes three different cases, namely: the calculation of flow rates, pipe
sizes, and pressure head. Researchers proposed different solutions that start by imposing initial
values and work through it to a balanced state using methods like predefined graphs or equations
like Darcy-Weisbach and Colebrook-White. Despite their accuracy, users suggest fixed values of
friction factor to solve the problem. The proposed python-based application solves all three cases
utilizing three different methods Hager, Hazen-Williams, and RMM. The flow rate case is solved
by a linear least squares regression to determine the exact values of pressure head and flow rates
that verify the condition [1Q;=0; the pipe commercial diameters are selected from a set of
predefined tables for the case of pipe sizing calculation and finally, the pressure head in the last
case is considered as the average of heads computed for each pipe. The analysis of the study case
presented in the paper illustrated that the differences between the original and the model’s results
were significant (up to 30 I/s in terms of flow rates).

Keywords: Dimeter, Flow rate, Hager, Hazen-Williams, RMM, Python, Three reservoirs
problems.

1. Introduction

In hydraulics, the problem of the three reservoirs interconnected by pipes is part of the complex
analysis of the water system, and we are faced with three problems to solve, namely, i) computing
the flows (and therefore the direction of flow) in the pipes after having fixed the diameters and
proposing an initial value for the pressure head at the junction. The sum of the resulting flows
must be zero or approach it as closely as possible; ii) computing the diameters of the pipes
connecting the three reservoirs, knowing their dimensions, the piezometric head at the junction,
and the flow rates supplying or issuing from each reservoir; and iii) computing the piezometric
level at the junction point, knowing the diameters and the flow rates.

Despite the fact that there are many methods to solve each problem among those mentioned
above, the solutions of the three cases mainly depend on the use of Bernoulli, Hazen-Williams, or
Darcy-Weisbach equations.

The most encountered problem in practice is the first case where the flows are the main variables
to be sought. However, it depends on identifying the unknown pressure head at the junction to
subsequently satisfy the law of conservation of mass, that is, (3 Qi = 0). Generally, this case can be
solved by two iterative approaches: Proposing a flow rate (Q) in one of the pipes or proposing a
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piezometric height or a pressure head at the junction (PH;) and then determining the desired flow
rates, either by:

i) Assume the flow rate in one of the pipes Q1 and define the pressure head at the junction PHj
accordingly, then proceed with calculating the other flow rates (Q2, Q3,...) and verifying the
continuity equation. The first flow rate can be corrected directly as part of the iterative process and
continue the loop of computing PHj, ....[1],0r it could be corrected by a correction coefficient
computed based on the initial pipe’s resistance value; in this case, it is preferable that the assumed
flow rate is one a lower pipe’s. ,[2].. Alternatively, it can be solved by assuming a velocity value
in pipe N° 1 after simplifying Bernoulli’s equation to write the velocity equations in pipes N° 2
and 3 as a function of velocity in pipe N° 1, which makes it the targeted variable of the iteration
process [3]. ii) Proposing an initial value of the pressure head at the junction PHj and proceeding
with one of the known relationships mentioned above to calculate flows, then PHj must be
corrected (by increasing or decreasing it according to the sign of Qi) until equality is ensured:
»Qi = 0. It should be noted that to use Bernoulli, Darcy-Weisbach, and Colebrook-White, many
researchers make assumptions such as choosing a known friction factor (usually the same factors
for all three pipes) or use Moody’s diagram; other researchers choose the Hazen-Williams
relationship and suggest a constant C coefficient to avoid using the Colebrook-White and Darcy-
Weisbach relationships. [3], [4], [5]. iii) Rewriting the energy equation in terms of PHj and using
the false position method to iterate the pressure heads until convergence is reached [3]. iv) Using a
diagram containing three columns that represent values of the hydraulic gradients j, diameters (D)
and flows (Q), starting with a proposed PHj and defining the correspondent hydraulic gradient
then projecting a straight line on the columns j, D, and Q with repeating the process until Y;Qi =0
is verified [7]. v) Preforming an interpolation between conducted values of PHj until converging
toward an admissible value (Haidra andal., 2018). vi) Plot the graph ,Qi= f (PHj) using 3
arbitrary values of PHj and find the point that satisfies Qi = 0 [2].

