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Abstract

In this research paper, we present some results on the solvability of the evolutionary system constituting two
types of hemivariational inequalities in the study of a piezoelectric frictional contact problem with specific
subdifferential boundary conditions. Here, the modeling of quasistatic contact processes is described with
linear electro-viscoelastic behavior in the case of antiplane shear deformation, where the foundation is
assumed conductive. The novelty of this modeling is the dependence of the friction force on the total slip-
rate with electrical effects, while the conductivity coefficient only depends on the total slip rate. We use a
variational formula to express this friction model, which is a coupled system composed of two
hemivariational inequalities, one of which is specific to the displacement field and the other is time-
dependent for the electric potential field. Then, we show that this mathematical model has a unique weak
solution, the proof is based on results of evolutionary and history-dependent inclusions under certain
assumptions.

Keywords: Antiplane shear; evolutionary hemivariational inequality; Clarke subdifferential; electro-
viscoelastic body;total slip-rate dependent.

1 Introduction

This paper focuses on the generalized class of variational inequalities, using Clarke’s notion of the
generalized gradient of a class of locally Lipschitz functionals in the study of hemivariational inequalities
which are concerned with nondifferentiable, nonsmooth and nonconvex energy functions. Typically,
hemivariational studies enable us to solve various mechanical problems through multivalued mathematical
models describing the behavior of the weak solution under different conditions. In this study, we will
concentrate on the formulation of hemivariational inequalities for modeling contact problems in
piezoelectric material systems characterized by the coupling between mechanical and electrical properties.
The aim of this work is to further study the difficulties of frictional contact in the context of antiplane shear
with electro-viscoelastic materials, using standard types of hemivariational inequalities, but with distinct
forms because the problems under consideration have different boundary conditions, and the solvability of
the corresponding contact problem depends on the types of subdifferential inclusions.

Our article presents a continuation of the other researcher’s antiplane shear study in [16], [25], [8].[22], [5],
[13]and its references. It’s devoted to the study of a new linear mathematical system describing multivalued
forms of boundary conditions. The presence of electrical effects and the total slip rates in subdifferential
boundary conditions, due to the conductivity of the foundation, make the novelty of this mathematical
system.

The paper’s content is structured as follows. In Section 2, we first explain the physical process of an electro-
viscoelastic cylinder in contact with a conductive foundation, then, we derive a mathematical framework
that makes sense. In Section 3, the problem is formulated in a variational form as a linear system coupling
two hemivariational inequalities of displacement and electric potential fileds, under a smallness assumption
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on the data. In Sections 4, 5 and 6, we mention our most important results in solving contact problems,
which we rely on in the next section. The proof of principal theorem 3.1 is presented in Section 7.

Now, we recall the definition of the generalized subdifferential of locally Lipschitz function ¢p: X — R by
0p(x) ={{ € X P°(x;v) =< {,v >y YV E X}

where ¢°(x; v)is the generalized directional derivative of ¢at x € Xin the directionv € X, with X is a

Banach space and that X" its dual space. For more details see [3].

2 The physical setting of antiplane shear

For further detailson antiplane shear deformations, we direct the reader to the references [1], [24], [25], [9].
We consider a sufficiently long piezoelectric cylinder B = Q X (—oo, +0), with generators parallel to the x;-
axes having a cross section that is a regular region Q c R? in the x;, x,-plane, Ox;x,x3 being a Cartesian
coordinate system.

To describe the boundary conditions, we denote by I" the boundary of Q and we assume a partition of I" into
three open disjoint parts I'y, I', and I'5, such that measI’; > 0. We assume that the cylinder is clamped on
I'; X (—o0, +00) and it’s in contact with a rigid foundation on '3 X (—oo, +00).

On the one hand, we consider a partition of I'; X (—o0,+) U T, X (—w, +0) into two open parts I', X
(—o0, +0) and I'y, X (—, +0), such that meas I'; > 0.

