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Abstract 
In this research paper, we present some results on the solvability of the evolutionary system constituting two 

types of hemivariational inequalities in the study of a piezoelectric frictional contact problem with specific 

subdifferential boundary conditions. Here, the modeling of quasistatic contact processes is described with 

linear electro-viscoelastic behavior in the case of antiplane shear deformation, where the foundation is 

assumed conductive.  The novelty of this modeling is the dependence of the friction force on the total slip-

rate with electrical effects, while the conductivity coefficient only depends on the total slip rate. We use a 

variational formula to express this friction model, which is a coupled system composed of two 

hemivariational inequalities, one of which is specific to the displacement field and the other is time-

dependent for the electric potential field. Then, we show that this mathematical model has a unique weak 

solution, the proof is based on results of evolutionary and history-dependent inclusions under certain 

assumptions.  

 

Keywords: Antiplane shear; evolutionary hemivariational inequality; Clarke subdifferential; electro-

viscoelastic body;total slip-rate dependent. 

 

1  Introduction 

 

This paper focuses on the generalized class of variational inequalities, using Clarke’s notion of the 

generalized gradient of a class of locally Lipschitz functionals in the study of hemivariational inequalities 

which are concerned with nondifferentiable, nonsmooth and nonconvex energy functions. Typically, 

hemivariational studies enable us to solve various mechanical problems through multivalued mathematical 

models describing the behavior of the weak solution under different conditions.  In this study, we will 

concentrate on the formulation of hemivariational inequalities for modeling contact problems in 

piezoelectric material systems characterized by the coupling between mechanical and electrical properties. 

The aim of this work is to further study the difficulties of frictional contact in the context of antiplane shear 

with electro-viscoelastic materials, using standard types of hemivariational inequalities, but with distinct 

forms because the problems under consideration have different boundary conditions, and the solvability of 

the corresponding contact problem depends on the types of subdifferential inclusions.  

Our article presents a continuation of the other researcher’s antiplane shear study in [16], [25], [8],[22], [5], 

[13]and its references. It’s devoted to the study of a new linear mathematical system describing multivalued 

forms of boundary conditions. The presence of electrical effects and the total slip rates in subdifferential 

boundary conditions, due to the conductivity of the foundation, make the novelty of this mathematical 

system. 

 

The paper’s content is structured as follows. In Section 2, we first explain the physical process of an electro-

viscoelastic cylinder in contact with a conductive foundation, then, we derive a mathematical framework 

that makes sense. In Section 3, the problem is formulated in a variational form as a linear system coupling 

two hemivariational inequalities of displacement and electric potential fileds, under a smallness assumption 
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on the data. In Sections 4, 5 and 6, we mention our most important results in solving contact problems, 

which we rely on in the next section. The proof of principal theorem 3.1 is presented in Section 7. 

 

 

Now, we recall the definition of the generalized subdifferential of locally Lipschitz function 𝜙:𝑋 ⟶ ℝ by   

𝜕𝜙(𝑥) = {𝜁 ∈ 𝑋′: 𝜙0(𝑥; 𝑣) ≥< 𝜁, 𝑣 >𝑋 ′×𝑋  ∀𝑣 ∈ 𝑋} 
where 𝜙0(𝑥; 𝑣)is the generalized directional derivative of 𝜙at 𝑥 ∈ 𝑋in the direction𝑣 ∈ 𝑋, with 𝑋 is a 

Banach space and that 𝑋′ its dual space.  For more details see [3]. 

 

2  The physical setting of antiplane shear 

For  further detailson antiplane shear deformations, we direct the reader to the references [1], [24], [25], [9]. 

We consider a sufficiently long piezoelectric cylinder B = Ω × (−∞, +∞), with generators parallel to the x3-

axes having a cross section that is a regular region Ω ⊂ ℝ2 in the x1, x2-plane, Ox1x2x3 being a Cartesian 

coordinate system. 

To describe the boundary conditions, we denote by Γ the boundary of Ω and we assume a partition of Γ into 

three open disjoint parts Γ1, Γ2 and Γ3, such that measΓ1 > 0. We assume that the cylinder is clamped on 

Γ1 × (−∞, +∞) and it’s in contact with a rigid foundation on Γ3 × (−∞, +∞). 
On the one hand, we consider a partition of Γ1 × (−∞, +∞) ∪ Γ2 × (−∞, +∞) into two open parts Γa ×
(−∞, +∞) and Γb × (−∞, +∞), such that meas  Γa > 0. 

The cylinder is subjected to time-dependent volume forces of density f0 in Ω × (−∞, +∞) and to time-

dependent surface tractions of density f2 on Γ2 × (−∞, +∞). We also assume that the electrical potential 

vanishes in Γa × (−∞, +∞), a surface electric charge of density q2 is prescribed on Γb × (−∞, +∞) and a 

free volume electric charge of density q0 is prescribed in bounded domain Ω. 

We are interested in this body’s deformation on the time interval of interest [0, T], with T > 0. Everywhere 

in this paper, the dots represent the derivatives with respect to time, i.e. u̇ =
∂u

∂t
 and the index that follows a 

comma represents the partial derivative with respect to the corresponding spatial variable, i.e. u,i =
∂u

∂xi
, i =

1,2. 

We use 𝒮3 for the linear space of second order symmetric tensors on ℝ3 or, equivalently, the space of 

symmetric matrices of order 3, and " ⋅ ", ∥⋅∥ will represent the inner products and the Euclidean norm on ℝ3 

and 𝒮3; we have:  

 𝐮 ⋅ 𝐯 = uivi ,    ∥ 𝐯 ∥= (𝐯 ⋅ 𝐯)
1

2 𝑓𝑜𝑟 𝑎𝑙𝑙𝐮 = (ui), 𝐯 = (vi) ∈ ℝ
3, 

 𝛔 ⋅ 𝛕 = σijτij, ∥ 𝛕 ∥= (𝛕 ⋅ 𝛕)
1

2 𝑓𝑜𝑟 𝑎𝑙𝑙 𝛔 = (σij), 𝛕 = (τij) ∈ 𝒮
3. 

We assume that the forces and the electric charges are given by  

 𝐟0 = (0,0, f0)     𝑤𝑖𝑡ℎf0 = f0(x1, x2, t):Ω × [0, T] → ℝ, (1) 

 𝐟2 = (0,0, f2)𝑤𝑖𝑡ℎf2 = f2(x1, x2, t):Γ2 × [0, T] → ℝ, (2) 

                                               q0 = q0(x1, x2, t):Ω × [0, T] → ℝ, (3) 

                   q2 = q2(x1, x2, t):Γb × [0, T] → ℝ. (4) 

The displacement 𝐮 and the electric potential field φ which are independent on x3 and have the form  

 𝐮 = (0,0, u)𝑤𝑖𝑡ℎ u = u(x1, x2, t):Ω × [0, T] → ℝ, (5) 

φ = φ(x1, x2, t):Ω × [0, T] → ℝ. (6) 

The forms ofthe strain tensor 𝛆(𝐮) = (εij(𝐮)) and the electric field 𝐄(φ) = (Ei(φ)) are  

 εij(𝐮) =
1

2
 (ui,j + uj,i),    Ei(φ) = −φ,i. 

The stress tensor 𝛔 = (σij) and the electric displacement field 𝐃 = (Di) are modeled by linear constitutive 

laws  

 𝛔 = 2θε(u) + ζtr(ε(u))I + 2με(u) + λ(trε(u))I − ℰ∗E(φ), (7) 

 𝐃 = ℰ𝛆(𝐮) + β𝐄(φ), (8) 

where θ and ζ are viscosity coefficients which θ > 0 and ζ ≥ 0, λ and μ are the Lamé coefficients, tr𝛆(𝐮) =
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εii(𝐮), 𝐈 is the unit tensor in ℝ3, β is the electric permittivity constant, ℰ represents the third-order 

piezoelectric tensor and ℰ∗ is its transpose. We assume that  

 ℰ𝛆 = (
e(ε13 + ε31)
e(ε23 + ε32)
eε33

)    ∀𝛆 = (εij) ∈ 𝒮
3, (9) 

where e is a piezoelectric coefficient. We also assume that the coefficients θ, μ, β and e depend on the 

spatial variables x1,x2, but are independent on the spatial variable x3. Since ℰ𝛆 ⋅ 𝐯 = 𝛆 ⋅ ℰ∗𝐯 for all 𝛆 ∈
𝒮3,𝐯 ∈ ℝ3, it follows from (9) that  

 ℰ∗𝒗 = (
0 0 𝑒𝑣1
0 0 𝑒𝑣2
𝑒𝑣1 𝑒𝑣2 𝑒𝑣3

)    ∀𝒗 = (𝑣𝑖) ∈ ℝ
3. (10) 

 

In the antiplane context (5), (6), using the constitutive equations (7), (8) and equalities (9), (10) it follows 

that the stress field and the electric displacement field are given by  

 𝝈 = (

0 0 𝜎13
0 0 𝜎23
𝜎31 𝜎32 0

) 

 

 {

𝜎13(𝑡) = 𝜎31(𝑡) = 𝜃𝑢̇,1(𝑡) + 𝜇𝑢,1(𝑡) + 𝑒𝜑,1 (𝑡),

𝜎23(𝑡) = 𝜎32(𝑡) = 𝜃𝑢̇,2(𝑡) + 𝜇𝑢,2(𝑡) + 𝑒𝜑,2 (𝑡).  (11) 

𝑫 = (
𝑒𝑢,1− 𝛽𝜑,1
𝑒𝑢,2− 𝛽𝜑,2
0

).(12) 

 

The balance equations reduce to the following scalar equations  

𝐷𝑖𝑣𝝈 + 𝒇0 = 0,     𝑑𝑖𝑣𝐷 − 𝑞0 = 0    𝑖𝑛𝐵 × (0, 𝑇), 
where 𝐷𝑖𝑣𝝈 = (𝜎𝑖𝑗,𝑗) represents the divergence of the tensor field 𝝈 and 𝜌 denotes the density of mass. 

Taking into account (11), (12), (5), (6), (1) and (3), the equilibrium equations above reduce to the following 

scalar equations  

 𝐷𝑖𝑣(𝜃𝛻𝑢̇(𝑡) + 𝜇𝛻𝑢(𝑡) + 𝑒𝛻𝜑(𝑡)) + 𝑓0(𝑡) = 0,    𝑖𝑛𝛺 × (0, 𝑇), (13) 

𝑑𝑖𝑣(𝑒𝛻𝑢(𝑡) − 𝛽𝛻𝜑(𝑡)) = 𝑞0(𝑡),                               𝑖𝑛𝛺 × (0, 𝑇). (14) 

During the process the cylinder is clamped on 𝛤1 × (−∞, +∞) × (0, 𝑇) and the electric potential vanishes on 

𝛤𝑎 × (−∞, +∞) × (0, 𝑇); thus, (5) and (6) imply that  

𝑢 = 0    𝑜𝑛𝛤1 × (0, 𝑇), (15) 

𝜑 = 0    𝑜𝑛𝛤𝑎 × (0, 𝑇). (16) 

The Cauchy stress vector and the normal component of the electric displacement field are given by  

 𝝈(𝑡) = (0,0, 𝜃𝜕𝜈𝑢̇(𝑡) + 𝜇𝜕𝜈𝑢(𝑡) + 𝑒𝜕𝜈𝜑(𝑡)),     𝑫 ⋅ 𝝂(𝑡) = 𝑒𝜕𝜈𝑢(𝑡) − 𝛽𝜕𝜈𝜑(𝑡) (17) 

where 𝝂 denote the unit normal on 𝛤 × (−∞, +∞) defined by  

 𝝂 = (𝜈1, 𝜈2, 0)    𝑤𝑖𝑡ℎ𝜈𝑖 = 𝜈𝑖(𝑥1, 𝑥2): 𝛤 → ℝ,    𝑖 = 1,2. (18) 

Taking into account (2), (4) and (17), the traction condition on 𝛤2 and the electric conditions on 𝛤𝑏 are given 

by 

𝜃𝜕𝜈𝑢̇(𝑡) + 𝜇𝜕𝜈𝑢(𝑡) + 𝑒𝜕𝜈𝜑(𝑡) = 𝑓2(𝑡)𝑜𝑛𝛤2 × (0, 𝑇), (19) 

 𝑒𝜕𝜈𝑢(𝑡) − 𝛽𝜕𝜈𝜑(𝑡) = 𝑞2(𝑡)𝑜𝑛𝛤𝑏 × (0, 𝑇). (20) 

The boundary conditions on 𝛤3 × (−∞, +∞) × (0, 𝑇) are  

 𝒖𝜏(𝑡) = (0,0, 𝑢(𝑡)),    𝝈𝜏(𝑡) = (0,0, 𝜇𝜕𝜈𝑢(𝑡) + 𝜃𝜕𝜈𝑢̇(𝑡) + 𝑒𝜕𝜈𝜑(𝑡)). (21) 

We assume that the foundation is conductive. The friction and electric contact subdifferential boundary 

conditions are represented by the expression  
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 −(𝜇𝜕𝜈𝑢(𝑡) + 𝜃𝜕𝜈𝑢̇(𝑡) + 𝑒𝜕𝜈𝜑(𝑡)) ∈ ℎ(𝑆𝑡(𝑢̇), 𝜑(𝑡) − 𝜑𝐹)𝜕𝑗(𝑢̇(𝑡)) (22) 

 𝑒𝜕𝜈𝑢(𝑡) − 𝛽𝜕𝜈𝜑(𝑡) ∈ ℎ𝑒(𝑆𝑡(𝑢̇))𝜕𝑗𝑒(𝜑(𝑡) − 𝜑𝐹) (23) 

where 𝑆𝑡(𝑢̇) = ∫
0

𝑡

|𝑢̇(𝑠)|𝑑𝑠, for all 𝑡 ∈ [0, 𝑇], represents the total slip rate, 𝜑𝐹 represents the electric 

potential 

of the foundation assumed to be given and the electric charges on the contact surface are proportional to the 

difference of potential(𝜑 − 𝜑𝐹) with a total slip rate dependent proportionality coefficient. Here and below 

𝑗, 𝑗𝑒 , ℎ and ℎ𝑒 are prescribed functions which may depend on 𝑥1 and 𝑥2 but do not depend on 𝑥3,𝜕𝑗 and 𝜕𝑗𝑒 

denote the Clarke subdifferentials of the functions 𝑗 and 𝑗𝑒 respectively. 

Finally, we prescribe the initial displacement by  

 𝑢(0) = 𝑢0𝑖𝑛𝛺, (24) 

where 𝑢0 is given function in 𝛺. 

 

Problem𝒫: Find the displacement field 𝑢: 𝛺 × [0, 𝑇] → ℝ and the potential electric field 𝜑:𝛺 × [0, 𝑇] → ℝ 

such that  

 

{
 
 
 
 

 
 
 
 
𝑑𝑖𝑣  (𝜃𝛻𝑢̇(𝑡) + 𝜇𝛻𝑢(𝑡) + 𝑒𝛻𝜑(𝑡)) + 𝑓0(𝑡) = 0 𝑖𝑛𝛺
𝑑𝑖𝑣  (𝑒𝛻𝑢(𝑡) + 𝛽𝛻𝜑(𝑡)) = 𝑞0(𝑡) 𝑖𝑛𝛺
𝑢(𝑡) = 0 𝑜𝑛𝛤1
𝜑(𝑡) = 0 𝑜𝑛𝛤𝑎
𝜃𝜕𝜈𝑢̇(𝑡) + 𝜇𝜕𝜈𝑢(𝑡) + 𝑒𝜕𝜈𝜑(𝑡) = 𝑓2(𝑡) 𝑖𝑛𝛤2
𝑒𝜕𝜈𝑢(𝑡) − 𝛽𝜕𝜈𝜑(𝑡) = 𝑞2(𝑡) 𝑖𝑛𝛤𝑏
−(𝜃𝜕𝜈𝑢̇(𝑡) + 𝜇𝜕𝜈𝑢(𝑡) + 𝑒𝜕𝜈𝜑(𝑡)) ∈ ℎ(𝑆𝑢̇(𝑡), 𝜑(𝑡) − 𝜑𝐹)𝜕𝑗(𝑢̇(𝑡))

𝑒𝜕𝜈𝑢(𝑡) − 𝛽𝜕𝜈𝜑(𝑡) ∈ ℎ𝑒(𝑆𝑢̇(𝑡))𝜕𝑗𝑒(𝜑(𝑡) − 𝜑𝐹)
} 𝑜𝑛𝛤3

𝑢(0) = 𝑢0 𝑖𝑛𝛺

 (25) 

for all 𝑡 ∈ [0, 𝑇]. 
We introduce the function spaces to derive a variational formulation to this problem  

 𝑉 = {𝑣 ∈ 𝐻1(𝛺): 𝑣 = 0   𝑜𝑛𝛤1},    𝑊 = { 𝜓 ∈ 𝐻1(𝛺):𝜓 = 0   𝑜𝑛𝛤𝑎} 
where, here and below, we write 𝑤 for the trace 𝛾𝑤 of a function 𝑤 ∈ 𝐻1(𝛺) on 𝛤. Since 𝑚𝑒𝑎𝑠𝛤1 > 0 and 

𝑚𝑒𝑎𝑠𝛤𝑎 > 0, it is well known that 𝑉 and 𝑊 are real Hilbert spaces with the inner products  

 (𝑢, 𝑣)𝑉 = ∫𝛺 𝛻𝑢 ⋅ 𝛻𝑣𝑑𝑥    ∀𝑢, 𝑣 ∈ 𝑉,    (𝜑, 𝜓)𝑊 = ∫
𝛺
𝛻𝜑 ⋅ 𝛻𝜓𝑑𝑥    ∀𝜑, 𝜓 ∈ 𝑊. 