The other two types of problems related to the three tanks are the computation of the diameters of
each pipe and the hydraulic gradient; the solutions are less complicated, but they call for the use of
the friction factor f, which is impossible to determine because the diameter is unknown likewise
for the Reynolds number, which also depends on the diameter; some authors propose values of f to
facilitate the calculation and evaluation of the diameter from Darcy's relation. This method is
doubtable since the friction factors are unique values that depend on several parameters (the
relative roughness /D, the Reynolds number R and the flow rate Q); therefore, an assumed value
of f could generate errors after calculating the diameter.

For the calculation of the hydraulic gradient J, whose purpose is to evaluate the piezometric head
at the junction generally, the computation is simple, and the relation of Darcy (despite the explicit
aspect of the Colebrook-White relation required in the relation), or the Hazen-Williams
relationship (if there is a perfect match or equivalence with the absolute roughness of the pipe and
coefficient C), is sufficient.

Each of the solutions cited above has a deficiency; for the first category, during the calculation of
Q, the drawback associated with this type of method lies in the extent of the iterative process if it
were carried out manually. For the rest, precision is the problem in regard to f.

The main objective of this work is to solve the problems related to the three reservoirs with perfect

precision by avoiding any illogical simplification mentioned beforehand and by proposing a
computerized program in Python based on the relations of the reference rough model method, on
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the work of Hager and at the end on the relation of Hazen-Williams, it is up to the user to choose
between these methods.

1. Methodology

1.1. Analytical methods

Throughout history, pipe-flow problems have been approached through different equations; some
were simple and direct, and some were mathematical-based formulas. Three major equations were
used in the built-in model to ensure the diversity of solutions.

a) Hager (1987), (2010):Willi. H. Hager developed two sets of equations to solve two pipe-
flow problems, identification of flow rate and diameter [7].Relying on Colebrook-White (C-W) and
Darcy-Weisbach (D-W), the equations were meant to give direct solutions avoiding the iterative
process. It is worth noting that the formulas are highly accurate and valid for all types of turbulent
flow regimes, from smooth to fully rough [8].

b) Hazen-Williams (1906): The Hazen-Williams formula is an empirical equation used to
estimate the head loss (or pressure loss) in a pipe. It is used in hydraulic engineering to model the
behaviour of fluid flow in pipelines, particularly in water distribution systems. The formula takes
into account the diameter of the pipe, the flow rate of the fluid, and the roughness coefficient of the
pipe material. The equation is provided with a constant coefficient equivalent of pipe roughness for
each pipe material [9].

Although many researchers object using it outside its flow rate and pipe size ranges, it remains
widely used due to its simplicity, and it is still present in all water distribution system modelling
software.

c) The Rough Model Method (RMM) (2007): The rough reference model method (RRM) is a
theoretical approach developed at the Subterranean and Surface Hydraulics Research Laboratory
(LARHYSS) of the University of Biskra, Algeria [10] which aims to solve the problems of the
flows in the pipes, these problems are: either the determination of a flow carried by a pipe of
diameter D or the evaluation of a diameter D (linear dimension) or the evaluation of Hydraulic
gradient J. The parameters considered in this approach are (volume flow Q, linear dimension D,
roughness of the pipe's inner wall [, unit gradient J, kinematic viscosity of the liquid carried [] and
a parameter of form [1=h/D=1 in the case of pressurized flow[11].

Each unknown parameter will be determined from the other parameters, namely: D =f(Q, J, [J,
1);Q =f (D, J, [J, [1); and J=f(Q, D, [, [J). The formulas derived from this method are valid for:
2300 < R <10%and 0 < &/D < 0,5, covering the entire range of commercial pipes.

The (RMM) helps hydraulic specialists to solve the three categories of problems encountered in
practice, also in the calculation of the friction factor f since the formula recommended by (Achour
et al, 2002) gives a more precise result than that obtained by the Colebrook-White formula [12],
[13].

Table 1 summarizes all the equations listed in the model for each category.

Table 1. Explicit equations to solve pipe-flow problems
Variable | Methods | Equation Equation
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For all the cases, the index i represents the element's ID (pipe or reservoir), which varies from 1 to
Additionally, the hydraulic gradients used in the flow rate and pipe sizing categories are obtained
through equations (1) and (2) for all three methods.