The cylinder is subjected to time-dependent volume forces of density f, in Q X (—o, 4+) and to time-
dependent surface tractions of density f, on I'; X (—oo, +). We also assume that the electrical potential
vanishes in T'; X (—oo, +0), a surface electric charge of density q, is prescribed on I', X (—o, +) and a
free volume electric charge of density q, is prescribed in bounded domain Q.

We are interested in this body’s deformation on the time interval of interest [0, T], with T > 0. Everywhere

in this paper, the dots represent the derivatives with respect to time, i.e. u = % and the index that follows a

comma represents the partial derivative with respect to the corresponding spatial variable, i.e. u; = %, i=

1,2.

We use S§3 for the linear space of second order symmetric tensors on R3 or, equivalently, the space of
symmetric matrices of order 3, and " - ", |-l will represent the inner products and the Euclidean norm on R3
and §3; we have:

1
u-v=uyv;, llvli=(v-v)zforallu=(y), v=(v;) €RS3
1

6 T =oy1 |l Tl= (t- 1)z forall 6 = (o), T= (1) €S>
We assume that the forces and the electric charges are given by

fo = (0,0,fy) withfy, = fy(x1,%2,1): QX [0, T] » R, (1)
f, = (0,0, fy)withf, = f,(x4,%X,,t): T, X [0, T] - R, (2)
do = qo(X1, X2, ): QX [0, T] = R, (3)
qz2 = q2(X1, X2, 1): T, X [0, T] = R. (4)
The displacement u and the electric potential field ¢ which are independent on x5 and have the form
u = (0,0,u)withu = u(xq,x,,1): QX% [0, T] = R, (5)
¢ = 0(xq1,%X2,1): Q% [0, T] = R. (6)

The forms ofthe strain tensor €(u) = (&;;(u)) and the electric field E(¢) = (E;(¢)) are
1
gj(w) = - (Ui +u55),  Ei(@) = —,.

The stress tensor ¢ = (o;;) and the electric displacement field D = (D;) are modeled by linear constitutive
laws

o = 20e(u) + Ctr(e(u))l + 2pe(u) + Atre(u))I — E*E(op), (7)

D = Ee(u) + BE(p), (8)
where 6 and ¢ are viscosity coefficients which 6 > 0 and { > 0, X and p are the Lamé coefficients, tre(u) =
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gi(u), I is the unit tensor in R3, B is the electric permittivity constant, £ represents the third-order
piezoelectric tensor and £ is its transpose. We assume that

e(e13 + €31)

e = (e(£23 + 832)> Ve = (g;) € S3, 9)
€€33

where e is a piezoelectric coefficient. We also assume that the coefficients 0, pu, p and e depend on the

spatial variables x;,x,, but are independent on the spatial variable x5. Since Ee-v=¢€-&E"v for all € €

§3,v € R3, it follows from (9) that

0 0 evy
E'v = (O 0 ev2> vv = (v;) € R3. (10)
ev, ev, evs

In the antiplane context (5), (6), using the constitutive equations (7), (8) and equalities (9), (10) it follows
that the stress field and the electric displacement field are given by
0 0 0413

0 0 073

g =
031 032 0

013(t) = 031(t) = 0w 1(t) + puu,(t) + ep,q (¢),
023(t) = 032(t) = 0, (8) + uu,(t) + e@,; (). (11)

eu,1— B(pil
D = | eu,,— Bo,, |(12)
0

The balance equations reduce to the following scalar equations
Dive + f, =0, divD—q,=0 inBx(0,7),
where Dive = (oy; ;) represents the divergence of the tensor field o and p denotes the density of mass.
Taking into account (11), (12), (5), (6), (1) and (3), the equilibrium equations above reduce to the following
scalar equations
Div(8Vi(t) + uVu(t) + eVo(D)) + fo(£) =0, in2 x (0,T), (13)
div(eVu(t) — ,BV(p(t)) = q,(t), inf2 x (0, 7). (14)
During the process the cylinder is clamped on I} X (—o, +0) X (0,T) and the electric potential vanishes on
I, X (—oo, +) x (0,T); thus, (5) and (6) imply that
u=0 onl; X(0,7), (15)
¢ =0 onl, x(0,T). (16)
The Cauchy stress vector and the normal component of the electric displacement field are given by
a(t) = (0,0,00,u(t) + uo,u(t) + ed,p(t)), D-v(t) =ed,u(t) —Bo,p)  (17)
where v denote the unit normal on I' X (—oo, +0) defined by
v = (v,v,,0) withv; =v;(xq,x): T =» R, i=1,2. (18)
Taking into account (2), (4) and (17), the traction condition on I, and the electric conditions on I}, are given
by