Moreover, the associated norms  

 ∥ 𝑣 ∥𝑉=∥ 𝛻𝑣 ∥𝐿2(𝛺;ℝ2)     ∀𝑣 ∈ 𝑉,    ∥ 𝜓 ∥𝑊=∥ 𝛻𝜓 ∥𝐿2(𝛺;ℝ2)     ∀𝜓 ∈ 𝑊. (26) 

are equivalent on 𝑉 and 𝑊, respectively, with the usual norm ∥⋅∥𝐻1(𝛺). By Sobolev’s trace theorem we 

deduce that there exist two positive constants 𝑐𝑉 > 0 and 𝑐𝑊 > 0 such that  

 ∥ v ∥L2(Γ3)≤ cV ∥ v ∥V     ∀𝑣 ∈ 𝑉,    ∥ 𝜓 ∥𝐿2(𝛤3)≤ 𝑐𝑊 ∥ 𝜓 ∥𝑊     ∀𝜓 ∈ 𝑊.  (27) 

 

In the study of problem 𝒫 we assume that the viscosity, the Lamé, the electric permittivity and the 

piezoelectric coefficients satisfy  

𝑯(𝑐): 

{
  
 

  
 
𝑎)𝜃 ∈ 𝐿∞(𝛺) 𝑎𝑛𝑑  𝑡ℎ𝑒𝑟𝑒  𝑒𝑥𝑖𝑠𝑡𝑠   𝜃∗ > 0   𝑠𝑢𝑐ℎ  𝑡ℎ𝑎𝑡   𝜃(𝒙) ≥ 𝜃∗

     𝑎. 𝑒.   𝒙 ∈ 𝛺.
𝑏)𝜇 ∈ 𝐿∞(𝛺).

𝑐)𝛽 ∈ 𝐿∞(𝛺) 𝑎𝑛𝑑  𝑡ℎ𝑒𝑟𝑒  𝑒𝑥𝑖𝑠𝑡𝑠   𝛽∗ > 0   𝑠𝑢𝑐ℎ  𝑡ℎ𝑎𝑡   𝛽(𝒙) ≥ 𝛽∗

    𝑎. 𝑒.   𝒙 ∈ 𝛺.
𝑑)𝑒 ∈ 𝐿∞(𝛺).

 

The forces and surface free charge densities have the regularity   

𝑯(𝑓):  𝑓0 ∈ 𝑊
1,2(0, 𝑇, 𝐿2(𝛺)),     𝑓2 ∈ 𝑊

1,2(0, 𝑇, 𝐿2(𝛤2)). 
𝑯(𝑞):  𝑞0 ∈ 𝑊

1,2(0, 𝑇, 𝐿2(𝛺)),    𝑞2 ∈ 𝑊
1,2(0, 𝑇, 𝐿2(𝛤𝑏)). 

The functions ℎ𝑒 , 𝑗𝑒, ℎ and 𝑗 satisfy   
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𝑯(ℎ𝑒):

{
  
 

  
 
ℎe: 𝛤3 × ℝ⟶ ℝ;

(𝑎)∃𝐿ℎ𝑒 ≥ 0     𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡     |ℎ𝑒(𝑥, 𝑟1) − ℎ𝑒(𝑥, 𝑟2)| ≤ 𝐿ℎ𝑒|𝑟1 − 𝑟2|,

        ∀𝑟1, 𝑟2 ∈ ℝ     𝑎. 𝑒.     𝑥 ∈ 𝛤3;

(𝑏)∀𝑟 ∈ ℝ, 𝑘(. , 𝑟)  𝑖𝑠𝐿𝑒𝑏𝑒𝑠𝑔𝑢𝑒𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒𝑜𝑛𝛤3, ℎ𝑒(. ,0) ∈ 𝐿
1(𝛤3).

(𝑐)0 ≤ ℎ𝑒(𝑥, 𝑟) ≤ ℎ𝑒 , ∀𝑟 ∈ ℝ     𝑎. 𝑒.     𝑥 ∈ 𝛤3,   𝑤𝑖𝑡ℎℎ𝑒 > 0.

 

𝑯(𝑗𝑒):

{
 
 
 
 

 
 
 
 
𝑗𝑒: 𝛤3 × ℝ → ℝ  𝑎𝑛𝑑 ,

(𝑎)∀𝑟 ∈ ℝ, 𝑗𝑒(. , 𝑟)   𝑖𝑠𝐿𝑒𝑏𝑒𝑠𝑔𝑢𝑒𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒𝑜𝑛𝛤3, 𝑗𝑒(. ,0) ∈ 𝐿
1(𝛤3)

(𝑏)𝑗𝑒(𝑥, . )   𝑖𝑠𝑙𝑜𝑐𝑎𝑙𝑙𝑦𝐿𝑖𝑝𝑠𝑐ℎ𝑖𝑡𝑧𝑓𝑜𝑟𝑎. 𝑒. 𝑥 ∈ 𝛤3, 𝑤𝑖𝑡ℎ𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝐿𝑗𝑒 > 0.

(𝑐)|𝜕𝑗𝑒(𝑥, 𝑟)| ≤ 𝑐0𝑒 + 𝑐1𝑒|𝑟|   𝑓𝑜𝑟𝑎𝑙𝑙𝑟 ∈ ℝ  𝑓𝑜𝑟𝑎. 𝑒. 𝑥 ∈ 𝛤3, 𝑐0𝑒 , 𝑐1𝑒 ≥ 0

(𝑑)𝑗𝑒
0(𝑥, 𝑟; −𝑟) ≤ 𝑑𝑒(1 + |𝑟|) 𝑓𝑜𝑟𝑎𝑙𝑙𝑟 ∈ ℝ  𝑓𝑜𝑟𝑎. 𝑒. 𝑥 ∈ 𝛤3𝑤𝑖𝑡ℎ𝑑𝑒 ≥ 0

(𝑒)   𝑒𝑖𝑡ℎ𝑒𝑟𝑗𝑒(𝑥, . )  𝑜𝑟  − 𝑗𝑒(𝑥, . )   𝑖𝑠𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑓𝑜𝑟𝑎. 𝑒. 𝑥 ∈ 𝛤3
(𝑓)(𝑝1 − 𝑝2)(𝑟1 − 𝑟2) ≥ −𝑚𝑒|𝑟1 − 𝑟2|

2𝑓𝑜𝑟𝑎𝑙𝑙𝑝𝑖 ∈ 𝜕𝑗𝑒(𝑥, 𝑟𝑖), 𝑟𝑖 ∈ ℝ,

𝑖 = 1,2,   𝑎. 𝑒.  𝑥 ∈ 𝛤3𝑤𝑖𝑡ℎ𝑚𝑒 ≥ 0.

 

𝑯(ℎ):

{
 
 

 
 
ℎ: 𝐿2(𝛤3) × ℝ × ℝ → ℝ  𝑎𝑛𝑑 ,

(𝑎)ℎ(. , 𝑟1, 𝑟2) 𝑖𝑠𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒𝑓𝑜𝑟𝛤3𝑓𝑜𝑟𝑎𝑙𝑙𝑟1, 𝑟2 ∈ ℝ

(𝑏)ℎ(𝑥, . , . )   𝑖𝑠𝑙𝑜𝑐𝑎𝑙𝑙𝑦𝐿𝑖𝑝𝑠𝑐ℎ𝑖𝑡𝑧𝑜𝑛   ℝ × ℝ   𝑓𝑜𝑟𝑎. 𝑒. 𝑥 ∈ 𝛤3,

𝑤𝑖𝑡ℎ𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝐿ℎ > 0.

(𝑐)0 ≤ ℎ(𝑥, 𝑟1, 𝑟2) ≤ ℎ𝑓𝑜𝑟𝑎l𝑙𝑟1, 𝑟2 ∈ ℝ, 𝑎. 𝑒.   𝑥 ∈ 𝛤3𝑤𝑖𝑡ℎℎ > 0.

 

𝑯(𝑗):

{
 
 
 
 

 
 
 
 
𝑗: 𝛤3 ×ℝ → ℝ  𝑎𝑛𝑑 ,

(𝑎)∀𝑟 ∈ ℝ, 𝑗(. , 𝑟)   𝑖𝑠𝐿𝑒𝑏𝑒𝑠𝑔𝑢𝑒𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒𝑜𝑛𝛤3𝑎𝑛𝑑𝑗(. ,0) ∈ 𝐿
1(𝛤3)

(𝑏)𝑗(𝑥, . )   𝑖𝑠𝑙𝑜𝑐𝑎𝑙𝑙𝑦𝐿𝑖𝑝𝑠𝑐ℎ𝑖𝑡𝑧𝑓𝑜𝑟𝑎. 𝑒. 𝑥 ∈ 𝛤3, 𝑤𝑖𝑡ℎ𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝐿𝑗 > 0.

(𝑐)|𝜕𝑗(𝑥, 𝑟)| ≤ 𝑐0 + 𝑐1|𝑟|   𝑓𝑜𝑟𝑎𝑙𝑙𝑟 ∈ ℝ  𝑓𝑜𝑟𝑎. 𝑒. 𝑥 ∈ 𝛤3, 𝑐0, 𝑐1 ≥ 0

(𝑑)𝑗0(𝑥, 𝑟; −𝑟) ≤ 𝑑(1 + |𝑟|) 𝑓𝑜𝑟𝑎𝑙𝑙𝑟 ∈ ℝ  𝑓𝑜𝑟𝑎. 𝑒. 𝑥 ∈ 𝛤3𝑤𝑖𝑡ℎ𝑑 ≥ 0

(𝑒)   𝑒𝑖𝑡ℎ𝑒𝑟𝑗(𝑥, . )  𝑜𝑟  − 𝑗(𝑥, . )   𝑖𝑠𝑟𝑒𝑔𝑢𝑙𝑎𝑟𝑓𝑜𝑟𝑎. 𝑒. 𝑥 ∈ 𝛤3
(𝑓)(𝑝1 − 𝑝2)(𝑟1 − 𝑟2) ≥ −𝑚|𝑟1 − 𝑟2|

2𝑓𝑜𝑟𝑎𝑙𝑙𝑝𝑖 ∈ 𝜕𝑗(𝑥, 𝑟𝑖), 𝑟𝑖 ∈ ℝ,

𝑖 = 1,2, 𝑎. 𝑒.  𝑥 ∈ 𝛤3𝑤𝑖𝑡ℎ𝑚 ≥ 0.

 

The initial data and the electric potential of the foundation are given by  

𝑯(0):   𝑢0 ∈ 𝑉. 

𝑯(𝜑𝐹) :  𝜑𝐹 ∈ 𝐿
2(𝛤3). 

 

Next, we define the bilinear forms 𝑎𝜃: 𝑉 × 𝑉 → ℝ,𝑎𝜇: 𝑉 × 𝑉 → ℝ,𝑎𝑒: 𝑉 ×𝑊 → ℝ,𝑎𝑒
∗ : 𝑊 × 𝑉 → ℝ, and 

𝑎𝛽:𝑊 ×𝑊 → ℝ, by equalities  

 𝑎𝜃(𝑢, 𝑣) = ∫𝛺 𝜃𝛻𝑢 ⋅ 𝛻𝑣𝑑𝑥, (28) 

 𝑎𝜇(𝑢, 𝑣) = ∫𝛺 𝜇𝛻𝑢 ⋅ 𝛻𝑣𝑑𝑥, (29) 

 𝑎𝑒(𝑢, 𝜑) = ∫
𝛺
𝑒𝛻𝑢 ⋅ 𝛻𝜑𝑑𝑥 = 𝑎𝑒

∗(𝜑, 𝑢), (30) 

 𝑎𝛽(𝜑, 𝜓) = ∫
𝛺
𝛽𝛻𝜑 ⋅ 𝛻𝜓𝑑𝑥, (31) 

for all 𝑢, 𝑣 ∈ 𝑉 and 𝜑,𝜓 ∈ 𝑊. 

Assumptions H(𝑐) imply that the integrals above are well defined and, using (26) and (27), it follows that 

the symmetrical forms 𝑎𝜃, 𝑎𝜇, 𝑎𝑒, 𝑎𝑒
∗  and 𝑎𝛽 are continuous; moreover, the forms𝑎𝜃and 𝑎𝛽are𝑉-elliptic and 

𝑊-elliptic, respectively, such that  

𝑎𝜃(𝑣, 𝑣)  ≥ 𝜃∗ ∥ 𝑣 ∥𝑉
2      ∀𝑣 ∈ 𝑉, (32) 

 𝑎𝛽(𝜓, 𝜓) ≥ 𝛽∗ ∥ 𝜓 ∥𝑊
2    ∀𝜓 ∈ 𝑊. (33) 

By assumptions H(𝑓) and H(𝑞), We can define the mappings 𝑓: [0, 𝑇] → 𝑉′ and 𝑞: [0, 𝑇] → 𝑊′ respectively, 
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by  

 (𝑓(𝑡), 𝑣)𝑉′×𝑉 = ∫
𝛺
𝑓0(𝑡)𝑣𝑑𝑥 + ∫𝛤2

𝑓2(𝑡)𝑣𝑑𝑎, (34) 

 (𝑞(𝑡), 𝜓)𝑊′×𝑊 = ∫
𝛺
𝑞0(𝑡)𝜓𝑑𝑥 − ∫𝛤𝑏

𝑞2(𝑡)𝜓𝑑𝑎, (35) 

 for all 𝑣 ∈ 𝑉, 𝜓 ∈ 𝑊, a.e. 𝑡 ∈ (0, 𝑇), also, 𝑉′ and 𝑊′ denote the dual space of 𝑉 and 𝑊 respectively. 

(. , . )𝑋′×𝑋 represents the duality paring of space 𝑋. 

The assumptions H(𝑓) and H(𝑞) combined with the trace theorem implies that 𝑓 and 𝑞 have the regularity  

 𝑓 ∈ 𝑊1,2(0, 𝑇; 𝑉′), (36) 

 𝑞 ∈ 𝑊1,2(0, 𝑇;𝑊′). (37) 

For every 𝑡 ∈ [0, 𝑇] we need to consider the operator 𝑆 defined by  

 𝑆𝑡: 𝐿
2(0, 𝑇; 𝑉) → 𝐿2(0, 𝑇; 𝐿2(𝛤3)), 

 𝑆𝑡(𝑣)(𝑥) = ∫
0

𝑡

|𝛾𝑣(𝑠)(𝑥)|𝑑𝑠𝑎. 𝑒.       𝑥 ∈ 𝛺 ∪ 𝛤3. (38) 

From (38), it follows that the for all 𝑣1, 𝑣2 ∈ 𝐿
2(0, 𝑇; 𝑉) and 𝑡 ∈ [0, 𝑇], the following inequality holds  

 ∥ 𝑆𝑡(𝑣1) − 𝑆𝑡(𝑣2) ∥𝐿2(𝛤3)≤ √𝑡 ∥ 𝛾 ∥∥ 𝑣1 − 𝑣2 ∥𝐿2(0,𝑡;𝑉). (39) 

 

3  Variational formulation  

We turn now to the variational formulation of the contact problem 𝒫. Let 𝑣 ∈ 𝑉, we use standard arguments 

based on the equilibrium equation (13), the boundary conditions (15),(16), the forms (28)–(31) and use the 

Green formula to find that  

 𝑎𝜃(𝑢̇(𝑡), 𝑣) + 𝑎𝜇(𝑢(𝑡), 𝑣) + 𝑎𝑒
∗(𝜑(𝑡), 𝑣) = ∫

𝛺
𝑓0(𝑡)𝑣𝑑𝑥 + 

 ∫
𝛤2

𝑓2(𝑡)𝑣𝑑𝑎 + ∫
𝛤3

(𝜃𝜕𝜈𝑢̇(𝑡) + 𝜇𝜕𝜈𝑢(𝑡) + 𝑒𝜕𝜈𝜑(𝑡)) 𝑣𝑑𝑎. (40) 

The subdifferential inclusions (22) we give  

 −(𝜃𝜕𝜈𝑢̇(𝑡) + 𝜇𝜕𝜈𝑢(𝑡) + 𝑒𝜕𝜈𝜑(𝑡))𝑣 ≤ ℎ(𝑆𝑡(𝑢̇), 𝜑(𝑡) − 𝜑𝐹)𝑗
0(𝑢̇(𝑡); 𝑣) 

which implies  

 ∫
𝛤3

(𝜃𝜕𝜈𝑢̇(𝑡) + 𝜇𝜕𝜈𝑢(𝑡) + 𝑒𝜕𝜈φ(𝑡))𝑣𝑑𝑎 ≥ −∫
𝛤3

ℎ(𝑆𝑡(𝑢̇), 𝜑(𝑡) − 𝜑𝐹) 𝑗
0(𝑢̇(𝑡); 𝑣)𝑑𝑎. (41) 

Using the inequality (41) with the defintion of the element 𝑓 ∈ 𝑉′ given by (34) to see that the previous 

inequality (40) becomes 

 𝑎𝜃(𝑢̇(𝑡), 𝑣) + 𝑎𝜇(𝑢(𝑡), 𝑣) + 𝑎𝑒
∗(𝜑(𝑡), 𝑣) 

 +∫
𝛤3

ℎ(𝑆𝑡(𝑢̇), 𝜑(𝑡) − 𝜑𝐹) 𝑗
0(𝑢̇(𝑡); 𝑣)𝑑𝑎 ≥ (𝑓(𝑡), 𝑣)𝑉′×𝑉 . (42) 

Similarly, for every 𝜓 ∈ 𝑊, from (14),(16),(20), (23), (35) and Green formula, we deduce that  

 𝑎𝛽(𝜑(𝑡), 𝜓) − 𝑎𝑒(𝑢(𝑡), 𝜓) + ∫
𝛤3

ℎ𝑒(𝑆𝑡(𝑢̇))𝑗𝑒
0(𝜑(𝑡) − 𝜑𝐹; 𝜓)  𝑑𝑎 ≥ (𝑞(𝑡), 𝜓)𝑊′×𝑊 (43) 

 

We have the following variational formula of Problem 𝒫. 