AH; = PH; — PH, (1)

. AH;

Ji = I (2)

1.2. Simulation model

The presented application was developed using Python as a programming language, while the
database was created in MySQL workbench 8.0, presented by the MySQL team at Oracle. This is a
Public License version 2.

The home interface is divided into two main parts, a Canvas that displays the schemas of three
reservoirs connected with a junction via three pipes. The second part contains the widgets for
inserting data and displaying results. Figure 1 represents an overall look at the main interface.
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Figure (1):The main interface of the Three Reservoirs Problem solver “TRP solver,
a)Nods and b)Pipes.

The principal features in the application interface can be described as follows:
1- Buttons:

e ¥ : Run button to launch the simulation.

o H: Add button to insert elements into the database.

< Refresh button to update any changes on elements.

« &: Delete button to erase element from the database.

o B Clear button to erase all data from the database.

2- Drop-down list:
This combo-box permits the user to select one of three methods listed in the model: Hager, Hazen-
Williams, and RMM.
3- Option buttons:
This part is to select the targeted variables to be determined.

a. Flow rate in pipes: checking this radio button launches the part of the solver that computes
the flow rates in the pipes, following the steps in Figure 2.a.

b. Piezometric head at Jct: this radio button launches the part of the solver that computes the
piezometric head (the pressure head) at the junction, following the steps in Figure 2.b.
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c. Diameters of pipes: this radio button launches the part of the solver that computes the
diameters and selects the commercial correspondent diameters, then recalculate the pressure head at
the junction that corresponds to the selected pipe diameters following the steps in Figure 2.c.

4- Pipe settings:
This option enables the user to select the pipe material to be used especially for the third case of
calculating and selecting pipe diameters. There are five types included in the database (PVC,
HDPE, Steel, Cast iron, Asbestos cement).
5- Tabs:
¢ Node: holds the entry fields characterizing the reservoirs and the junction
¢ Pipe: holds the entry fields characterizing the pipes
6- Text box: This part displays the results and suggestions based on the selected category.
The procedure of using the model can be described in the following five key steps:
o Selecting the computation method.
e Selecting the targeted variable to be identified.
e Selecting the pipe material
e Inserting the necessary data of nodes and links depending on the selected case.
e Lunching the simulation process, where the solver will follow one of three processes illustrated

in Figure 2.
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Figure (2):Flow charts of the three reservoirs problem solver;
a)-Flow rate calculation process,
b)-Pipe size calculation process,

c)- Pressure head calculation process)

The model solver is divided into three distinguished parts, each one to resolve a specific case of the
above-mentioned problems through different mechanisms like loops or direct approaches.

Firstly, the flow rate solver (Figure 2.a) gets initiated by proposing a value for the pressure head at
the junction PHj, identifying the flow direction and calculating the flow rate and Y;Qi by one of the
three proposed methods(Hager, RMM and Hazen-Williams). The sign of the flow summation },Qi
determine the loop to follow:

1) If the value is positive, PHj will be increased by 0,1, and the loop of calculating the
parameters AHi, Ji, Qi, and Qi will continue until obtaining a negative value of Y,Qi; the solver
then sets the last values of PHj that resulted one positive and one negative Qi and their
correspondent outcomes into two arrays of X and Y respectively. Scipy. The stats module permits
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to identify the slope and the intercept of the equation YQi= f (PHj) using scipy.stats.linregress
which computes the linear least squares regression for the two arrays X and Y, and the process ends
by calculating PHj which verifies the equation Y;Qi =0 and consequently identifies the final values
of flow rates.

2) If the value is negative, PHjwill be decreased by 0,1 and proceed with the loop mentioned
earlier until obtaining a positive value of Y Qi, after that the same steps will be carried out to
compute the final values of PH; and flow rates.

Next in order, the diameter solver (Figure 2.b) starts off by computing the diameters through one of
the methods and the solver selects the closest commercial diameters from a set of diameter tables
listed in the database according to the pipe material chosen by the user. Afterwards, the solver
recalculates and proposes the new pressure head at the junction via the selected commercial
diameters.