00,u(t) + ud,u(t) + ed,p(t) = f,(t)onl; x (0,T), (19)
edyu(t) — Boye(t) = qa(t)only, x (0,T). (20)

The boundary conditions on I3 X (—oo, +) X (0,T) are
u () = (0,0,u(t)), o.(t) = (0,0, udyu(t) +69,u(t) + ed,(1)). (21)

We assume that the foundation is conductive. The friction and electric contact subdifferential boundary
conditions are represented by the expression
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—(uoyu(t) + 00,u(t) + edy@(t)) € h(S (W), p(t) — ¢r)j(u(t)) (22)
ed,u(t) — By (t) € he(S:(W))dje (0 (t) — ¢r) (23)

t
where S.(i) = [ |u(s)|ds, for all t € [0,T], represents the total slip rate, ¢ represents the electric
0

potential
of the foundation assumed to be given and the electric charges on the contact surface are proportional to the
difference of potential(¢ — @) with a total slip rate dependent proportionality coefficient. Here and below
J,je, h and h, are prescribed functions which may depend on x; and x, but do not depend on x3,0j and dj,
denote the Clarke subdifferentials of the functions j and j, respectively.
Finally, we prescribe the initial displacement by

u(0) = yyins2, (24)
where u, is given function in £.

Problem®: Find the displacement field u: 2 x [0, T] — R and the potential electric field ¢: 2 X [0,T] - R
such that

cdiv (OVu(t) + pulu(t) + eVe(t)) + fo(t) =0 inf)
div (eVu(t) + BVe(t)) = qo(t) inf)
u(t)=0 onl;
p(t)=0 onl,

1 00vu(t) + poyu(t) +edyp(t) = fo(t) inl;  (25)
edyu(t) — fo,@(t) = q2(t) inl},
—(80,0(t) + poyu(t) +edy@(t)) € h(Su(t), p(t) — ¢r)j(u(t)) } onl’
edyu(t) — Boyp(t) € he(Su(t))dje(¢(t) — @r) :

\u(0) = u, in(l
forall t € [0, TT.
We introduce the function spaces to derive a variational formulation to this problem
V={weH(Q):v=0 onl}}, W={yeH(2):yY=0 onl,}
where, here and below, we write w for the trace yw of a function w € H1(Q) on I'. Since measI; > 0 and
measl, > 0, it is well known that V and W are real Hilbert spaces with the inner products
wv)y = [, Vu-Vvdx Vu,veV, (o,P)w=[, Vo Vpdx Vo, €W.

Moreover, the associated norms

lvly=NVvizgry YVEV, 1Y Ilw=IVYlzgry YYPEW. (26)
are equivalent on V and W, respectively, with the usual norm |I-ll;1(q). By Sobolev’s trace theorem we
deduce that there exist two positive constants ¢, > 0 and ¢, > 0 such that
Iviey<cyllvily YveV, I¢lezm<cwlyply VYYeWw. (27)

In the study of problem P we assume that the viscosity, the Lamé, the electric permittivity and the

piezoelectric coefficients satisfy

(a)6 € L”(2) and there exists 6* >0 such that 6(x) = 6"
a.e. x € ().

b)u € L*(2).

c)f € L”(N2) and there exists B* >0 such that [(x) ="
a.e. x €.

\d)e € L”(N).

The forces and surface free charge densities have the regularity

H(f): fo e WY2(0,T,L*(1D), fo € W20, T, L*(I3)).