Problem𝒫𝒱: Find the displacement 𝑢: [0, 𝑇] → 𝑉 and the electric potential 𝜑: [0, 𝑇] → 𝑊 such that  

𝑎𝜃(𝑢̇(𝑡), 𝑣) + 𝑎𝜇(𝑢(𝑡), 𝑣) + 𝑎𝑒
∗(𝜑(𝑡), 𝑣)  + ∫

𝛤3

ℎ(𝑆𝑡(𝑢̇), 𝜑(𝑡) − 𝜑𝐹)𝑗
0(𝑢̇(𝑡); 𝑣)𝑑𝑎

                       ≥ (𝑓(𝑡), 𝑣)𝑉′×𝑉 ,   ∀𝑣 ∈ 𝑉,   𝑎. 𝑒.   𝑡 ∈ (0, 𝑇),
(44) 

 
𝑎𝛽(𝜑(𝑡), 𝜓) − 𝑎𝑒(𝑢(𝑡), 𝜓) + ∫

𝛤3

ℎ𝑒(𝑆𝑡(𝑢̇))𝑗𝑒
0(𝜑(𝑡) − 𝜑𝐹; 𝜓) 𝑑𝑎

                      ≥ (𝑞(𝑡), 𝜓)𝑊′×𝑊, ∀𝜓 ∈ 𝑊, 𝑎. 𝑒.   𝑡 ∈ (0, 𝑇).
 (45) 

 𝑢(0) = 𝑢0. (46) 

Problem 𝒫𝒱 represents a system of hemivariational inequalities. One of the main features of this system 

arises in the strong coupling between the unknowns 𝑢 and 𝜑. Our main results in the study of problem 𝒫 are 

presented in Theorem 4.1 and Proposition5.1 .  
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Theorem 3.1  Assume that H(c), H(f), H(q), H(j),H(𝑗𝑒),H(h), H(ℎ𝑒), H(𝜑𝐹), H(0), (36), (37) hold and, 

moreover, assume that  

𝜃∗ > 𝑚ℎ ∥ 𝛾 ∥2. (47) 

 𝛽∗ > 𝑚𝑒ℎ𝑒 ∥ 𝛾 ∥
2. (48) 

 𝑚𝑖𝑛{𝜃∗, 𝛽∗} > 𝑚𝑎𝑥{𝑚ℎ,𝑚𝑒ℎ𝑒} ∥ 𝛾 ∥
2+ 𝐿ℎ𝑐̃2 ∥ 𝛾 ∥

2, 𝑤𝑖𝑡ℎ𝑐̃2 > 0. (49) 

Then, there exists a unique solution of problem 𝒫𝒱 which satisfies  

 (𝑢, 𝜑) ∈ 𝑊1,2(0, 𝑇; 𝑉 ×𝑊). (50) 

 

The proof of Theorem 3.1 will be carried out in several steps. 

 

4  Main results  

Here and bellow 𝑐 represents a changingconstant.  

We consider the space 𝑍 = 𝐻1/2(𝛺;ℝ2), the trace operator 𝛾: 𝑍 → 𝐿2(𝛤;ℝ2) and we denote by ∥ 𝛾 ∥=∥
𝛾 ∥ℒ(𝑍;(𝐿2(𝛤);ℝ2)) and we put 𝒵 = 𝐿2(0, 𝑇; 𝑍) with 𝒵′ = 𝐿2(0, 𝑇; 𝑍′) the dual of 𝒵. 

 

We put the product space 𝑌 = 𝑉 ×𝑊 ⊂ 𝐻1(𝛺;ℝ2), which is a Hilbert space endowed with the inner 

product  

 (𝑦, 𝑧)𝑌 = (𝑤, 𝑣)𝑉 + (𝜑, 𝜓)𝑊𝑓𝑜𝑟𝑎𝑙𝑙𝑦 = (𝑤, 𝜑) ∈ 𝑌, 𝑧 = (𝑣, 𝜓) ∈ 𝑌 

and the associated norm ∥. ∥𝑌 

 ∥ 𝑧 ∥𝑌
2= ∥ 𝑣 ∥𝑉

2 +∥ 𝜓 ∥𝑊
2 𝑓𝑜𝑟𝑎𝑙𝑙𝑧 = (𝑣, 𝜓) ∈ 𝑌. 

Combine the two inequality (44) and (45), to find  

 𝑎𝜃(𝑢̇(𝑡), 𝑣) + 𝑎𝜇(𝑢(𝑡), 𝑣) + 𝑎𝑒
∗(𝜑(𝑡), 𝑣) + ∫

𝛤3

ℎ(𝑆𝑡(𝑢̇), 𝜑(𝑡) − 𝜑𝐹) 𝑗
0(𝑢̇(𝑡); 𝑣)𝑑𝑎 

+𝑎𝛽(𝜑(𝑡), 𝜓) − 𝑎𝑒(𝑢(𝑡), 𝜓) + ∫

𝛤3

ℎ𝑒(𝑆𝑡(𝑢̇))𝑗𝑒
0(𝜑(𝑡) − 𝜑𝐹; 𝜓)  𝑑𝑎 

 ≥ (𝑓(t), 𝑣)𝑉′×𝑉 + (𝑞(𝑡), 𝜓)𝑊′×𝑊, ∀(𝑣, 𝜓) ∈ 𝑌, 𝑎. 𝑒.   𝑡 ∈ (0, 𝑇). (51) 

We define also the functional 𝐽𝑡: 𝛴3 × ℝ× ℝ → ℝ 

𝐽𝑡(𝑥, 𝑟1, 𝑟2) = ∫
𝛤3

ℎ(𝑆𝑡(𝑟1), 𝑟2 − 𝜑𝐹) 𝑗(𝑟1)𝑑𝑎 + ∫
𝛤3

ℎ𝑒(𝑆𝑡(𝑟1))𝑗𝑒(𝑟2 − 𝜑𝐹) 𝑑𝑎,  (52) 

for all 𝑟1, 𝑟2 ∈ ℝ, such that 𝛴3 = 𝛤3 × (0, 𝑇). 
Under assumptions H(j),H(𝑗𝑒),H(h), H(ℎ𝑒) and H(𝜑𝐹), the functional defined by (52) satisfies  

𝐽𝑡
0(𝑥, 𝑟1, 𝑟2; 𝑧̃) = ∫

𝛤3

ℎ(𝑆𝑡(𝑟1), 𝑟2 − 𝜑𝐹) 𝑗
0(𝑟1; 𝑣̃)𝑑𝑎 + ∫

𝛤3

ℎ𝑒(𝑆𝑡(𝑟1))𝑗𝑒
0(𝑟2 − 𝜑𝐹; 𝜓̃) 𝑑𝑎 (53) 

for all 𝑟1, 𝑟2 ∈ ℝ and 𝑧̃ = (𝑣̃, 𝜓̃) ∈ 𝑌. 

The inequality (51) becomes  

𝑎𝜃(𝑢̇(𝑡), 𝑣) + 𝑎𝜇(𝑢(𝑡), 𝑣) + 𝑎𝑒
∗(𝜑(𝑡), 𝑣) + 𝑎𝛽(𝜑(𝑡), 𝜓) − 𝑎𝑒(𝑢(𝑡), 𝜓) 

+𝐽𝑡
0(𝑥, 𝑢̇, 𝜑; 𝑧) ≥ (𝑓(𝑡), 𝑣)𝑉′×𝑉 + (𝑞(𝑡), 𝜓)𝑊′×𝑊, ∀𝑧 = (𝑣, 𝜓) ∈ 𝑌, 𝑎. 𝑒.   𝑡 ∈ (0, 𝑇) (54) 

On the other hand, we defined  

 ((𝑓(𝑡), 𝑞(𝑡)), 𝑧)𝑌′×𝑌 = (𝑓(𝑡), 𝑣)𝑉′×𝑉 + (𝑞(𝑡), 𝜓)𝑊′×𝑊, ∀𝑧 = (𝑣, 𝜓) ∈ 𝑌, 𝑎. 𝑒.   𝑡 ∈ (0, 𝑇).
 (55) 

where (𝑓, 𝑞) ∈ 𝑊1,2(0, 𝑇; 𝑌′) is given by (36) and (37) such that 𝑌′ = 𝑉′ ×𝑊′ the dual space of 𝑌. 

Now, we introduce the operator 𝐴: 𝑌 → 𝑌′ defined by  

        (𝐴𝑦(𝑡), 𝑧)𝑌′×𝑌 = 𝑎𝜃(𝑤(𝑡), 𝑣) + 𝑎𝛽(𝜑(𝑡), 𝜓),    ∀𝑧 ∈ 𝑌 (56) 

such that 𝑦(𝑡) = (𝑤(𝑡), 𝜑(𝑡)) ∈ 𝑌, a.e. 𝑡 ∈ (0, 𝑇). 
Consider the functions ℎ𝑖 , 𝑗𝑖: 𝛴3 × ℝ

2 → ℝ for i = 1,2 given by  

 

ℎ1(𝑥, 𝑟1, 𝑟2) = ℎ(𝑥, 𝑆𝑡(𝑟1), 𝑟2 − 𝜑𝐹(𝑥)).
ℎ2(𝑥, 𝑟1, 𝑟2) = ℎ𝑒(𝑥, 𝑆𝑡(𝑟1)).
𝑗1(𝑥, 𝑟1, 𝑟2) = 𝑗(𝑥, 𝑟1).
𝑗2(𝑥, 𝑟1, 𝑟2) = 𝑗𝑒(𝑥, 𝑟2 −𝜑𝐹(𝑥)).
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for all (𝑟1, 𝑟2) ∈ ℝ
2 and a.e. 𝑥 = (𝑥1, 𝑥2, 𝑡) ∈ 𝛴3. 

 

Under the notation above, we associate the following hemivariational inequality:  

𝐹𝑖𝑛𝑑𝑦(𝑡) = (𝑤(𝑡), 𝜑(𝑡)) ∈ 𝑌𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡

(𝐴𝑦(𝑡), 𝑧)𝑌′×𝑌 + ∫
𝛤3

∑
𝑖=1

2

ℎ𝑖(𝛾𝑦(𝑡))  𝑗𝑖
0(𝛾𝑦(𝑡); 𝛾𝑧)  𝑑𝑎 ≥ ((𝑓(𝑡), 𝑞(𝑡)), 𝑧)𝑌′×𝑌

𝑓𝑜𝑟𝑎𝑙𝑙𝑧 ∈ 𝑌,   𝑎. 𝑒. 𝑡 ∈ (0, 𝑇)
}
 
 

 
 

 (57) 

 

Theorem 4.1  Assume that H(c)(a,c), H(f),H(q), H(j),H(𝑗𝑒),H(h), H(ℎ𝑒), H(𝜑𝐹), H(0), (36) and (37) hold. 

Then problem (57) has at least one solution.  

 

Proof.   

(i)  Under hypotheses H(c)(𝑎, 𝑐), the operator 𝐴 is pseudomonotone. Indeed, by H(c)(𝑎, 𝑐) and the continuity 

of forms 𝑎𝜃, 𝑎𝛽, we have  

 |(𝐴𝑦(𝑡), 𝑧)𝑌′×𝑌| ≤ 𝑐{∥ 𝑤(𝑡) ∥𝑉 +∥ 𝜑(𝑡) ∥𝑊}{∥ 𝑣 ∥𝑉 +∥ 𝜓 ∥𝑊} 
for all 𝑦(𝑡) = (𝑤(𝑡), 𝜑(𝑡)), 𝑧 = (𝑣, 𝜓) ∈ 𝑌 a.e. 𝑡 ∈ (0, 𝑇), and 𝑐 = 𝑚𝑎𝑥{𝑚𝜃,𝑚𝛽} > 0, such that 𝑚𝜃 > 0 

and 𝑚𝛽 > 0 the coefficients obtained from continuity of the forms 𝑎𝜃 and 𝑎𝛽, respectively. Using the 

inequality 𝑥𝑦 ≤
𝑥2+𝑦2

2
 to obtain  

|(𝐴𝑦(𝑡), 𝑧)𝑌′×𝑌| ≤ 𝑐 ∥ 𝑦(𝑡) ∥𝑌∥ 𝑧 ∥𝑌. 
This gives ∥ 𝐴𝑦(𝑡) ∥𝑌′≤ 𝑐 ∥ 𝑦(𝑡) ∥𝑌 for all 𝑦(𝑡) ∈ 𝑌, a.e. 𝑡 ∈ (0, 𝑇)and implies the boundedness of 𝐴. 

To show the strong monotonicity of 𝐴, we use the hypotheses (32) and (33), to see that  

(𝐴𝑦1(𝑡) − 𝐴𝑦2(𝑡), 𝑦1(𝑡) − 𝑦2(𝑡))𝑌′×𝑌 ≥ 𝑐{∥ 𝑤1(𝑡) − 𝑤2(𝑡) ∥𝑉
2 +∥ 𝜑1(𝑡) − 𝜑1(𝑡) ∥𝑊

2 } 
                                                     = 𝑐 ∥ 𝑦1(𝑡) − 𝑦2(𝑡) ∥𝑌

2≥ 0 (58) 

for all 𝑦𝑖(𝑡) = (𝑤𝑖(𝑡), 𝜑𝑖(𝑡)) ∈ 𝑌, 𝑖 = 1,2, a.e. 𝑡 ∈ (0, 𝑇)and 𝑐 = 𝑚𝑖𝑛{𝜃∗, 𝛽∗} > 0. 

By the assumption of continuity of bilinear forms 𝑎𝜃 and 𝑎𝛽, we infer that the operator 𝐴 is continuous. 

The operator 𝐴 is bounded, monotone, and hemicontinuous, then 𝐴 is pseudomonotone. 

(ii)  The operator 𝐴 is coercive. Indeed, by hypotheses (32) and (33), we get  

(𝐴𝑦(𝑡), 𝑦(𝑡))𝑌′×𝑌 ≥ 𝜃∗ ∥ 𝑤(𝑡) ∥𝑉
2+ 𝛽∗ ∥ 𝜑(𝑡) ∥𝑊

2 ≥ 𝑚𝑖𝑛{𝜃∗, 𝛽∗} ∥ 𝑦(𝑡) ∥𝑌
2  

for all 𝑦(𝑡) = (𝑤(𝑡), 𝜑(𝑡)) ∈ 𝑌, a.e. 𝑡 ∈ (0, 𝑇). It follows that the operator 𝐴 is coercive with constant 𝑐 =
𝑚𝑖𝑛{𝜃∗, 𝛽∗} > 0. 

(iii)  Now we verify the hypotheses on 𝑗𝑖 and ℎ𝑖. 
We note that 𝑗1(𝑥, 𝑟1, 𝑟2) = 𝑗(𝑥, 𝑁𝑟1), for all (𝑟1, 𝑟2) ∈ ℝ

2, a.e.𝑥 = (𝑥, 𝑡) ∈ 𝛴3, with the operator 𝑁 ∈
𝐿∞(𝛤, ℒ(ℝ;ℝ)) given by 𝑁𝑟 = 𝑟, for all 𝑟 ∈ ℝ, this operator depend on the spatial variable 𝑥 ∈ 𝛤 × (0, 𝑇). 
From H(j) (a,b), H(𝑗𝑒)(a,b), it is easy to observe that 𝑗𝑖(. , 𝑟1, 𝑟2), 𝑖 = 1,2, are measurable on 𝛴3 for all 

(𝑟1, 𝑟2) ∈ ℝ
2 and 𝑗𝑖(𝑥, . , . ) are locally Lipschitz on ℝ2 for a.e. 𝑥 ∈ 𝛴3,such that 𝑗i(. , 𝑒(. )) ∈ 𝐿

1(𝛴3) for all 

𝑒 ∈ 𝐿2(𝛴3; ℝ
2), 𝑖 = 1,2. 

The definition of the generalized directional derivative of 𝑗𝑖(𝑥, . , . ), we give  

 

𝑗1
0(𝑥, 𝑟1, 𝑟2; 𝜚, 𝜅) ≤ 𝑗0(𝑥, 𝑟1; 𝜚)

𝑗2
0(𝑥, 𝑟1, 𝑟2; 𝜚, 𝜅) ≤ 𝑗𝑒

0(𝑥, 𝑟2 − 𝜑𝐹(𝑥); 𝜅) } (59) 

for all (𝑟1, 𝑟2), (𝜚, 𝜅) ∈ ℝ
2, a.e. 𝑥 ∈ 𝛴3. Using H(𝑗)(d),H(𝑗𝑒)(d) to find  

 

𝑗1
0(𝑥, 𝑟1, 𝑟2; −𝑟1, −𝑟2) ≤ 𝑗0(𝑥, 𝑟1; −𝑟1) ≤ 𝑑1(1+∥ (𝑟1, 𝑟2) ∥ℝ2)

𝑗2
0(𝑥, 𝑟1, 𝑟2; −𝑟1, −𝑟2) ≤ 𝑗𝑒

0(𝑥, 𝑟2 − 𝜑𝐹 (𝑥);−𝑟2) ≤ 𝑗𝑒
0(𝑥, 𝑟2 − 𝜑𝐹; −𝑟2 + 𝜑𝐹(𝑥)) + 𝑗𝑒

0(𝑥, 𝑟2 − 𝜑𝐹; −𝜑𝐹(𝑥))

                                                                                        ≤ 𝑑2(1+∥ (𝑟1, 𝑟2) ∥ℝ2)

} 

for all (𝑟1, 𝑟2) ∈ ℝ
2, a.e. 𝑥 ∈ 𝛴3and 𝑑1, 𝑑2 ≥ 0. 
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From H(𝑗)(e), H(𝑗𝑒)(e) we infer that either 𝑗𝑖(𝑥, . , . ) or −𝑗𝑖(𝑥, . , . ) for 𝑖 = 1,2 are regular for a.e. 𝑥 ∈ 𝛴3, so 

the generalized gradient of 𝑗𝑖verifies the following inclusion  

 𝜕𝑗𝑖(𝑥, 𝑟1, 𝑟2) ⊆ 𝜕𝑟1𝑗𝑖(𝑥, 𝑟1, 𝑟2) × 𝜕𝑟2𝑗𝑖(𝑥, 𝑟1, 𝑟2) (60) 

for all (𝑟1, 𝑟2) ∈ ℝ
2, a.e.𝑥 ∈ 𝛴3, and 𝜕𝑟1𝑗𝑖,𝜕𝑟2𝑗𝑖are the partial generalized gradients of 𝑗𝑖(𝑥, . , 𝑟2) and 

𝑗𝑖(𝑥, 𝑟1, . ), respectively. Therefore, we have  

 

𝜕𝑗1(𝑥, 𝑟1, 𝑟2) ⊆ 𝜕𝑗(𝑥, 𝑟1) × {0}

𝜕𝑗2(𝑥, 𝑟1, 𝑟2) ⊆ {0} × 𝜕𝑗𝑒(𝑥, 𝑟2 − 𝜑𝐹(𝑥)) } 

for all (𝑟1, 𝑟2) ∈ ℝ
2, a.e. 𝑥 ∈ 𝛴3. 