Finally, the pressure head solver computes the head loss between the three reservoirs through one
of two methods (RMM and Hazen-Williams) and defines the final pressure head at the junction by
the average of pressure heads calculated via each pipe.

2.3 Numerical application
An example selected from the literature ‘Hydrauliquegenerale’ [A.Lencastre 1996], page 161,
section 4.32 ‘cas de plusieursréservoirsreliés entre eux’ (case of multiple interconnected reservoirs)
is considered in the comparative analysis. Figure 3 represents the schema and Tables 2 and 3
summarize the data.

Figure. 3. Reservoirs network schema

Table 2.Reservoir’s piezometric heads.

Parameter Reservoir A Reservoir B Reservoir C

Pressure head (m) 60 20 08

Table 3.Pipes characteristics.

Parameter Pipe 1 Pipe 2 Pipe 3
Length (m) 600 500 1800
Diameter (mm) 300 200 400
Roughness (mm) 0.025 0.025 0.025
Hazen-Williams’s coefficient 140 140 140

1208



UtilitasMathematica
ISSN 0315-3681 Volume 120, 2023

Note that Hazen Williams’ coefficients were not presented in the original example; the values were
selected from [14] and [15] for the pipe material originally presented in the example (Asbestos
Cement).

According to the original example, the first proposed pressure head at the junction was 30 m, and
using the chart given by Lencastre (1996) the process took three iterations to consider 27 m as the
final pressure head at the junction with the following results: Q:= 0.395 m%/s, Q.= 0.061 m®/s, Qs=
0.330 m®/s and Q1-Q2-Q3=0,004 m3/s.

Without any explanation, the proposed values become: Q:1= 0.393 m?s, Q2= 0.061 m?/s, and Q3=
0.332 m%/s

2. Results and Discussion

To validate the performance of the model and highlight the variability between the different
methods integrated in the solver, the results were classified according to the considered cases.

Case 1:Flow rate computation

For all three methods, the initial proposed value of the pressure head at the junction was the one
presented in the original example. The simulation model then variates the values by increasing or
decreasing by a step of 0.1 to ensure accuracy. Figure 4 exemplifies the function ;Qi= f (PHj) of
one of the methods.

TQi= f (PHj)

0.001

0.0005

0 *
25\78 25.8 25.82 2584 25.86 25.88 25.9 25.92
5

Qi

-0.000.
-0.001
-0.0015

-0.002 PH]

Figure. 4. Representation of summation of flow
rates as a function of junction pressure head

From the chart, it can be seen that a narrow range of the two considered PHj (one for negative and

one for positive Y,Qi) would enhance the calculation of the slope and intercept, which affects the
precision by reducing the margin of error. The details are more explicit in Table 4.
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Table. 4. The imposed pressures at the junction with the resulting flows from the simulation model

For proposed PH;{=30 m

0 Qi
- Q1 Q2 Qs 3
Methods CalculatedPHj (m) 3 3 3 (m®/s)
(m*/s) | (m?/s) (m*/s) %10

RMM (Eq.07) 25.83 0.3626 | 0.0542 |0.3085 | -3
Hager (Eqg.06) 25.83 0.3628 | 0.0542 |0.3086 | -2
Hazen-Williams

(Eq.03) 26.3 0.3474 | 0.0534 |0.2941 |-5

As can be seen, the number of iterations is high (39 and 43) because the solver uses a step of 0.1,
but for Hazen-Williams (39), the number is lower than that of RMM and Hager (43 iterations). It is
also noted that the flow rates, the sum of the flow rates and the calculated pressure heads resulting
from using Hager’s relations and the RMM are the same. However, the Hazen-Williams’
relationship presented a higher calculated pressure head (26.296 m) at the junction and smaller
discharge values than those obtained by the Hager and RMM relationships. Although Y, Q for H-W
is -5.107°, but when using the pressure head obtained according to the relation of H-Win either of
the other two methods, the sum of the flow rates at the junction node becomes - 0,009 m%/s, which
is considered a high-value. This difference in the results is mainly due to the choice of coefficient
C. Figure 5 displays the results obtained for this case study using Hager’s method, where the results
mentioned in table 4 above are grouped together.
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Figure (5). Flow rate calculation results
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Case 2: Pipe size calculation

For this part, the flow rates were considered as known (from the previous case respectively) and the
diameters were computed for the calculated head losses in Table 4, then the model selects the
commercial diameters from the database according to the selected pipe material. Table 5 represents
the calculated and the corresponding commercial diameters and as shown in Figure 6.