H(CI) do € Wllz(OJ T, LZ('Q))' q: € Wl'Z(O' T' Lz(rb))'

The functions h,, j., h and j satisfy

H(c): |
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(he: I3 X R — R;

(a)aLy, =2 0 suchthat |ho(x,11) — he(x,12)| < Lp, |1y — 12l,
Vr, 7, ER a.e. x€I3;

(b)vr e R, k(.,7r) isLebesguemeasurableonly, h,(.,0) € L} ([3).

()0 < ho(x,7) < h,,Vr € R a.e. x € I3, withh, > 0.

H(h,):<

\
(Je:I3 X R - R and,

(a)Vr € R,j.(.,1) isLebesguemeasurableonly,j.(.,0) € L*(I3)
(b)je(x,.) islocallyLipschitzfora.e.x € I3, withcoef ficientL;, > 0.
(©)]0je(x,1)| < ¢o, + €q,|7| forallr € R fora.e.x € I3,¢g,,¢1, =0
(d)j.’(x,7;—7) <d,(1+ |r]) forallr € R fora.e.x € lwithd, >0
(e) eitherj.(x,.) or —j.(x,.) isregularfora.e.x € I3

(AP = p2) (11 = 1) = —me|ry — 15> forallp; € 9j,(x,1),1; € R,
\i = 1,2, a.e. x € l3withm, = 0.

(h:L?(I3)) X RXxR - R and,

(a)h(.,r,1p) ismeasurableforl;forallr,,r, € R

H(h):< (b)h(x,.,.) islocallyLipschitzon RX R fora.e.x € I3,

| withcoef ficientL;, > 0.

(©)0 < h(x,1,,15) < hforallry,, € R, a.e. x € Lwithh > 0.
(j:[3 xR - R and,

(a)Vr € R,j(.,7) isLebesguemeasurableonlyandj(.,0) € L}(I3)
(b)j(x,.) islocallyLipschitzfora.e.x € I3, withcoef ficientL; > 0.
(©)|9j(x,7)| < cg + c4|r| forallr eR fora.e.x € [3,c9,¢1 =0
(D)j°x,7;—1) <d(1 + |r|) forallr € R fora.e.x € lzwithd >0
(e) eitherj(x,.) or —j(x,.) isregularfora.e.x €I;

(1 — p2) (11 — 1) = —m|ry — 13| forallp; € 3j(x,7y),7; € R,
\i = 1,2,a.e. x € [3withm = 0.
The initial data and the electric potential of the foundation are given by
H(pp) : @F € L*(I3).

H(].e):<

H(j): 1

Next, we define the bilinear forms ag:V XV - R,a,:V XV - R,a,:VXW - Rac: W XV - R, and
ag:W X W — R, by equalities

ag(u,v) = [, 6Vu - Vvdx, (28)
a,(u,v) = [, uVu - Vvdx, (29)
a.(w, @) = [, eVu - Vodx = a;(p,u), (30)
ag(p,¥) = [, BV¢ - Vipdx, (31)

forallu,v e Vand g,y € W.

Assumptions H(c) imply that the integrals above are well defined and, using (26) and (27), it follows that

the symmetrical forms ay, a,, a., a; and ag are continuous; moreover, the formsagand agareV-elliptic and

W -elliptic, respectively, such that

ag(v,v) =0*llvliz Vvev, (32)

ag(W, ) =B IY Iy, VP eEW. (33)

By assumptions H(f) and H(q), We can define the mappings f:[0,T] — V' and q: [0, T] = W' respectively,
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by
@O, )yy = Iy fo@vdx + [, f(Dvda, (34)

@), Vwsw = [, qo(®Opdx — f]"b q2(t)pda, (35)
forall veV, p e W, ae. t€ (0,T), also, V' and W' denote the dual space of V and W respectively.
(-, )xxx represents the duality paring of space X.