On the other hand, the norms of 𝜕𝑗1 and 𝜕𝑗2 are given by the following estimates 

∥ 𝜕𝑗1(𝑥, 𝑟1, 𝑟2) ∥ℝ2≤ |𝜕𝑗(𝑥, 𝑟1)|ℝ ≤ 𝑐0 + 𝑐1|𝑟1| ≤ 𝑐0 + 𝑐1 ∥ (𝑟1, 𝑟2) ∥ℝ2 
                      ∥ 𝜕𝑗2(𝑥, 𝑟1, 𝑟2) ∥ℝ2≤ |𝜕𝑗𝑒(𝑥, 𝑟2 − 𝜑𝐹(𝑥))|ℝ ≤ 𝑐0𝑒 + 𝑐1𝑒|𝑟2 − 𝜑𝐹(𝑥)| 

                                                                           ≤ 𝑐0𝑒 + 𝑐1𝑒|𝜑𝐹(𝑥)| + 𝑐1𝑒 ∥ (𝑟1, 𝑟2) ∥ℝ2 

for all (𝑟1, 𝑟2) ∈ ℝ
2, a.e. 𝑥 ∈ 𝛴3. 

 

Now, we turn to the hypotheses on ℎ𝑖 , 𝑖 = 1,2. From H(h), H(ℎ𝑒), it is easy to observe that ℎ𝑖(. , 𝑟1, 𝑟2) are 

measurables on 𝛴3, for all (𝑟1, 𝑟2) ∈ ℝ
2, ℎ𝑖(𝑥, . , . ) are continuous on ℝ2 for a.e. 𝑥 ∈ 𝛴3 and 0 ≤

ℎ𝑖(𝑥, 𝑟1, 𝑟2) ≤ ℎ, for all (𝑟1, 𝑟2) ∈ ℝ
2, a.e. 𝑥 ∈ 𝛴3with ℎ > 0. 

Finally, we deduce that (57) has at least one solution 𝑦(𝑡) = (𝑤(𝑡), 𝜑(𝑡)) ∈ 𝑌, a.e. 𝑡 ∈ (0, 𝑇), which 

completes the proof.  ⧠ 

 

Next, we choose 𝑧 = (𝑣, 0) ∈ 𝑌 in (57) and using (59) with (55), (56) to obtain the inequality  

𝑎𝜃(𝑤(𝑡), 𝑣) + ∫
𝛤3

ℎ(𝑆𝑡(𝑤), 𝜑(𝑡) − 𝜑𝐹) 𝑗
0(𝑤(𝑡); 𝑣) 𝑑𝑎 ≥ (𝑓(𝑡), 𝑣)𝑉′×𝑉, ∀𝑣 ∈ 𝑉, a.e. 𝑡 ∈ (0, 𝑇).(61) 

When we choose 𝑧 = (0, 𝜓) ∈ 𝑌 with (59), we obtain the inequality  

𝑎𝛽(𝜑(𝑡), 𝜓) + ∫
𝛤3

ℎ𝑒(𝑆𝑡(𝑤))𝑗𝑒
0(𝜑(𝑡) − 𝜑𝐹; 𝜓)  𝑑𝑎 ≥ (𝑞(𝑡), 𝜓)𝑊′×𝑊, ∀𝜓 ∈ 𝑊, a. e. 𝑡 ∈ (0, 𝑇).  (62) 

It follows that the pair of functions (𝑤(𝑡), 𝜑(𝑡)) ∈ 𝑌, 𝑎. 𝑒. 𝑡 ∈ (0, 𝑇) represents a solution to system (61)-

(62). By theorem 4.1, we deduce that this problem has at least one solution. 

 

From definition (52), the problem (61)-(62) is equivalent to the following inclusion of subdifferential type.  

Problem𝒫𝒱
∗
: Find 𝑦(𝑡) ∈ 𝑌 such that  

 𝐴𝑦(𝑡) + 𝛾∗𝜕𝐽𝑡(𝛾𝑦(𝑡)) ∋ (𝑓(𝑡), 𝑞(𝑡))     𝑎. 𝑒. 𝑡 ∈ (0, 𝑇). (63) 

Let 𝑦(𝑡) ∈ 𝑌 be a solution to problem (61)-(62). Using the definition (53), (55) and (56), we have  

 (𝐴𝑦(𝑡), 𝑧)𝑌′×𝑌 + 𝐽𝑡
0(𝛾𝑦(𝑡); 𝛾𝑧) ≥ ((𝑓(𝑡), 𝑞(𝑡)), 𝑧)𝑌′×𝑌𝑓𝑜𝑟𝑎𝑙𝑙𝑧 ∈ 𝑌, 𝑎. 𝑒. 𝑡 ∈ (0, 𝑇) 

thus  

 ((𝑓(𝑡), 𝑞(𝑡)) − 𝐴𝑦(𝑡), 𝑧)𝑌′×𝑌 ≤ 𝐽𝑡
0(𝛾𝑦(𝑡); 𝛾𝑧) = (𝐽𝑡𝑜𝛾)

0(𝑦(𝑡); 𝑧) 
for all 𝑧 ∈ 𝑌, a.e. 𝑡 ∈ (0, 𝑇). By the definition of Clarke’s subdifferential, we have  

 (𝑓(𝑡), 𝑞(𝑡)) − 𝐴𝑦(𝑡) ∈ 𝜕(𝐽𝑡𝑜𝛾)(𝑦(𝑡)) = 𝛾∗𝜕𝐽𝑡(𝛾𝑦(𝑡))     𝑎. 𝑒.   𝑡 ∈ (0, 𝑇). 
We find that 𝑦(𝑡) ∈ 𝑌 solves the inclusion (63).  

Now, let 𝑦(𝑡) ∈ 𝑌 be a solution to (63). Then 𝐴𝑦(𝑡) + 𝛾∗𝜉(𝑡) = (𝑓(𝑡), 𝑞(𝑡)), 𝜉(𝑡) ∈ 𝜕𝐽𝑡(𝛾𝑦(𝑡)), a.e. 𝑡 ∈
(0, 𝑇). Let 𝑧 ∈ 𝑌, by (53) we have  

(𝛾∗𝜉(𝑡), 𝑧)𝑍′×𝑍 = (𝜉(𝑡), 𝛾𝑧)𝐿2(𝛤3;ℝ2) ≤ 𝐽𝑡
0(𝛾𝑦(𝑡); 𝛾𝑧). 

Such that  

𝐽𝑡
0(𝛾𝑦(𝑡); 𝛾𝑧) = ∫

𝛤3

ℎ(𝑆𝑡(𝑤), 𝜑(𝑡) − 𝜑𝐹) 𝑗
0(𝑤(𝑡); 𝑣) 𝑑𝑎 + ∫

𝛤3

ℎ𝑒(𝑆𝑡(𝑤))𝑗𝑒
0(𝜑(𝑡) − 𝜑𝐹; 𝜓)  𝑑𝑎 

By definition (55) and (56), we find  

(𝑓(𝑡), 𝑣)𝑉′×𝑉 + (𝑞(𝑡), 𝜓)𝑊′×𝑊 = (𝐴𝑦(𝑡), 𝑧)𝑌′×𝑌 + (𝛾
∗𝜉(𝑡), z)𝑍′×𝑍 
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≤ 𝑎𝜃(𝑤(𝑡), 𝑣) + 𝑎𝛽(𝜑(𝑡), 𝜓) + ∫

𝛤3

ℎ(𝑆𝑡(𝑤), 𝜑(𝑡) − 𝜑𝐹) 

𝑗0(𝑤(𝑡); 𝑣) 𝑑𝑎 + ∫

𝛤3

ℎ𝑒(𝑆𝑡(𝑤))𝑗𝑒
0(𝜑(𝑡) − 𝜑𝐹; 𝜓)  𝑑𝑎. 

This shows that 𝑦(𝑡) ∈ 𝑌, a.e. 𝑡 ∈ (0, 𝑇) is a solution to problem (61)-(62). As we found above, we 

conclude that problem (61)-(62) and (63) are equivalent.  

Let 𝜂 = (𝜂1, 𝜂2) ∈ 𝐿
2(0, 𝑇; 𝑌′). We consider the following intermediate problem. 

Problem𝒫𝜂
𝒱: Find the displacement 𝑢𝜂: [0, 𝑇] → 𝑉 and the electric potential 𝜑𝜂: [0, 𝑇] → 𝑊 such that  

𝑎𝜃(𝑢̇𝜂(𝑡), 𝑣) + (𝜂1(𝑡), 𝑣)𝑉′×𝑉 + ∫
𝛤3

ℎ(S𝑡(𝑢̇𝜂), 𝜑𝜂(𝑡) − 𝜑𝐹) 𝑗
0(𝑢̇𝜂(𝑡); 𝑣)𝑑𝑎

                                                         ≥ (𝑓(𝑡), 𝑣)𝑉′×𝑉, ∀𝑣 ∈ 𝑉,   𝑎. 𝑒.   𝑡 ∈ (0, 𝑇),
 (64) 

𝑎𝛽(𝜑𝜂(𝑡), 𝜓) − (𝜂2(𝑡), 𝜓)𝑊′×𝑊 + ∫
𝛤3

ℎ𝑒(𝑆𝑡(𝑢̇𝜂))𝑗𝑒
0(𝜑𝜂(𝑡) − 𝜑𝐹; 𝜓) 𝑑𝑎

                                                         ≥ (𝑞(𝑡), 𝜓)𝑊′×𝑊, ∀𝜓 ∈ 𝑊, 𝑎. 𝑒.   𝑡 ∈ (0, 𝑇).
 (65) 

 𝑢𝜂(0) = 𝑢0. (66) 

Let 𝑤𝜂 = 𝑢̇𝜂 denote the velocity field. Then, by using the initial condition (24), it follows that  

 𝑢𝜂(𝑡) = ∫
0

𝑡

𝑤𝜂(𝑠)𝑑𝑠 + 𝑢0𝑓𝑜𝑟𝑎𝑙𝑙𝑡 ∈ [0, 𝑇]. (67) 

Let 𝑓𝜂1: [0, 𝑇] → 𝑉′ be the function defined by  

 (𝑓𝜂1(𝑡), 𝑣)𝑉′×𝑉 = (𝑓(𝑡), 𝑣)𝑉′×𝑉 − (𝜂1(𝑡), 𝑣)𝑉′×𝑉    ∀𝑣 ∈ 𝑉𝑡 ∈ [0, 𝑇]. (68) 

Then, (36) and the regularity 𝜂1 ∈ 𝑊
1,2(0, 𝑇; 𝑉′) imply that  

 𝑓𝜂1 ∈ 𝑊
1,2(0, 𝑇; 𝑉′). (69) 

Let 𝑞𝜂2: [0, 𝑇] → 𝑊′ be the function defined by  

 (𝑞𝜂2(𝑡), 𝜓)𝑊′×𝑊 = (𝑞(𝑡), 𝜓)𝑊′×𝑊 + (𝜂2(𝑡), 𝜓)𝑊′×𝑊    ∀𝜓 ∈ 𝑉𝑡 ∈ [0, 𝑇]. (70) 

Then, (37) and the regularity 𝜂2 ∈ 𝑊
1,2(0, 𝑇;𝑊′) imply that  

 𝑞𝜂2 ∈ 𝑊
1,2(0, 𝑇;𝑊′). (71) 

The Problem 𝒫𝜂
𝒱 is equivalent to the following inclusion:  

 {

𝐹𝑖𝑛𝑑𝑦𝜂(𝑡) ∈ 𝑌𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡

𝐴𝑦𝜂(𝑡) + 𝛾
∗𝜕𝐽𝑡(𝛾𝑦η(𝑡)) ∋ (𝑓𝜂(𝑡), 𝑞𝜂(𝑡))     𝑎. 𝑒. 𝑡 ∈ (0, 𝑇).  (72) 

Where 𝑦𝜂(𝑡) = (𝑤𝜂(𝑡), 𝜑𝜂(𝑡)) ∈ 𝑌, a.e. 𝑡 ∈ (0, 𝑇) and for all 𝑧 = (𝑣, 𝜓) ∈ 𝑌, we define 

 ((𝑓𝜂(𝑡), 𝑞𝜂(𝑡)), 𝑧)𝑌′×𝑌 = (𝑓𝜂1(𝑡), 𝑣)𝑉′×𝑉 + (𝑞𝜂2(𝑡), 𝜓)𝑊′×𝑊. (73) 

By the formulate (60), we fix 𝜑𝜂1(𝑡) ∈ 𝑊, a.e. 𝑡 ∈ (0, 𝑇)and we transform the above problem (64) to the 

following inclusion  

 {

𝐹𝑖𝑛𝑑𝑤𝜂1(𝑡) ∈ 𝑉𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡

𝐴𝜃𝑤𝜂1(t) + 𝛾
∗𝜕𝛾𝑤𝜂1𝐽𝑡

1(𝛾𝑦𝜂1(𝑡)) ∋ 𝑓𝜂1(𝑡)     𝑎. 𝑒. 𝑡 ∈ (0, 𝑇).  (74) 

Where 𝐴𝜃: 𝑉 → 𝑉′ define by  

(𝐴𝜃𝑤𝜂1(𝑡), 𝑣)𝑉′×𝑉 = 𝑎𝜃(𝑤𝜂1(𝑡), 𝑣)    ∀𝑤𝜂1(𝑡), 𝑣 ∈ 𝑉𝑎. 𝑒. 𝑡 ∈ (0, 𝑇), 

and  

𝐽𝑡
1(𝑥, 𝑟1, 𝑟2) = ∫

𝛤3

ℎ1(𝑥, 𝑟1, 𝑟2) 𝑗1(𝑥, 𝑟1, 𝑟2)  𝑑𝑎𝑎. 𝑒. 𝑡 ∈ (0, 𝑇). 

Now, we fix 𝑤𝜂2(𝑡) ∈ 𝑉, a.e. t ∈ (0, 𝑇) and we transform the above problem (65) to the following inclusion  
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 {

𝐹𝑖𝑛𝑑𝜑𝜂2(𝑡) ∈ 𝑊𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡

𝐴𝛽𝜑𝜂2(𝑡) + 𝛾
∗𝜕𝛾𝜑𝜂2𝐽𝑡

2(𝛾𝑦𝜂2(𝑡)) ∋ 𝑞𝜂2(𝑡)     𝑎. 𝑒. 𝑡 ∈ (0, 𝑇).  (75) 

Where the operator 𝐴𝛽:𝑊 → 𝑊′ define by  

(𝐴𝛽𝜑𝜂2(𝑡), 𝜓)𝑊′×𝑊 = 𝑎𝛽(𝜑𝜂2(𝑡), 𝜓)    ∀𝜑𝜂2(𝑡), 𝜓 ∈ 𝑊𝑎. 𝑒. 𝑡 ∈ (0, 𝑇), 

 

with 

𝐽𝑡
2(𝑥, 𝑟1, 𝑟2) = ∫

𝛤3

ℎ2(x, 𝑟1, 𝑟2) 𝑗2(𝑥, 𝑟1, 𝑟2)  𝑑𝑎𝑎. 𝑒. 𝑡 ∈ (0, 𝑇). 

It is clear, that 𝐴𝜃 and 𝐴𝛽 are linear, continuous and coercive. 

The functional 𝐽𝑡
𝛾𝜑𝜂1 : 𝐿2(𝛤3; ℝ) → ℝ is defined by  

 𝜕𝐽𝑡
𝛾𝜑𝜂1(𝛾𝑤𝜂1(𝑡)) = ∫

𝛤3

ℎ(𝑆𝑡(𝛾𝑤𝜂1), 𝛾𝜑𝜂1(𝑡) − 𝜑𝐹) 𝜕𝑗(𝛾𝑤𝜂1(𝑡))  𝑑𝑎𝑎. 𝑒. 𝑡 ∈ (0, 𝑇), 

For 𝛾𝜑𝜂1(𝑡) ∈ 𝐿
2(𝛤3; ℝ) fixed, a.e(0, 𝑇), such that 

𝜕𝐽𝑡
𝑟2(𝑟1) = 𝜕𝑟1𝐽𝑡

1(𝑥, 𝑟1, 𝑟2) = ∫
𝛤3

ℎ1(𝑥, 𝑟1, 𝑟2) 𝜕𝑟1𝑗1(𝑥, 𝑟1, 𝑟2)  𝑑𝑎. 