’ Three Reservoirs’ Problem Solve X

File Edit Tools Help

O & | 4  [Referenced Rough Model Method Variable setting
Select the targeted vanable
) Flow rate in pipes
) Piezometric head at Jct
‘:' Diameters of pipes
Rsv1
Pipe settings
Pipe material Asbestos cement H
PVC
HNode Pipe |Hppe
Parameters “_'"‘
D JLasE iron
Pipe 1 =
Rsv3l X coordinate
¥ coordinates
Type junetion
detd Pipe 3 Proposed pressure head 25,826
Rav 2
Final pressure head 25.840
Pipe 2

Descnption Junction

Selacrad

Code elaborated by Kheeroubi A and Bedjaoui A- LARHYSS Laboratory 2013

Figure (6):Diameter calculation results

After the selection of pipe sizes, the simulation model recalculates and proposes a new pressure
head at the junction that corresponds to the newly selected diameters, as displayed in Table 6.

Table 5. Calculated and selected commercial diameters

Pipel Pipe2 Pipe3
Method D calculated D selected D calculated D selected D calculated D selected
RMM (Eq.20) 0.299 0.300 0.199 0.200 0.399 0.400
Hager (Eq.15) 0.296 0.300 0.182 0.200 0.391 0.400
Hazen-
Williams(Eq.09) 0.299 0.300 0.199 0.200 0.406 0.400
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As illustrated above, all three methods delivered accurate results, yet RMM was the most consistent
method compared to Hager for pipe 2 and (H-W) for pipe 3. Nonetheless, the pipe size selection
process by the model covers the slight differences where all the selected diameters are the same.

Note that the pressure head of Hager’s method in this case is calculated using RMM equations (22 -
25) since Hager did not present any equations to calculate the hydraulic gradient.

Table 6. New proposed pressure heads at the junction corresponding to selected diameters

Methods RMM Hager Hazen-Williams

Node pressure head (m) 25.84 25.84 26.84

The calculated heads at the junction using RMM are not far from the values stated in Table 4 (a
difference of 0.01m). The variation is evident between Hazen-Williams and the rest of the methods
(a difference of 1 m).

Case 3: Pressure head calculation

In this category, only RMM and Hazen-Williams are considered. Utilizing the flow rates from
Table 4 and the diameters presented in the example (Figure 7), the pressure heads obtained are
summarized in Table 7.

§ Thiee Reservoirs' Problem Salve X

File Edt Tooks Help

0 @ H 4  |referenced Rough Model Method

Pipe 1

s Pipe 3 Final pressurehead (25,831

Rsv2

Pipe 2

Code elaborated by Kheeroubi A and Bedjaoui A- LARHYSS Laboratory 2023

Figure (7): Calculated pressure head at the junction
by using the RMM equation.

Table 7. Calculated pressure head at the junction

RMM Hazen-Williams
Methods (Eq.25) (Eq.21)
Pressure head at the junction (m) 25.83 26.30
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The difference between the pressure heads obtained in this case and these in Table 4 is almost
insignificant (0.004m and 0.001m respectively).

The results indicate that the model generated different results from the original example where the
iterations were ceased at PHj = 27 m, while in the model, the value decreased to 25.827 m for
(RMM and Hager) and 26.3 m for Hazen Williams, while the value 27 m generated ¥Q = -0.02267
mq/s according to the model as highlighted in appendix A1 which displays all the pressure heads
and Y, Qi of the flows at the junction. The difference between the flows is significant (differences up
to 30 I/s and more).

The difference in outcomes between Hager and RMM is insignificant since both methods are
analytical. However, that was not the case with Hazen-Williams; the difference between H-W and
the two other methods was up to 0.5 m and at times 1m in the calculated pressure head. This
discrepancy may be due to the selected coefficient C since it was selected based on the pipe
material without considering the roughness or any other parameter; therefore, the selection of C is
crucial in this process and impacts the results significantly.