The functional 𝐽𝑡
𝛾𝑤𝜂2 : 𝐿2(𝛤3; ℝ) → ℝ is defined by  

𝐽𝑡
𝛾𝑤𝜂2(𝛾𝜑𝜂2(𝑡)) = ∫

𝛤3

ℎ𝑒(𝑆𝑡(𝛾𝑤𝜂2)) 𝑗𝑒(𝛾𝜑𝜂2(𝑡) − 𝜑𝐹)  𝑑𝑎𝑎. 𝑒. 𝑡 ∈ (0, 𝑇), 

for 𝛾𝑤𝜂2(𝑡) ∈ 𝐿
2(𝛤3; ℝ) fixed, a.e. (0, 𝑇), such that  

𝜕𝐽𝑡
𝑟1(𝑟2) = 𝜕𝑟2𝐽𝑡

2(𝑥, 𝑟1, 𝑟2) = ∫
𝛤3

ℎ2(𝑥, 𝑟1, 𝑟2) 𝜕𝑟2𝑗2(𝑥, 𝑟1, 𝑟2)  𝑑𝑎. 

Under assumptions H(𝑗),H(ℎ) and H(𝜑𝐹), the functional 𝐽𝑡
𝜑𝜂1  satisfies 

(a)𝐽𝑡
𝜑𝜂1  is locally Lipschitz on bounded subsets 𝐿2(𝛤3; ℝ

2). 

(b) For 𝜑 ∈ 𝐿2((𝛤3);ℝ) fixed, 

      ∥ 𝜕𝑤𝐽𝑡(𝑤, 𝜑) ∥≤ 𝑐̃, for all 𝑤 ∈ 𝐿2((𝛤3);ℝ) with 𝑐̃ > 0. 

(c) either 𝐽𝑡
𝜑𝜂1  or −𝐽𝑡

𝜑𝜂1  is regular. 

(d) For 𝜑 ∈ 𝐿2((𝛤3);ℝ) fixed, we define  

𝐽𝑡
0𝜑(𝑤; 𝑣) = ∫

𝛤3

ℎ(𝑆𝑡(𝑤), 𝜑(𝑡) − 𝜑𝐹) 𝑗
0(𝑤(𝑡); 𝑣)  𝑑𝑎∀(𝑤, 𝑣) ∈ 𝐿2((𝛤3);ℝ

2). 

Under assumptions H(𝑗𝑒),H(ℎ𝑒) and H(𝜑𝐹), the functional 𝐽𝑡
𝑤𝜂2  satisfies 

(a)𝐽𝑡
𝑤𝜂2  is locally Lipschitz on bounded subsets 𝐿2(𝛤3; ℝ

2). 

(b) For 𝑤 ∈ 𝐿2((𝛤3); ℝ) fixed, 

∥ 𝜕𝜑𝐽𝑡(𝑤,𝜑) ∥≤ 𝑐̃̃, for all 𝜑 ∈ 𝐿2((𝛤3);ℝ) with 𝑐̃̃ > 0. 

(c) either 𝐽𝑡
𝑤𝜂2  or −𝐽𝑡

𝑤𝜂2  is regular. 

(d) For 𝑤 ∈ 𝐿2((𝛤3); ℝ) fixed, we define  

𝐽𝑡
0𝑤(𝜑;𝜓) = ∫

𝛤3

ℎ(𝑆𝑡(𝑤)) 𝑗𝑒
0(𝜑(𝑡) − 𝜑𝐹; 𝜓)  𝑑𝑎∀(𝜑, 𝜓) ∈ 𝐿

2((𝛤3);ℝ
2). 

 

5  Existence and uniqueness results 

In this section, we will focus the study on the existence, uniqueness and continuous dependence results of 

the above problem (74)-(75).  

Proposition 5.1  Assume that H(c)(a,c),(69), (71) H(𝑗),H(ℎ),H(𝑗𝑒),H(ℎ𝑒), H(𝜑𝐹), H(0), (47) and (48) hold. 

Then  (i)For all 𝜂1 ∈ 𝐿
2(0, 𝑇 ; 𝑉′). The unique solution 𝑤𝜂1 of problem (74) satisfies 𝑤𝜂1 ∈ 𝐿

2(0, 𝑇 ; 𝑉). 

Moreover, if 𝜑𝜂1(𝑡), 𝜑𝜁1(𝑡) ∈ 𝑊, a.e. 𝑡 ∈ (0, 𝑇) and 𝑤𝜂1 , 𝑤𝜁1 denote the solutions to problem (74), for 𝜑 = 
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𝜑𝜂1 and 𝜑 = 𝜑𝜁1, respectively, then there exists 𝑐 > 0 such that  

∥ 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉≤ 𝑐{∥ 𝜂1(𝑡) − 𝜁1(𝑡) ∥𝑉′ +∥ 𝑤𝜂1 − 𝑤𝜁1 ∥𝐿2(0,𝑡;𝑉) 

+∥ 𝜑𝜂1(𝑡) − 𝜑𝜁1(𝑡) ∥𝑊} a.e. 𝑡 ∈ (0, 𝑇). (76) 

(ii) For all 𝜂2 ∈ 𝐿
2(0, 𝑇;𝑊′). The unique solution 𝜑𝜂2 of problem (75) satisfies 𝜑𝜂2 ∈ 𝐿

2(0, 𝑇;𝑊). 

Moreover, if 𝑤𝜂2(𝑡),𝑤𝜁2(𝑡) ∈ 𝑉 and 𝜑𝜂2 , 𝜑𝜁2 denote the solutions to problem (75), for 𝑤 = 𝑤η2 and 𝑤 =

𝑤𝜁2, respectively, then there exists 𝑐 > 0 such that  

∥ 𝜑𝜂2(𝑡) − 𝜑𝜁2(𝑡) ∥𝑊≤ 𝑐{∥ 𝜂2(𝑡) − 𝜁2(𝑡) ∥𝑊′ +∥ 𝑤𝜂2 − 𝑤𝜁2 ∥𝐿2(0,𝑡;𝑉)}  𝑎. 𝑒.  𝑡 ∈ (0, 𝑇). (77) 

 

 

Proof.  (i)  We show that 𝑤𝜂1 ∈ 𝐿
2(0, 𝑇; 𝑉). Indeed, using the inclusion (74) and the coercivity of the 

operator 𝐴𝜃 to find  

𝜃∗ ∥ 𝑤𝜂1(𝑡) ∥𝑉
2+ (𝑏𝜂1(𝑡), 𝛾𝑤𝜂1(𝑡))𝐿2(𝛤3) ≤ |(𝑓(𝑡), 𝑤𝜂1(𝑡))𝑉′×𝑉| + |(𝜂1(𝑡),𝑤𝜂1(𝑡))𝑉′×𝑉| 

                                                                      ≤ {∥ 𝑓(𝑡) ∥𝑉′ +∥ 𝜂1(𝑡) ∥𝑉′} ∥ 𝑤𝜂1(𝑡) ∥𝑉 (78) 

such that 𝑏𝜂1(𝑡) ∈ 𝜕𝑤𝜂1𝐽𝑡(𝛾𝑦𝜂1(𝑡)), a.e. 𝑡 ∈ (0, 𝑇). By the assumption (b) of functional 𝐽𝑡
𝛾𝜑𝜂1 , (78) becomes  

𝜃∗ ∥ 𝑤𝜂1(𝑡) ∥𝑉
2≤ {𝑐̃ ∥ 𝛾 ∥ +∥ 𝑓(𝑡) ∥𝑉′ +∥ 𝜂1(𝑡) ∥𝑉′} ∥ 𝑤𝜂1(𝑡) ∥𝑉 

which implies  

 ∥ 𝑤𝜂1(𝑡) ∥𝑉
2≤ 𝑐{1+∥ 𝑓(𝑡) ∥𝑉′ +∥ 𝜂1(𝑡) ∥𝑉′}    a. 𝑒. 𝑡 ∈ (0, 𝑇). (79) 

Since 𝜂1 ∈ 𝐿
2(0, 𝑇; 𝑉′) and by (36), we deduce that 𝑤𝜂1(𝑡) ∈ 𝐿

2(0, 𝑇; 𝑉). By theorem 4.1 we conclude the 

proof’s existence part. 

We turn now to the uniqueness part. Let 𝑤𝜂1 , 𝑤𝜁1 be solutions to (74), then, there exist 𝛾∗𝑏𝜂1
𝜑𝜂1 , 𝛾∗𝑏

𝜁1

𝜑𝜂1 ∈ 𝒵′ 

such that  

𝐴𝜃𝑤𝜂1(𝑡) + 𝛾
∗𝑏𝜂1
𝜑𝜂1(𝑡) = 𝑓(𝑡),    𝐴𝜃𝑤𝜁1(𝑡) + 𝛾

∗𝑏
𝜁1

𝜑𝜂1(𝑡) = 𝑓(𝑡)    𝑎. 𝑒. 𝑡 ∈ (0, 𝑇). 

Subtracting the two equations, we get  

 𝐴𝜃(𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡)) + 𝛾
∗𝑏𝜂1
𝜑𝜂1(𝑡) − 𝛾∗𝑏

𝜁1

𝜑𝜂1(t) = 0    𝑎. 𝑒. 𝑡 ∈ (0, 𝑇) 

with 𝑏𝜂1
𝜑𝜂1(𝑡) ∈ 𝜕𝐽𝑡

𝛾𝜑𝜂1(𝛾𝑤𝜂1(𝑡)) and 𝑏
𝜁1

𝜑𝜂1(𝑡) ∈ 𝜕𝐽𝑡
𝛾𝜑𝜂1(𝛾𝑤𝜁1(𝑡)). Multiplying the above equation by 

𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) and using the coercivity of 𝐴𝜃. Then  

𝜃∗ ∥ 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉
2+ (𝑏𝜂1

𝜑𝜂1(𝑡) − 𝑏
𝜁1

𝜑𝜂1(𝑡), 𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡))𝐿2(𝛤3) ≤ 0 (80) 

a.e. 𝑡 ∈ (0, 𝑇). In the other hand, we have  

𝜕𝐽𝑡
𝜑𝜂1(𝛾𝑤𝜂1(𝑡)) ⊂ ∫

𝛤3

ℎ(𝑆𝑡(𝛾𝑤𝜂1), 𝛾𝜑𝜂1(𝑡) − 𝜑𝐹) 𝜕𝑗(𝛾𝑤𝜂1(𝑡))  𝑑𝑎, 

𝜕𝐽𝑡
𝜑𝜂1(𝛾𝑤𝜁1(𝑡)) ⊂ ∫

𝛤3

ℎ(𝑆𝑡(𝛾𝑤𝜁1), 𝛾𝜑𝜂1(𝑡) − 𝜑𝐹) 𝜕𝑗(𝛾𝑤𝜁1(𝑡))  𝑑𝑎. 

We find  

𝑠𝜂1(𝑥, 𝑡) = ℎ(𝑆𝑡(𝛾𝑤𝜂1), 𝛾𝜑𝜂1(𝑡) − 𝜑𝐹) 𝑝𝜂1(𝑥, 𝑡),    𝑝𝜂1(𝑥, 𝑡) ∈ 𝜕𝑗(𝑥, 𝛾𝑤𝜂1(𝑥, 𝑡)) 

𝑠𝜁1(𝑥, 𝑡) = ℎ(𝑆𝑡(𝛾𝑤𝜁1), 𝛾𝜑𝜂1(𝑡) − 𝜑𝐹) 𝑝𝜁1(𝑥, 𝑡),    𝑝𝜁1(𝑥, 𝑡) ∈ 𝜕𝑗(𝑥, 𝛾𝑤𝜁1(𝑥, 𝑡)) 

a.e. (𝑥, 𝑡) ∈ 𝛴3 and 𝑠𝜂1 , 𝑠𝜁1 ∈ 𝐿
2(0, 𝑇; Ł2(𝛤3)) 

(𝑏𝜂1
𝜑𝜂1(𝑡), 𝑣̃)𝐿2(𝛤3) = ∫

𝛤3

𝑠𝜂1(𝑡)𝑣̃𝑑𝑎,    (𝑏𝜁1
𝜑𝜂1(𝑡), 𝑣̃)𝐿2(𝛤3) = ∫

𝛤3

𝑠𝜁1(𝑡)𝑣̃𝑑𝑎    ∀𝑣̃ ∈ 𝐿
2(𝛤3) 

a.e. 𝑡 ∈ (0, T). Using 𝑯(ℎ)(𝑐),𝑯(𝑗)(𝑐, 𝑓) 
(𝑠𝜂1(𝑥, 𝑡) − 𝑠𝜁1(𝑥, 𝑡))(𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡)) ≥ −𝐿ℎ(𝑐0 + 𝑐1|𝛾𝑤𝜁1(𝑡)|) × 

(|𝑆𝑡(𝛾𝑤𝜂1(𝑡)) − 𝑆𝑡(𝛾𝑤𝜁1(𝑡))||𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡)|) − 𝑚ℎ  |𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡)|
2 

we integrate on 𝛤3, we obtain  
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(𝑏𝜂1
𝜑𝜂1(𝑡) − 𝑏

𝜁1

𝜑𝜂1(𝑡), 𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡))L2(𝛤3) ≥ −𝐿ℎ(𝑐0 + 𝑐1|𝛾𝑤𝜁1(𝑡)|) × 

∫

𝛤3

(|𝑆𝑡(𝛾𝑤𝜂1(𝑡)) − 𝑆𝑡(𝛾𝑤𝜁1(𝑡))||𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡)|)  𝑑𝑎 − 𝑚ℎ∫

𝛤3

|𝛾𝑤𝜂1(𝑡) −  𝛾𝑤𝜁1(𝑡)|
2𝑑𝑎 

≥ −𝐿ℎ(𝑐0 + 𝑐1|𝛾𝑤𝜁1(𝑡)|) ∥ 𝑆𝑡(𝛾𝑤𝜂1(𝑡)) − 𝑆𝑡(𝛾𝑤𝜁1(𝑡)) ∥𝐿2(𝛤3)∥ 𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡) ∥𝐿2(𝛤3) 

   −𝑚ℎ ∥ 𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡) ∥𝐿2(𝛤3)
2  

≥ −𝐿ℎ(𝑐0 + 𝑐1|𝛾𝑤𝜁1(𝑡)|)√𝑇 ∥ 𝛾 ∥
2∥ 𝑤𝜂1 − 𝑤𝜁1 ∥𝐿2(0,𝑡:𝑉)∥ 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉−𝑚ℎ ∥ 𝛾 ∥

2 

∥ 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉
2 . 

 

L’inequality (80) becomes  

(𝜃∗ −𝑚ℎ ∥ 𝛾 ∥2)|𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉
2≤ 𝐿ℎ(𝑐0 + 𝑐1|𝛾𝑤𝜁1(𝑡)|)√𝑇 ∥ 𝛾 ∥

2∥ 𝑤𝜂1 − 𝑤𝜁1 ∥𝐿2(0,𝑡:𝑉) 

                 ∥ 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉 

Since 𝛾𝑤𝜁1(𝑡) ∈ 𝐿
2(𝛤3), then, there exist 𝑐2 > 0 such that 𝑐0 + 𝑐1|𝛾𝑤𝜁1(𝑡)| < 𝑐2. Using the inequality 𝑥𝑦 ≤

𝑚𝑥2

2
+

𝑦2

2𝑚
, for all 𝑥, 𝑦,𝑚 > 0, and (47), then, we have  

 
(𝜃∗−𝑚ℎ∥𝛾∥2)

2
∥ 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉

2≤
(𝐿ℎ
2𝑐2

2𝑇∥𝛾∥4)

2(𝜃∗−𝑚ℎ∥𝛾∥2)
∥ 𝑤𝜂1 − 𝑤𝜁1 ∥𝐿2(0,𝑡:𝑉)

2 . 

Now, using the Gronwell’s inequality to obtain  

∥ 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉
2≤ 0     a. 𝑒. 𝑡 ∈ (0, 𝑇). 

We conclude that 𝑤𝜂1(𝑡) = 𝑤𝜁1(𝑡), a.e. 𝑡 ∈ (0, 𝑇). The uniqueness part of (i) is complete.  

 

Next, we prove the inequality (76). Indeed, let 𝜂1 and 𝜁1 be two elements of 𝐿2(0, 𝑇; 𝑉′) and denote by 𝑤𝜂1 

and 𝑤𝜁 the corresponding solutions of problem (74), for 𝜑 = 𝜑𝜂1 and 𝜑 = 𝜑𝜁1, then, there exist 

𝛾∗𝑏𝜂1
𝜑𝜂1 , 𝛾∗𝑏

𝜁1

𝜑𝜁1 ∈ 𝒵′ such that  

𝐴𝜃𝑤𝜂1(𝑡) + 𝛾
∗𝑏𝜂1
𝜑𝜂1(𝑡) = 𝑓𝜂1(𝑡),    𝐴𝜃𝑤𝜁1(𝑡) + 𝛾

∗𝑏
𝜁1

𝜑𝜁1(𝑡) = 𝑓𝜁1(𝑡)    𝑎. 𝑒. 𝑡 ∈ (0, 𝑇) 

with 𝑏𝜂1
𝜑𝜂1(𝑡) ∈ 𝜕𝐽𝑡

𝛾𝜑𝜂1(𝛾𝑤𝜂1(𝑡)) and 𝑏
𝜁1

𝜑𝜁1(𝑡) ∈ 𝜕𝐽𝑡
𝛾𝜑𝜁1(𝛾𝑤𝜁1(𝑡)). Subtracting the two equations, we have  

𝐴𝜃(𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡)) + 𝛾
∗𝑏𝜂1
𝜑𝜂1(𝑡) − 𝛾∗𝑏

𝜁1

𝜑𝜁1(𝑡) = 𝑓𝜂1(𝑡) − 𝑓𝜁1(𝑡)    𝑎. 𝑒. 𝑡 ∈ (0, 𝑇) (81) 

Using the inclusions  

𝜕𝐽𝑡
𝜑𝜂1(𝛾𝑤𝜂1(𝑡)) ⊂ ∫

𝛤3

ℎ(𝑆𝑡(𝛾𝑤𝜂1), 𝛾𝜑𝜂1(𝑡) − 𝜑𝐹) 𝜕𝑗(𝛾𝑤𝜂1(𝑡))  𝑑𝑎, 

𝜕𝐽𝑡
𝜑𝜁1(𝛾𝑤𝜁1(𝑡)) ⊂ ∫

𝛤3

ℎ(𝑆𝑡(𝛾𝑤𝜁1), 𝛾𝜑𝜁1(𝑡) − 𝜑𝐹) 𝜕𝑗(𝛾𝑤𝜁1(𝑡))  𝑑𝑎, 

such that  

𝑠𝜂1(𝑥, 𝑡) = ℎ(𝑆𝑡(𝛾𝑤𝜂1), 𝛾𝜑𝜂1(𝑡) − 𝜑𝐹) 𝑝𝜂1(𝑥, 𝑡),     𝑝𝜂1(𝑥, 𝑡) ∈ 𝜕𝑗(𝑥, 𝛾𝑤𝜂1(𝑥, 𝑡)) 

𝑠𝜁1(𝑥, 𝑡) = ℎ(𝑆𝑡(𝛾𝑤𝜁1), 𝛾𝜑𝜁1(𝑡) − 𝜑𝐹) 𝑝𝜁1(𝑥, 𝑡),      𝑝𝜁1(𝑥, 𝑡) ∈ 𝜕𝑗(x, 𝛾𝑤𝜁1(𝑥, 𝑡)) 

a.e. (𝑥, 𝑡) ∈ 𝛴3 and 𝑠𝜂1 , 𝑠𝜁1 ∈ 𝐿
2(0, 𝑇; Ł2(𝛤3)). 

On the other hand, using 𝑯(ℎ)(𝑏, 𝑐), 𝑯(𝑗)(𝑐, 𝑓) and the Hölder inequality, we obtain  

(𝑠𝜂1(𝑡) − 𝑠𝜁1(𝑡))(𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡)) ≥ −𝐿ℎ(𝑐0 + 𝑐1|𝛾𝑤𝜁1(𝑡)|)(|𝑆𝑡(𝛾𝑤𝜂1) − 𝑆𝑡(𝛾𝑤𝜁1)| + 

|𝛾𝜑𝜂1(𝑡) − 𝛾𝜑𝜁1(𝑡)|)  |𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡)|  − 𝑚ℎ  |𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡)|
2  

and  

(𝑏𝜂1
𝜑𝜂1(𝑡) − 𝑏

𝜁1

𝜑𝜁1(𝑡), 𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡))𝐿2(𝛤3) ≥ −𝐿ℎ√𝑇 ∥ 𝛾 ∥
2 (𝑐0 + 𝑐1|𝛾𝑤𝜁1(𝑡)|) 

∥ 𝑤𝜂1 − 𝑤𝜁1 ∥𝐿2(0,𝑡,𝑉)∥ 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉− 𝐿ℎ ∥ 𝛾 ∥
2 (𝑐0 + 𝑐1|𝛾𝑤𝜁1(𝑡)|) 

∥ 𝜑𝜂1(𝑡) − 𝜑𝜁1(𝑡) ∥𝑊∥ 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉−𝑚ℎ ∥ 𝛾 ∥
2  ∥ 𝑤𝜂1(t) − 𝑤𝜁1(𝑡) ∥𝑉

2  

On the other hand, by multiplying the equation (81) by 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) and using the coercivity of 𝐴𝜃, we 
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obtain  

𝜃∗ ∥ 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉
2≤ −(𝑏𝜂1

𝜑𝜂1(𝑡) − 𝑏
𝜁1

𝜑𝜂1(𝑡), 𝛾𝑤𝜂1(𝑡) − 𝛾𝑤𝜁1(𝑡))𝐿2(𝛤3) 

                    +(𝜂1(𝑡) − 𝜁1(𝑡), 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡))𝑉′×𝑉(𝜃
∗ −𝑚ℎ ∥ 𝛾 ∥2) ∥ 𝑤𝜂1(𝑡) −

                                                𝑤𝜁1(𝑡) ∥𝑉
2  

                                            ≤ {∥ 𝜂1(𝑡) − 𝜁1(𝑡) ∥𝑉′+ 𝐿ℎ√𝑇 ∥ 𝛾 ∥
2 (𝑐0 + 𝑐1|𝛾𝑤𝜁1(𝑡)|) ∥ 𝑤𝜂1 − 𝑤𝜁1 ∥𝐿2(0,𝑡,𝑉)+

𝐿ℎ ∥ 𝛾 ∥
2 (𝑐0 + 𝑐1|𝛾𝑤𝜁1(𝑡)|) ∥ 𝜑𝜂1(𝑡) − 𝜑𝜁1(𝑡) ∥𝑊} ∥ 𝑤𝜂(𝑡) − 𝑤𝜁(𝑡) ∥𝑉   (82) 

   

Using the inequality 𝑥𝑦 ≤
𝑚𝑥2

2
+

𝑦2

2𝑚
, for all 𝑥, 𝑦,𝑚 > 0 and (47), l’inequality (82) becomes  

∥ 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉≤ 𝑐{∥ 𝜂1(𝑡) − 𝜁1(𝑡) ∥𝑉′ +∥ 𝑤𝜂1 − 𝑤𝜁1 ∥𝐿2(0,𝑡;𝑉) +∥ 𝜑𝜂1(𝑡) − 𝜑𝜁1(𝑡) ∥𝑊} 

a.e. 𝑡 ∈ (0, 𝑇), which proves (76).  

By Gronwell inequality, (76) becomes  

∥ 𝑤𝜂1(𝑡) − 𝑤𝜁1(𝑡) ∥𝑉
2≤ 𝑐{∥ 𝜂1(𝑡) − 𝜁1(𝑡) ∥𝑉′

2 +∥ 𝑤𝜂1 − 𝑤𝜁1 ∥𝐿2(0,𝑡;𝑉)
2 +∥ 𝜑𝜂1(𝑡) − 𝜑𝜁1(𝑡) ∥𝑊

2 } 

      ≤ 𝑐{∥ 𝜂1(𝑡) − 𝜁1(𝑡) ∥𝑉′
2 +∥ 𝜑𝜂1(𝑡) − 𝜑𝜁1(𝑡) ∥𝑊

2 } (83) 

(ii)  We do the same steps of the previous proof (i) with some modifications. First step, we show that 

𝜑𝜂2(𝑡) ∈ 𝐿
2(0, 𝑇;𝑊). To this end, using the inclusion (75), the coercivity of the operator 𝐴𝛽 and the 

assumption (b) of functional 𝐽𝑡
𝛾𝑤𝜂2 , we find  

             ∥ 𝜑𝜂2(𝑡) ∥𝑊
2 ≤ 𝑐{1+∥ 𝑞(𝑡) ∥𝑉′ +∥ 𝜂2(𝑡) ∥𝑊′} (84) 

Since 𝜂2 ∈ 𝐿
2(0, 𝑇;𝑊′) and by (37), we deduce that 𝜑𝜂2 ∈ 𝐿

2(0, 𝑇;𝑊), which concludes the existence part 

of the proof. 

Let’s turn on to the uniqueness part of solutions 𝜑𝜂2(𝑡) ∈ 𝑊 to problem (75). Let 𝜑1, 𝜑2 be solutions to (75) 

for 𝜂2, 𝜁2 ∈ 𝐿
2(0, 𝑇;𝑊′), then, there exist 𝛾∗𝑑𝜂2

𝑤𝜂2 , 𝛾∗𝑑
𝜁2

𝑤𝜂2 ∈ 𝒵′ such that  

𝐴𝛽𝜑1(𝑡) + 𝛾
∗𝑑𝜂2

𝑤𝜂2(𝑡) = 𝑞̃(𝑡),    𝐴𝛽𝜑2(𝑡) + 𝛾
∗𝑑
𝜁2

𝑤𝜂2(𝑡) = 𝑞̃(𝑡) 

a.e. 𝑡 ∈ (0, 𝑇), 𝑑𝜂2
𝑤𝜂2 ∈ 𝜕𝐽𝑡

𝛾𝑤𝜂2(𝛾𝜑𝜂2(𝑡)) and 𝑑
𝜁2

𝑤𝜂2 ∈ 𝜕𝐽𝑡
𝛾𝑤𝜂2(𝛾𝜑𝜁2(𝑡)). Subtracting the two equations and 

multiplying the equation obtained by 𝜑𝜂2(𝑡) − 𝜑𝜁2(𝑡), then, using the coercivity of 𝐴𝜃 to obtain  

𝛽∗ ∥ 𝜑𝜂2(𝑡) − 𝜑𝜁2(𝑡) ∥𝑊
2 + (𝑑𝜂2

𝑤𝜂2(𝑡) − 𝑑
𝜁2

𝑤𝜂2(𝑡), 𝛾𝜑𝜂2(𝑡) − 𝛾𝜑𝜁2(𝑡))𝐿2(𝛤3) ≤ 0 (85) 

a.e. 𝑡 ∈ (0, 𝑇). In the other hand, we have  

𝜕𝐽𝑡
𝑤𝜂2(𝛾𝜑𝜂2(𝑡)) ⊂ ∫

𝛤3

ℎ𝑒(𝑆𝑡(𝛾𝑤𝜂2)) 𝜕𝑗𝑒(𝛾𝜑𝜂2(𝑡) − 𝜑𝐹)  𝑑𝑎, 

𝜕𝐽𝑡
𝑤𝜂2(𝛾𝜑𝜁2(𝑡)) ⊂ ∫

𝛤3

ℎ𝑒(𝑆𝑡(𝛾𝑤𝜂2)) 𝜕𝑗𝑒(𝛾𝜑𝜁2(𝑡) − 𝜑𝐹)  𝑑𝑎, 

with  

𝑠𝜂2(𝑥, 𝑡) = ℎ𝑒(𝑆𝑡(𝛾𝑤𝜂2)) 𝑙𝜂2(𝑥, 𝑡),    𝑙𝜂2(𝑥, 𝑡) ∈ 𝜕𝑗𝑒(𝑥, 𝛾𝜑𝜂2(𝑥, 𝑡) − 𝜑𝐹(𝑥)) 

𝑠𝜁2(𝑥, 𝑡) = ℎ𝑒(𝑆𝑡(𝛾𝑤𝜂2)) 𝑙𝜁2(𝑥, 𝑡),    𝑙𝜁2(𝑥, 𝑡) ∈ 𝜕𝑗𝑒(𝑥, 𝛾𝜑𝜁2(𝑥, 𝑡) − 𝜑𝐹(𝑥)) 

a.e. (𝑥, 𝑡) ∈ 𝛴3 and 𝑠𝜂2 , 𝑠𝜁2 ∈ 𝐿
2(0, 𝑇; 𝐿2(𝛤3)) such that   

(𝑑𝜂2
𝑤𝜂2(𝑡), 𝜓̃)𝐿2(𝛤3) = ∫

𝛤3

𝑠𝜂2(𝑡)𝑣̃𝑑𝑎, (𝑑
𝜁2

𝑤𝜂2(𝑡), 𝜓̃)𝐿2(𝛤3) = ∫

𝛤3

𝑠𝜁2(𝑡)𝜓̃𝑑𝑎, ∀𝜓̃ ∈ 𝐿
2(𝛤3) 

Using  𝑯(ℎ𝑒)(𝑐),𝑯(𝑗𝑒)(𝑓) and integrating on 𝛤3 to obtain  

(𝑑𝜂2
𝑤𝜂2(𝑡) − 𝑑

𝜁2

𝑤𝜂2(𝑡), 𝛾𝜑𝜂2(𝑡) − 𝛾𝜑𝜁2(𝑡))𝐿2(𝛤3) ≥ −ℎ𝑒𝑚𝑒 ∥ 𝛾 ∥
2∥ 𝜑𝜂2(𝑡) − 𝜑𝜁2(𝑡) ∥𝑊

2  

L’inequality (85) becomes  

(𝛽∗ − ℎ𝑒𝑚𝑒 ∥ 𝛾 ∥
2) ∥ 𝜑𝜂2(𝑡) − 𝜑𝜁2(𝑡) ∥𝑊

2 ≤ 0    𝑎. 𝑒. 𝑡 ∈ (0, 𝑇). 

We use (48) to conclude that 𝜑𝜂2(𝑡) = 𝜑𝜁2(𝑡), a.e. 𝑡 ∈ (0, T). We have completed the uniqueness part. 

Now, we prove the inequality (77). Using the inclusions  
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𝜕𝐽𝑡
𝑤𝜂2(𝛾𝜑𝜂2(𝑡)) ⊂ ∫

𝛤3

ℎ𝑒(𝑆𝑡(𝛾𝑤𝜂2)) 𝜕𝑗𝑒(𝛾𝜑𝜁2(𝑡) − 𝜑𝐹)  𝑑𝑎, 

𝜕𝐽𝑡
𝑤𝜁2(𝛾𝜑𝜁2(𝑡)) ⊂ ∫

𝛤3

ℎ𝑒(𝑆𝑡(𝛾𝑤𝜁2)) 𝜕𝑗𝑒(𝛾𝜑𝜁2(𝑡) − 𝜑𝐹)  𝑑𝑎, 

with  

𝑠𝜂2(𝑥, 𝑡) = ℎ𝑒(𝑆𝑡(𝛾𝑤𝜂2)) 𝑙𝜂2(𝑥, 𝑡),    𝑙𝜂2(𝑥, 𝑡) ∈ 𝜕𝑗𝑒(𝑥, 𝛾𝜑𝜂2(𝑥, 𝑡) − 𝜑𝐹(𝑥)) 

𝑠𝜁2(𝑥, 𝑡) = ℎ𝑒(𝑆𝑡(𝛾𝑤𝜁2)) 𝑙𝜁2(𝑥, 𝑡),    𝑙𝜁2(𝑥, 𝑡) ∈ 𝜕𝑗𝑒(𝑥, 𝛾𝜑𝜁2(𝑥, 𝑡) − 𝜑𝐹(𝑥)) 

(𝑑𝜂2
𝑤𝜂2(𝑡), 𝜓̃)𝐿2(𝛤3) = ∫

𝛤3

𝑠𝜂2(𝑡)𝑣̃𝑑𝑎, (𝑑𝜁2
𝑤𝜁2(𝑡), 𝜓̃)𝐿2(𝛤3) = ∫

𝛤3

𝑠𝜁2(𝑡)𝜓̃𝑑𝑎, ∀𝜓̃ ∈ 𝐿
2(𝛤3). 

On the other hand, using 𝑯(ℎ𝑒)(𝑎, 𝑐), 𝑯(𝑗𝑒)(𝑐, 𝑓) to obtain  

(𝑑𝜂2
𝑤𝜂2(𝑡) − 𝑑

𝜁2

𝑤𝜁2(𝑡), 𝛾𝜑𝜂2(𝑡) − 𝛾𝜑𝜁2(𝑡))𝐿2(𝛤3) ≥ −𝐿ℎ𝑒√𝑇 ∥ 𝛾 ∥
2 (𝑐0𝑒 + 𝑐1𝑒|𝛾𝜑𝜁2(𝑡) − 𝜑𝐹|) 

×∥ 𝑤𝜂2 − 𝑤𝜁2 ∥𝐿2(0,𝑡,𝑉)∥ 𝜑𝜂2(𝑡) − 𝜑𝜁2(𝑡) ∥𝑊−𝑚𝑒ℎ𝑒 ∥ 𝛾 ∥
2  ∥ 𝜑𝜂2(𝑡) − 𝜑𝜁2(𝑡) ∥𝑊

2   

Multiplying the following equation  

𝐴𝛽(𝜑𝜂2(𝑡) − 𝜑𝜁2(𝑡)) + 𝛾
∗𝑑𝜂2

𝑤𝜂2(𝑡) − 𝛾∗𝑑
𝜁2

𝑤𝜁2(𝑡) = 𝑞𝜂2(𝑡) − 𝑞𝜁2(𝑡)     𝑎. 𝑒. 𝑡 ∈ (0, 𝑇) 

by 𝜑𝜂2(𝑡) − 𝜑𝜁2(𝑡) and using the coercivity of 𝐴𝛽, we obtain  

(𝛽∗ −𝑚𝑒ℎ𝑒 ∥ 𝛾 ∥
2) ∥ 𝜑𝜂2(𝑡) − 𝜑𝜁2(𝑡) ∥𝑊

2 ≤ {∥ 𝜂2(𝑡) − 𝜁2(𝑡) ∥𝑊′+ 𝐿ℎ𝑒√𝑇 ∥ 𝛾 ∥
2 

          (𝑐0𝑒 + 𝑐1𝑒|𝛾𝜑𝜂2(𝑡) − 𝜑𝐹|) ∥ 𝑤𝜂2 − 𝑤𝜁2 ∥𝐿2(0,𝑡,𝑉)} ∥ 𝜑𝜂2(𝑡) − 𝜑𝜁2(𝑡) ∥𝑊 (86) 

By the inequality 𝑥𝑦 ≤
𝑚𝑥2

2
+

𝑦2

2𝑚
, for all 𝑥, 𝑦,𝑚 > 0, (86) becomes  

∥ 𝜑𝜂2(𝑡) − 𝜑𝜁2(𝑡) ∥𝑊≤ 𝑐{∥ 𝜂2(𝑡) − 𝜁2(𝑡) ∥𝑊′ +∥ 𝑤𝜂2 − 𝑤𝜁2 ∥𝐿2(0,𝑡;𝑉)}  𝑎. 𝑒.  𝑡 ∈ (0, 𝑇). 

Which proves (77) and completes the proof of proposition 5.1.⧠ 

 

6  Solvability of problem 𝓟𝛈
𝓥 

We have the following existence and uniqueness result.  