Note that many researchers have proposed alternative methods for calculating C that include some
or all of the flow parameters to avoid the uncertainty associated with the choice of Hazen-
Williams’s coefficients. One of these methods is the approach of B.Achour and L. Amara[16], ,
who introduced a diagram to evaluate C from no-dimensional number C* expressed graphically
(Fig. 8.) as a function of two no-dimensional numbers: the relative roughness and ¢/D and the
Reynolds number R.

15 ¢/D  10.04]71
R = ERlOg [3—7 + ?] (26)

After identifying C” using Figure 5, the coefficient C is estimated using equation (27).

Cr = ol @7)

g0.54D—0.01v—0.08

i 0

m 0.000001
B 0.000005
0 0.00001
0000025
it ] 0.000045
) 0.0001

; 1003
8 I U
7 0002
: 008
; i
| R Jeld

T

Figure (8):Dimensionless diagram for determining the Hazen-Williams
coefficient in a pipe-flow.
| : transition zone,
Il : rough zone.( Achour and Amara, 2020)
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3. Conclusion

The main objective of this work is to present a precise alternative solution to solve three cases of
the problems of the three reservoirs, namely the calculation of the flow conveyed by each pipe, the
evaluation of the dimensions of the pipes from the three reservoirs and the calculation of the
pressure head at the junction node. The proposed code in Python language consists of three parts, a
flow rate solver that uses a loop to ensure convergence toward the exact value of the pressure head
at the junction node while ensuring, through iterations, that ([1Qi=0) by using the Python library
scipy.stats to calculate linear regression based on the least squares method for the PHj and Y, Q
datasets. In addition, the pipe sizing solver allows us to compute and select commercial diameters
closest to the calculated ones and proposes an adequate pressure head at the junction with the
adopted diameters. Finally, the pressure head solver calculates the head losses to evaluate the head
at the junction.

The model based on the Python language uses Hager relations, RMM and Hazen-Williams relation
for each solver to solve the three problems.

The use of the proposed code to solve the example treated in the book (Hydrauliquegénérale,
French edition) where the problem studied was the determination of the flow rates in the three pipes
gave (Q1=0.3626 m?/s, Q2=0.0542 m®/s and Q3=0.3085 m?/s) which shows a significant difference
compared to the values of the flows mentioned in the book (Qi1= 0.393 m?s, Q2= 0.061 m®/s Q3=
0.332 m?s) and the differences recorded are 30 I/s, 7 I/s and 22.67 I/s, respectively for pipes 1, 2
and 3.

Likewise, the pressure head at the junction node was fixed after 3 iterations at 27 m according to
the book, while the code corrects it and proposes 25.83 m and ensures that the algebraic sum of the
flow rates at the junction node is zero.

It should be observed that the most precise results (whether for flows or diameters or the elevation
at the junction node) are obtained with the Hager and RMM relations. In contrast, the results
obtained by applying the Hazen- Williams method differ from those obtained by the two other
methods; this is due to the choice of the coefficient C =140, which is not in value equivalent to the
absolute roughness(]11=0.025 mm of the pipe.

Appendix

Appendix Al. Example of pressure heads and their correspondent summation of flows
X Y X Y X Y X Y
30 -0.07798 28.8 | -0.05623 27.6 | -0.034 26.4 | -0.01119
29.9 -0.07619 28.7 |-0.0544 275 |-0.03213 26.3 | -0.00925
29.8 -0.07439 28.6 | -0.05256 27.4 | -0.03024 26.2 | -0.00731
29.7 -0.07259 28.5 |-0.05073 27.3 | -0.02835 26.1 | -0.00528
29.6 -0.07078 28.4 | -0.04889 27.2 | -0.02647 26 -0.00342
29.5 -0.06898 28.3 | -0.04703 27.1 | -0.02458 25.9 |-0.00147
29.4 -0.06717 28.2 | -0.04518 27 -0.02267 25.8 | 0.0005
29.3 -0.06535 28.1 | -0.04333 26.9 | -0.02078
29.2 -0.06353 28 -0.04146 26.8 | -0.01887
29.1 -0.06172 27.9 |-0.03961 26.7 | -0.01695
29 -0.0599 27.8 | -0.03775 26.6 | -0.01503
28.9 -0.05806 27.7 | -0.03587 26.5 |-0.01311
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