Theorem 6.1  Assume that H(c)(a,c), (69),(71), H(j),H(𝑗𝑒),H(h), H(ℎ𝑒), H(𝜑𝐹), H(0), (36), (37), (47) and 

(48) hold. Then, the problem (72) has a unique solution, which satisfies  

𝑦𝜂 ∈ 𝐿
2(0, 𝑇; 𝑌). (87) 

For all 𝜁 = (𝜁1, 𝜁2) ∈ 𝐿
2(0, 𝑇; 𝑌′) and 𝜂 = (𝜂1, 𝜂2) ∈ 𝐿

2(0, 𝑇; 𝑌′). If 𝑦𝜂 = (𝑢̇𝜂 , 𝜑𝜂) ∈ 𝐿
2(0, 𝑇; 𝑌) and 𝑦𝜁 =

(𝑢̇𝜁 , 𝜑𝜁) ∈ 𝐿
2(0, 𝑇; 𝑌) denote the solutions to problem (72), respectively, then there exists 𝑐 > 0 such that  

 ∥ 𝑢̇𝜂(𝑡) − 𝑢̇𝜁(𝑡) ∥𝑉
2≤ 𝑐{∥ u𝜂(𝑡) − 𝑢𝜁(𝑡) ∥𝑉

2 +∥ 𝑢𝜂 − 𝑢𝜁 ∥𝐿2(0,𝑡;𝑉)
2 }. (88) 

 And  

 ∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊
2 ≤ 𝑐{∥ 𝑢𝜂(𝑡) − 𝑢𝜁(𝑡) ∥𝑉

2 +∥ 𝑢𝜂 − 𝑢𝜁 ∥𝐿2(0,𝑡;𝑉)
2 }. (89) 

 

Proof.   (i) Existence and uniqueness part. 

For every 𝜂 ∈ 𝐿2(0, 𝑇; 𝑌′) we consider the operator 𝛬: 𝐿2(0, 𝑇; 𝑌′) → 𝐿2(0, 𝑇; 𝑌′) defined by  

(𝛬𝜂(𝑡), 𝑧)𝑌′×𝑌 = (𝑎𝜇(∫
0

𝑡

𝑤𝜂(𝑠)𝑑𝑠 + 𝑢0, 𝑣) + 𝑎𝑒
∗(𝜑𝜂(𝑡), 𝑣), 𝑎𝑒(∫

0

𝑡

𝑤𝜂(𝑠)d𝑠 + 𝑢0, 𝜓)) (90) 

for all 𝑧 = (𝑣, 𝜓) ∈ 𝑌, a.e. 𝑡 ∈ (0, 𝑇). 
We prove that 𝛬 has a unique fixed point 𝜂∗. Indeed, let 𝜂 = (𝜂1, 𝜂2) and 𝜁 = (𝜁1, 𝜁2) be two elements of 

𝐿2(0, 𝑇; 𝑌′) and denote by (𝑤𝜂 , 𝜑𝜂) and (𝑤𝜁 , 𝜑𝜁) the corresponding solutions of inclusion (72), we find  

(𝐴𝑦𝜂(𝑡) − 𝐴𝑦𝜁(𝑡), 𝑧)𝑌′×𝑌 + (𝛾
∗(𝜉𝜂(𝑡), 𝜅𝜂(𝑡)) − 𝛾

∗(𝜉𝜁(𝑡), 𝜅𝜁(𝑡)), 𝑧)𝑍′×𝑍 = 

= (𝐴𝑦𝜂(𝑡) − 𝐴𝑦𝜁(𝑡), 𝑧)𝑌′×𝑌 + ((𝜉𝜂(𝑡), 𝜅𝜂(𝑡)) − (𝜉𝜁(𝑡), 𝜅𝜁(𝑡)), 𝛾𝑧)𝐿2(𝛤3;ℝ2)     

= ((𝜁1(𝑡) − 𝜂1(𝑡), 𝜂2(𝑡) − 𝜁2(𝑡)), 𝑧)𝑌′×𝑌 
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for all 𝑧 ∈ 𝑌, a.e. 𝑡 ∈ (0, 𝑇), (𝜉𝜂(𝑡), 𝜅𝜂(𝑡)) ∈ 𝜕𝐽𝑡(𝛾𝑦𝜂(𝑡)) and (𝜉𝜁(𝑡), 𝜅𝜁(𝑡)) ∈ 𝜕𝐽𝑡(𝛾𝑦𝜁(𝑡)) . If we take 𝑧 =

𝑦𝜂 − 𝑦𝜁, we obtain  

(𝐴𝑦𝜂(𝑡) − 𝐴𝑦𝜁(𝑡), 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡))𝑌′×𝑌 + ((𝜉𝜂(𝑡), 𝜅𝜂(𝑡)) − (𝜉𝜁(𝑡), 𝜅𝜁(𝑡)), 𝛾𝑦𝜂(𝑡) − 𝛾𝑦𝜁(𝑡))𝐿2(𝛤3;ℝ2)
= ((𝜁1(𝑡) − 𝜂1(𝑡), 𝜂2(𝑡) − 𝜁2(𝑡)), 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡))𝑌′×𝑌 

  (91) 

From (58), we find  

𝑚𝑖𝑛{𝜃∗, 𝛽∗} ∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌
2+ ((𝜉𝜂(𝑡), 𝜅𝜂(𝑡)) − (𝜉𝜁(𝑡), 𝜅𝜁(𝑡)), 𝛾𝑦𝜂(𝑡) − 𝛾𝑦𝜁(𝑡))𝐿2(𝛤3;ℝ2) 

                        ≤∥ (𝜁1(𝑡) − 𝜂1(𝑡), 𝜂2(𝑡) − 𝜁2(𝑡)) ∥𝑌′∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌 

                        ≤∥ (𝜂(𝑡) − 𝜁(𝑡) ∥𝑌′∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌 

hence  

𝑚𝑖𝑛{𝜃∗, 𝛽∗} ∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌
2≤∥ (𝜂(𝑡) − 𝜁(𝑡) ∥𝑌′∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌+ 

                      ((𝜉𝜁(𝑡), 𝜅𝜁(𝑡)) − (𝜉𝜂(𝑡), 𝜅𝜂(𝑡)), 𝛾𝑦𝜂(𝑡) − 𝛾𝑦ζ(𝑡))𝐿2(𝛤3;ℝ2) (92) 

On the other hand, we have  

((𝜉𝜁(𝑡), 𝜅𝜁(𝑡)) − (𝜉𝜂(𝑡), 𝜅𝜂(𝑡)), 𝛾𝑦𝜂(𝑡) − 𝛾𝑦𝜁(𝑡))𝐿2(𝛤3;ℝ2) = 

∫
𝛤3

((𝜉𝜁(𝑡) − 𝜉𝜂(𝑡), 𝜅𝜁(𝑡) − 𝜅𝜂(𝑡))). (𝛾𝑦𝜂(𝑡) − 𝛾𝑦𝜁(𝑡))  𝑑𝑎. 

From (60), we have the following inclusion  

𝜕𝐽𝑡(𝑥, 𝛾𝑦𝜂(𝑡)) ⊂ 𝜕𝛾𝑤𝜂(𝑡)𝐽𝑡(𝑥, 𝛾𝑦𝜂(𝑡)) × 𝜕𝛾𝜑𝜂(𝑡)𝐽𝑡(𝑥, 𝛾𝑦𝜂(𝑡))     𝑎. 𝑒 . 𝑡 ∈ (0, 𝑇). 

𝜕𝐽𝑡(𝑥, 𝛾𝑦𝜁(𝑡)) ⊂ 𝜕𝛾𝑤𝜁(𝑡)𝐽𝑡(𝑥, 𝛾𝑦𝜁(𝑡)) × 𝜕𝛾𝜑𝜁(𝑡)𝐽𝑡(𝑥, 𝛾𝑦𝜁(𝑡))     𝑎. 𝑒 . 𝑡 ∈ (0, 𝑇). 

and  

𝜉𝜁(𝑡) ∈ 𝜕𝛾𝑤𝜁(𝑡)𝐽𝑡(𝑥, 𝛾𝑦𝜁(𝑡)),    𝜉𝜂(𝑡) ∈ 𝜕𝛾𝑤𝜂(𝑡)𝐽𝑡(𝑥, 𝛾𝑦𝜂(𝑡)). 

𝜅𝜁(𝑡) ∈ 𝜕𝛾𝜑𝜁(𝑡)𝐽𝑡(𝑥, 𝛾𝑦𝜁(𝑡)),    κ𝜂(𝑡) ∈ 𝜕𝛾𝜑𝜂(𝑡)𝐽𝑡(𝑥, 𝛾𝑦𝜂(𝑡)). 

There exists 𝑠𝜂 , 𝑠𝜁 ∈ 𝐿
2(0, 𝑇; 𝐿2(𝛤3)) and 𝑑𝜂 , 𝑑𝜁 ∈ 𝐿

2(0, 𝑇; 𝐿2(𝛤3)) such that  

𝑠𝜂(𝑥, 𝑡) = ℎ(𝑆𝑡(𝛾𝑤𝜂), 𝛾𝜑𝜂(𝑡) − 𝜑𝐹) 𝑝𝜂(𝑥, 𝑡),    𝑑𝜂(𝑥, 𝑡) = ℎ𝑒(𝑆𝑡(𝛾𝑤𝜂)) 𝑙𝜂(𝑥, 𝑡) 

with 𝑝𝜂(𝑥, 𝑡) ∈ 𝜕𝑗(𝛾𝑤𝜂(𝑡)) and 𝑙𝜂(𝑥, 𝑡) ∈ 𝜕𝑗𝑒(𝛾𝜑𝜂(𝑡) − φ𝐹), a.e. (𝑥, 𝑡) ∈ 𝛴3.  

𝑠𝜁(𝑥, 𝑡) = ℎ(𝑆𝑡(𝛾𝑤𝜁), 𝛾𝜑𝜁(𝑡) − 𝜑𝐹) 𝑝𝜁(𝑥, 𝑡),    𝑑𝜁(𝑥, 𝑡) = ℎ𝑒(𝑆𝑡(𝛾𝑤𝜁)) 𝑙𝜁(𝑥, 𝑡) 

with 𝑝𝜁(𝑥, 𝑡) ∈ 𝜕𝑗(𝛾𝑤𝜁(𝑡)) and 𝑙𝜁(𝑥, 𝑡) ∈ 𝜕𝑗𝑒(𝛾𝜑𝜁(𝑡) − 𝜑𝐹), a.e. (𝑥, 𝑡) ∈ 𝛴3. Therefore  

((𝜉𝜁(𝑡), 𝜅𝜁(𝑡)) − (𝜉𝜂(𝑡), 𝜅𝜂(𝑡)), 𝛾𝑦𝜂(𝑡) − 𝛾𝑦𝜁(𝑡))𝐿2(𝛤3;ℝ2) = 

∫
𝛤3

(𝑠𝜁(𝑥, 𝑡) − 𝑠𝜂(𝑥, 𝑡), 𝑑𝜁(𝑥, 𝑡) − 𝑑𝜂(𝑥, 𝑡)). (𝛾𝑦𝜂(𝑡) − 𝛾𝑦𝜁(𝑡))  𝑑𝑎 = 

∫
𝛤3
(𝑠𝜁(𝑥, 𝑡) − 𝑠𝜂(𝑥, 𝑡))(𝛾𝑤𝜂(𝑡) − 𝛾𝑤𝜁(𝑡)) 𝑑𝑎 + ∫𝛤3

(𝑑𝜁(𝑥, 𝑡) − 𝑑𝜂(𝑥, 𝑡))(𝛾𝜑𝜂(𝑡)    −

                       𝛾𝜑𝜁(𝑡)) 𝑑𝑎  

with  

∫
𝛤3

(𝑠𝜁(𝑥, 𝑡) − 𝑠𝜂(𝑥, 𝑡))(𝛾𝑤𝜂(𝑡) − 𝛾𝑤𝜁(𝑡)) 𝑑𝑎 ≤ 𝐿ℎ√𝑇 ∥ 𝛾 ∥
2 (𝑐0 + 𝑐1|𝛾𝑤𝜁(𝑡)|) 

∥ 𝑤𝜂 −𝑤𝜁 ∥𝐿2(0,𝑡,𝑉)∥ 𝑤𝜂(𝑡) − 𝑤𝜁(𝑡) ∥𝑉+ 𝐿ℎ ∥ 𝛾 ∥
2 (𝑐0 + 𝑐1|𝛾𝑤𝜁(𝑡)|) ∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊 

∥ 𝑤𝜂(𝑡) − 𝑤𝜁(𝑡) ∥𝑉+𝑚ℎ ∥ 𝛾 ∥
2  ∥ 𝑤𝜂(𝑡) − 𝑤𝜁(𝑡) ∥𝑉

2  

and  

∫
𝛤3

(𝑑𝜁(𝑥, 𝑡) − 𝑑𝜂(𝑥, 𝑡))(𝛾𝜑𝜂(𝑡) − 𝛾𝜑𝜁(𝑡)) 𝑑𝑎 ≤ 𝐿ℎ𝑒√𝑇 ∥ 𝛾 ∥
2 (𝑐0𝑒 + 𝑐1𝑒|𝛾𝜑𝜁(𝑡) − 𝜑𝐹|) 

∥ 𝑤𝜂 − 𝑤𝜁 ∥𝐿2(0,𝑡;𝑉)∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊+𝑚𝑒ℎ𝑒 ∥ 𝛾 ∥
2  ∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊

2 . 

 

Then, we have  

((𝜉𝜁(𝑡), 𝜅𝜁(𝑡)) − (𝜉𝜂(𝑡), 𝜅𝜂(𝑡)), 𝛾𝑦𝜂(𝑡) − 𝛾𝑦𝜁(𝑡))𝐿2(𝛤3;ℝ2) ≤ √𝑇 ∥ 𝛾 ∥
2 𝑚𝑎𝑥{𝐿ℎ(𝑐0 + 𝑐1 
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|𝛾𝑤𝜁(𝑡)|), 𝐿ℎ𝑒(𝑐0𝑒 + 𝑐1𝑒|𝛾𝜑𝜁(𝑡) − 𝜑𝐹|)}{∥ 𝑤𝜂(𝑡) − 𝑤𝜁(𝑡) ∥𝑉 +∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊} 

∥ 𝑤𝜂 −𝑤𝜁 ∥𝐿2(0,𝑡;𝑉)+ 𝐿ℎ ∥ 𝛾 ∥
2 (𝑐0 + 𝑐1|𝛾𝑤𝜁(𝑡)|) ∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊∥ 𝑤𝜂(𝑡) − 𝑤𝜁(𝑡) ∥𝑉 

+𝑚𝑎𝑥{𝑚ℎ,𝑚𝑒ℎ𝑒} ∥ 𝛾 ∥
2   {∥ 𝑤𝜂(𝑡) − 𝑤𝜁(𝑡) ∥𝑉

2 +∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊
2 }. 

The inequality (92) becomes  

𝑚𝑖𝑛{𝜃∗, 𝛽∗} ∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌
2≤    ∥ (𝜂(𝑡) − 𝜁(𝑡) ∥𝑌′∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌+ √𝑇 ∥ 𝛾 ∥

2 

𝑚𝑎𝑥{𝐿ℎ(𝑐0 + 𝑐1|𝛾𝑤𝜁(𝑡)|), 𝐿ℎ𝑒(𝑐0𝑒 + 𝑐1𝑒|𝛾𝜑𝜁(𝑡) − 𝜑𝐹|)}{∥ 𝑤𝜂(𝑡) − 𝑤𝜁(𝑡) ∥𝑉+ 

∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊} ∥ 𝑤𝜂 − 𝑤𝜁 ∥𝐿2(0,𝑡;𝑉)+ 𝐿ℎ ∥ 𝛾 ∥
2 (𝑐0 + 𝑐1|𝛾𝑤𝜁(𝑡)|) ∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊 

∥ 𝑤𝜂(𝑡) − 𝑤𝜁(𝑡) ∥𝑉+𝑚𝑎𝑥{𝑚ℎ,𝑚𝑒ℎ𝑒} ∥ 𝛾 ∥
2   {∥ 𝑤𝜂(𝑡) − 𝑤𝜁(𝑡) ∥𝑉

2 +∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊
2 }. 

1

2
(𝑚𝑖𝑛{𝜃∗, 𝛽∗} − 𝑚𝑎𝑥{𝑚ℎ,𝑚𝑒ℎ𝑒} ∥ 𝛾 ∥

2) ∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌
2≤  ∥ (𝜂(𝑡) − 𝜁(𝑡) ∥𝑌′ 

∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌+ 𝑐 ∥ 𝑤𝜂 − 𝑤𝜁 ∥𝐿2(0,𝑡;𝑉)
2 +

1

2
(𝐿ℎ ∥ 𝛾 ∥

2 (𝑐0 + 𝑐1|𝛾𝑤𝜁(𝑡)|)){∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊
2 +

∥ 𝑤𝜂(𝑡) − 𝑤𝜁(𝑡) ∥𝑉
2}. 

1

2
(𝑚𝑖𝑛{𝜃∗, 𝛽∗} − 𝑚𝑎𝑥{𝑚ℎ,𝑚𝑒ℎ𝑒} ∥ 𝛾 ∥

2− 𝐿ℎ ∥ 𝛾 ∥
2 (𝑐0 + 𝑐1|𝛾𝑤𝜁(𝑡)|)) ∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌

2≤ 

∥ (𝜂(𝑡) − 𝜁(𝑡) ∥𝑌′∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌+ 𝑐 ∥ 𝑤𝜂 − 𝑤𝜁 ∥𝐿2(0,𝑡;𝑉)
2 . 

We obtain 
1

4
(𝑚𝑖𝑛{𝜃∗, 𝛽∗} − 𝑚𝑎𝑥{𝑚ℎ,𝑚𝑒ℎ𝑒} ∥ 𝛾 ∥

2− 𝐿ℎ𝑐̃2 ∥ 𝛾 ∥
2) ∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌

2≤                     

∥ (𝜂(𝑡) − 𝜁(𝑡) ∥𝑌′
2 +∥ 𝑤𝜂 −𝑤𝜁 ∥𝐿2(0,𝑡;𝑉)

2 },                                                                       

since 𝛾𝑤𝜁(𝑡) ∈ 𝐿
2(𝛤3), a.e. 𝑡 ∈ (0, 𝑇), then, there exists 𝑐̃2 > 0, such that (𝑐0 + 𝑐1|𝛾𝑤𝜁(𝑡)|) < 𝑐̃2. Using 

(49) and Gronwall’s inequality to obtain  

            ∥ 𝑦𝜂(𝑡) − 𝑦𝜁(𝑡) ∥𝑌≤ 𝑐  ∥ (𝜂(𝑡) − 𝜁(𝑡) ∥𝑌′. (93) 

Since 𝜂 − 𝜁 ∈ 𝐿2(0, 𝑇; 𝑌′), then we have the regularity (87). 

Now, using the inequality  

|𝑎𝜇(∫

0

𝑡

(𝑤𝜂(𝑠) − 𝑤𝜁(𝑠))𝑑𝑠, 𝑣)| + |𝑎𝑒
∗(𝜑𝜂(𝑡) − 𝜑𝜁(𝑡), 𝑣)| ≤ 𝑐{∫

0

𝑡

∥ 𝑤𝜂(𝑠) − 𝑤𝜁(𝑠) ∥𝑉 𝑑𝑠 

                                          +∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊}   ∥ 𝑣 ∥𝑉 

  (94) 

for all 𝑣 ∈ 𝑉, a.e. 𝑡 ∈ (0, 𝑇)and  

       |𝑎𝑒(∫
0

𝑡

(𝑤𝜂(𝑠) − 𝑤𝜁(𝑠))𝑑𝑠, 𝜓)| ≤ 𝑐{∫
0

𝑡

∥ 𝑤𝜂(𝑠) − 𝑤𝜁(𝑠) ∥𝑉 𝑑𝑠}   ∥ 𝜓 ∥𝑊 (95) 

for all 𝜓 ∈ 𝑊, a.e. 𝑡 ∈ (0, 𝑇), with (90) and (93) to get 

|(𝛬𝜂(𝑡) − 𝛬𝜁(𝑡), 𝑧)𝑌′×𝑌|
2 ≤ 𝑐 ∥ 𝑧 ∥𝑌

2 {√𝑇(∫

0

𝑡

∥ 𝑤𝜂(𝑠) − 𝑤𝜁(𝑠) ∥𝑉
2 𝑑𝑠)

1

2 +                               

∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊}
2 

≤ 𝑐{∥ 𝑤𝜂 − 𝑤𝜁 ∥𝐿2(0,𝑡;𝑉)
2 +∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊

2 }   ∥ 𝑧 ∥𝑌
2  

  (96) 

for all 𝑧 ∈ 𝑌, a.e. 𝑡 ∈ (0, 𝑇), so  

∥ (𝛬𝜂(𝑡) − 𝛬𝜁(𝑡) ∥𝑌′
2 ≤ 𝑐{∥ 𝑤𝜂 − 𝑤𝜁 ∥𝐿2(0,𝑡;𝑉)

2 +∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊
2 }.                            (97) 

On the other hand, using (93), we obtain  

              ∥ 𝑤𝜂(𝑡) − 𝑤𝜁(𝑡) ∥𝑉≤ 𝑐 ∥ 𝜂(𝑡) − 𝜁(𝑡) ∥𝑌′. (98) 

                                         ∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊≤ c ∥ 𝜂(𝑡) − 𝜁(𝑡) ∥𝑌′. (99) 

Integrating (98) and (99), which implies  
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 ∥ 𝑤𝜂 − 𝑤𝜁 ∥𝐿2(0,𝑇;𝑉)≤ 𝑐 ∥ 𝜂 − 𝜁 ∥𝐿2(0,𝑇;𝑌′). (100) 

 ∥ 𝜑𝜂 − 𝜑𝜁 ∥𝐿2(0,𝑇;𝑊)≤ 𝑐 ∥ 𝜂 − 𝜁 ∥𝐿2(0,𝑇;𝑌′). (101) 

From (100) and (101), l’inequality (97) becomes  

 ∥ (𝛬𝜂 − 𝛬𝜁 ∥𝐿2(0,𝑇;𝑌′)
2 ≤ 𝑐 ∥ 𝜂 − 𝜁 ∥𝐿2(0,𝑇;𝑌′)

2 . (102) 

Reiterating the previous inequality 𝑝 times, we find that  

 ∥ 𝛬𝑝𝜂 − 𝛬𝑝𝜁 ∥𝐿2(0,𝑇;𝑌′)≤ √
𝑐𝑝𝑇𝑝

𝑝!
∥ 𝜂 − 𝜁 ∥𝐿2(0,𝑇;𝑌′). (103) 

This last inequality shows that for a sufficiently large 𝑝, the operator 𝛬𝑝 is a contraction on the Banach 

space 𝐿2(0, 𝑇; 𝑌′) and, therefore, there exists a unique element 𝜂∗ ∈ 𝐿2(0, 𝑇; 𝑌′) such that 𝛬𝜂∗ = 𝜂∗, which 

shows that 𝜂∗ is the unique fixed point of 𝛬. 

 

(ii) Next, we show the continuous dependence result (88)-(89). For 𝜂 = 𝜂∗, 𝜁 = 𝜁∗ and using (67) to obtain  

|(𝜂1(𝑡) − 𝜁1(𝑡), 𝑣)𝑉′×𝑉| ≤ 𝑐{∥ 𝑢𝜂(𝑡) − 𝑢𝜁(𝑡) ∥𝑉 +∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊} ∥ 𝑣 ∥𝑉 

for all 𝑣 ∈ 𝑉. a.e. 𝑡 ∈ (0, 𝑇), so  

∥ (𝜂1(𝑡) − 𝜁1(𝑡) ∥𝑉′≤ 𝑐{∥ 𝑢𝜂(𝑡) − 𝑢𝜁(𝑡) ∥𝑉 +∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊}    𝑎. 𝑒. 𝑡 ∈ (0, 𝑇). (104) 

Using (76) and (104) to find  

∥ 𝑢̇𝜂(𝑡) − 𝑢̇𝜁(𝑡) ∥𝑉≤ 𝑐{∥ 𝑢𝜂(𝑡) − u𝜁(𝑡) ∥𝑉 +∥ 𝑢̇𝜂 − 𝑢̇𝜁 ∥𝐿2(0,𝑡;𝑉) +∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊} (105) 

Therefore  

∥ 𝑢̇𝜂(𝑡) − 𝑢̇𝜁(𝑡) ∥𝑉
2≤ 𝑐{∥ 𝑢𝜂(𝑡) − 𝑢𝜁(𝑡) ∥𝑉

2 +∥ 𝑢̇𝜂 − 𝑢̇𝜁 ∥𝐿2(0,𝑡;𝑉)
2 +∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊

2 } (106) 

By Gronwell inequality, (106) becomes  

 ∥ 𝑢̇𝜂(𝑡) − 𝑢̇𝜁(𝑡) ∥𝑉
2≤ 𝑐{∥ 𝑢𝜂(𝑡) − 𝑢𝜁(𝑡) ∥𝑉

2 +∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊
2 } (107) 

On the other hand, we have  

 |(𝜂2(𝑡) − 𝜁2(𝑡), 𝜓)𝑊′×𝑊| ≤ c ∥ 𝑢𝜂(𝑡) − 𝑢𝜁(𝑡) ∥𝑉∥ 𝜓 ∥𝑊 

for all 𝜓 ∈ 𝑊. a.e. 𝑡 ∈ (0, 𝑇), so  

 ∥ (𝜂2(𝑡) − 𝜁2(𝑡) ∥𝑊′≤ 𝑐 ∥ 𝑢𝜂(𝑡) − 𝑢𝜁(𝑡) ∥𝑉 𝑎. 𝑒. 𝑡 ∈ (0, 𝑇). (108) 

Now, using (77) and (108) to obtain  

 ∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊≤ 𝑐{∥ 𝑢𝜂(𝑡) − 𝑢𝜁(𝑡) ∥𝑉 +∥ 𝑢̇𝜂 − 𝑢̇𝜁 ∥𝐿2(0,𝑡;𝑉)}  𝑎. 𝑒.  𝑡 ∈ (0, 𝑇). (109) 

From (107), we have  

 ∥ 𝑢̇𝜂 − 𝑢̇𝜁 ∥𝐿2(0,𝑡;𝑉)
2 ≤ 𝑐{∥ 𝑢𝜂 − 𝑢𝜁 ∥𝐿2(0,𝑡;𝑉)

2 +∥ 𝜑𝜂 − 𝜑𝜁
2 ∥𝐿2(0,𝑡;𝑊)}. 

L’ inequality (109) becomes  

∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊
2 ≤ 𝑐{∥ 𝑢𝜂(𝑡) − 𝑢𝜁(𝑡) ∥𝑉

2 +∥ 𝑢𝜂 − 𝑢𝜁 ∥𝐿2(0,𝑡;𝑉)
2 +∥ 𝜑𝜂 − 𝜑𝜁 ∥𝐿2(0,𝑡;𝑊)

2 } 

a.e.  𝑡 ∈ (0, 𝑇). By Gronwell inequality, we have  

 ∥ 𝜑𝜂(𝑡) − 𝜑𝜁(𝑡) ∥𝑊
2 ≤ 𝑐{∥ 𝑢𝜂(𝑡) − 𝑢𝜁(𝑡) ∥𝑉

2 +∥ 𝑢𝜂 − 𝑢𝜁 ∥𝐿2(0,𝑡;𝑉)
2 } (110) 

we deduce that (89) is verified. Using (110) and (107) to find  

 ∥ 𝑢̇𝜂(𝑡) − 𝑢̇𝜁(𝑡) ∥𝑉
2≤ 𝑐{∥ 𝑢𝜂(𝑡) − 𝑢𝜁(𝑡) ∥𝑉

2 +∥ 𝑢𝜂 − 𝑢𝜁 ∥𝐿2(0,𝑡;𝑉)
2 } (111) 

we deduce (88). ⧠ 

 

7   Proof of Theorem 3.1 

We have now all the ingredients to provide the proof of Theorem 3.1. 

Existence. Let 𝜂∗ = (𝜂1
∗, 𝜂2

∗) ∈ 𝐿2(0, 𝑇; 𝑌′) be the fixed point of the operator 𝛬 obtained in Theorem 6.1 and 

let 𝑢𝜂∗ be the function defined by  

𝑢𝜂∗(𝑡) = ∫
0

𝑡

𝑤𝜂∗(𝑠)𝑑𝑠 + 𝑢0𝑓𝑜𝑟𝑎𝑙𝑙𝑡 ∈ [0, 𝑇]. (112) 

It follows from (90) and (112) that  

 𝜂1
∗(𝑡) = 𝐴𝜇𝑢𝜂∗(𝑡) + 𝐴𝑒

∗𝜑𝜂∗(𝑡),    𝜂2
∗(𝑡) = 𝐴𝑒𝑢𝜂∗(𝑡). (113) 

a.e. 𝑡 ∈ (0, 𝑇), and, writing (72) for 𝜂 = 𝜂∗ and using (113) to find that 𝑢 = 𝑢𝜂∗ and 𝜑 = 𝜑𝜂∗ is a solution of 
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problem (72). Since 𝑤𝜂∗ ∈ 𝐿
2(0, 𝑇; 𝑉), we deduce that 𝑢 ∈ 𝐿2(0, 𝑇; 𝑉) and we have 𝑢̇(𝑡) = 𝑢̇𝜂∗(𝑡) =

𝑤𝜂∗(𝑡) = 𝑤𝜂(𝑡), a.e. 𝑡 ∈ (0, 𝑇), so 𝑢̇ ∈ 𝐿2(0, 𝑇; 𝑉).  

Regarding the regularity of solution 𝜑 ∈ 𝐿2(0, 𝑇;𝑊) it follow from Theorem 6.1.The passage from problem 

(72) to problem (64)–(66) found when we choose 𝑧 = (𝑣, 0) ∈ 𝑌 in (72) and using (55) with (56), we obtain 

the inequality (64), and when we choose 𝑧 = (0, 𝜓) ∈ 𝑌 in (72) we obtain the inequality (65). About the 

condition initial (65) it follow from (112). 

 

It remains to show the regularity 𝜑̇ ∈ 𝐿2(0, 𝑇;𝑊). To this end, for any 𝑡1, 𝑡2 ∈ [0, 𝑇], we use (45) and the 

arguments used in the proof of Proposition 5.1 to obtain  

 𝐴𝛽(𝜑(𝑡1) − 𝜑(𝑡2)) − 𝐴𝑒(𝑢(𝑡1) − 𝑢(𝑡2)) + 𝛾
∗𝑑(𝑡1) − 𝛾

∗𝑑(𝑡2) = 𝑞(𝑡1) − 𝑞(𝑡2). 

Multiplying by 𝜑(𝑡1) − 𝜑(𝑡2), we get  

𝑎𝛽(𝜑(𝑡1) − 𝜑(𝑡2), 𝜑(𝑡1) − 𝜑(𝑡2)) − 𝑎𝑒(𝑢(𝑡1) − 𝑢(𝑡2), 𝜑(𝑡1) − 𝜑(𝑡2)) 

 +(𝑑(𝑡1) − 𝑑(𝑡2), 𝛾𝜑(𝑡1) − 𝛾𝜑(𝑡2))𝐿2(𝛤3) = (𝑞(𝑡1) − 𝑞(𝑡2), 𝜑(𝑡1) − 𝜑(𝑡2))𝑊′×𝑊. 

The coercivity of 𝐴𝛽 we find  

𝛽∗ ∥ 𝜑(𝑡1) − 𝜑(𝑡2) ∥𝑊
2 ≤ 𝑐{∥ 𝑢(𝑡1) − 𝑢(𝑡2) ∥𝑉

2 +∥ 𝑞(𝑡1) − 𝑞(𝑡2) ∥𝑊′
2 } ∥ 𝜑(𝑡1) − 𝜑(𝑡2) ∥𝑊 

               −(𝑑(𝑡1) − 𝑑(𝑡2), 𝛾𝜑(t1) − 𝛾𝜑(𝑡2))𝐿2(𝛤3). 

  

We use the same method for finding the inequality (86) in proposition 5.1, so that we have  

(𝛽∗ −𝑚𝑒ℎ𝑒 ∥ 𝛾 ∥
2) ∥ 𝜑(𝑡1) − 𝜑(𝑡2) ∥𝑊

2 ≤ {∥ 𝑢(𝑡1) − 𝑢(𝑡2) ∥𝑉 +∥ 𝑞(𝑡1) − 𝑞(𝑡2) ∥𝑊′ 
                                                                   +𝐿ℎ𝑒 ∥ 𝛾 ∥ (𝑐0𝑒 + 𝑐1𝑒|𝛾𝜑(𝑡1) − 𝜑𝐹|) 

                                                                       ∥ 𝑆𝑡1(𝑢̇) − 𝑆𝑡2(𝑢̇) ∥𝐿2(𝛤3)} ∥ 𝜑(𝑡1) − 𝜑(𝑡2) ∥𝑊 

  (114) 

On the other hand, we have  

 𝑆𝑡1(𝑢̇)(𝑥) − 𝑆𝑡2(𝑢̇)(𝑥) = ∫
𝑡2

𝑡1

|𝛾𝑢̇(𝑠)(𝑥)| 𝑑𝑠 ≤ |𝛾𝑢(𝑡1)(𝑥) − 𝛾𝑢(𝑡2)(𝑥)|     𝑎. 𝑒. 𝑥 ∈ 𝛤3 

so  

∥ 𝑆𝑡1(𝑢̇) − 𝑆𝑡2(𝑢̇) ∥𝐿2(𝛤3)≤∥ 𝛾 ∥∥ 𝑢(𝑡1) − 𝑢(𝑡2) ∥𝑉 𝑎. 𝑒. 𝑥 ∈ 𝛤3 

the inequality (114) becomes  

(𝛽∗ −𝑚𝑒ℎ𝑒 ∥ 𝛾 ∥
2) ∥ 𝜑(𝑡1) − 𝜑(𝑡2) ∥𝑊

2 ≤ 𝑐{∥ 𝑢(𝑡1) − 𝑢(𝑡2) ∥𝑉 +∥ 𝑞(𝑡1) − 𝑞(𝑡2) ∥𝑊′} 
                                                                     ×∥ 𝜑(𝑡1) − 𝜑(𝑡2) ∥𝑊(115) 

By Gronwell inequality and (48), l’inequality (114) becomes  

∥ 𝜑(𝑡1) − 𝜑(𝑡2) ∥𝑊≤ 𝑐{∥ 𝑢(𝑡1) − 𝑢(𝑡2) ∥𝑉 +∥ 𝑞(𝑡1) − 𝑞(𝑡2) ∥𝑊′}     𝑎. 𝑒. 𝑡 ∈ (0, 𝑇). 
This inequality combined with the regularity 𝑞 ∈ 𝑊1,2(0, 𝑇;𝑊′), then 𝑞: [0, 𝑇] → 𝑊′ is an absolutely 

continuous function and 𝑢 ∈ 𝐿2(0, 𝑇; 𝑉), shows that 𝑢: [0, 𝑇] → 𝑉 shows that is an absolutely continuous 

function as well, and it satisfies  

 ∥ 𝜑̇(𝑡) ∥𝑊≤ 𝑐{∥ 𝑢̇(𝑡) ∥𝑉
2 +∥ 𝑞̇(𝑡) ∥𝑊′

2 }     𝑎. 𝑒. 𝑡 ∈ (0, 𝑇). (116) 

Since 𝑢̇ ∈ 𝐿2(0, 𝑇; 𝑉) and 𝑞̇ ∈ 𝐿2(0, 𝑇;𝑊′), it follows from (116) that 𝜑̇ ∈ 𝐿2(0, 𝑇;𝑊), which concludes the 

regularity (50) and the existence part of proof. 

Uniqueness. The uniqueness of the solution to Problem 𝒫𝒱 is a consequence of the uniqueness part in 

Proposition 5.1 and the uniqueness of the fixed point of 𝛬.  
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