The assumptions H(f) and H(g) combined with the trace theorem implies that f and q have the regularity
f eEWY2(0,T; V", (36)
q € WY2(0,T; W). (37)
For every t € [0, T] we need to consider the operator S defined by
Se: L2(0,T; V) - L2(0,T; L(I3)),
t

Se()(x) = [ lyv(s)(x)|dsa.e. x€QUIL. (38)
0
From (38), it follows that the for all v,, v, € L?(0,T;V) and t € [0, T], the following inequality holds
Il Se(v1) = Se(W2) N2y < <Vely il v, — v, Il20,6;)- (39)

3 Variational formulation

We turn now to the variational formulation of the contact problem P. Let v € V, we use standard arguments
based on the equilibrium equation (13), the boundary conditions (15),(16), the forms (28)—(31) and use the
Green formula to find that

ag(u(t),v) + a,(u(t),v) + ac(e(t),v) = f fo(®vdx +
f f,(Ovda + f (00,1(t) + ud,u(t) + eav(p(t)) vda. (40)

The subdifferential |nclu3|ons (22) We give
—(00,u(t) + poyu(t) + edyp(t))v < h(S, (), @(t) — ¢r)j°(@(t); v)
which implies
f (00,u(t) + udyu(t) + ed,o(t))vda = — f h(Se (), (t) — @r) jO(U(t); v)da. (41)

Using the inequality (41) with the defintion of the element f € V' given by (34) to see that the previous
inequality (40) becomes
ag(u(t),v) + au(u(t) v) +az(¢(t),v)
+f h(Se(@), @(t) — @p) j°@(t); v)da = (f (), V)yxy- (42)

Similarly, for every ¥ e W from (14),(16),(20), (23), (35) and Green formula, we deduce that
ag(@(t), ) — a.(u(t), ¢)+{ he (S (@)je (9() — pr;Y) da = (q(6), YIwxw  (43)

We have the following variational formula of Problem P.
Problem?”: Find the displacement u: [0, T] — V and the electric potential ¢: [0, T] — W such that

ag(u(t),v) + a,(u(®), v) + az(p(t),v) + { h(S:(@), p(8) — pp)j°(U(t); v)da

> (f(£),v)yxy, YVEV, a.e. t€(0,T),
ag(@ (), ¥) — ar(u(t), ) + £ he (Se(1))jé (@(t) — @r; P) da

> (@), Y)wxw, VY € W,a.e. t € (0,T).
u(0) = u,. (46)
Problem PV represents a system of hemivariational inequalities. One of the main features of this system
arises in the strong coupling between the unknowns u and ¢. Our main results in the study of problem P are
presented in Theorem 4.1 and Proposition5.1 .

(44)

(45)
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Theorem 3.1 Assume that H(c), H(f), H(q), H(j),H(.).H(h), H(h.), H(¢r), H(0), (36), (37) hold and,
moreover, assume that

0* >mh |y I (47)
B >mehe Iy I, (48)
min{6*, 8*} > max{mh, myhe} | y 1>+ L&, I y %, withé, > 0. (49)

Then, there exists a unique solution of problem PV which satisfies
(u, ) € WL2(0,T; V X W). (50)

The proof of Theorem 3.1 will be carried out in several steps.

4 Main results

Here and bellow c represents a changingconstant.

We consider the space Z = HY/?(0;R?), the trace operator y:Z — L?(I'; R?) and we denote by || y lI=I
¥ loza2aryrey) and we put 2 = L*(0,T; Z) with 2" = L?(0,T; Z") the dual of Z.

We put the product space Y =V x W c H1(2; R?), which is a Hilbert space endowed with the inner
product
(y, Z)Y = (W' v)V + (QDI w)wforally = (W' QD) € Y,Z = (17, lp) €Y
and the associated norm |I. Iy
lz0E=1v Iz +Il Y I3 forallz = (v,y) EY.
Combine the two inequality (44) and (45), to find

ag (U(t),v) + a,(u(t), v) + a.(¢(t),v) +f h(S:(@), (t) — @r) j°((t); v)da

+ag(@(t),Y) — a.(u(t), P) +J he(Se()je (@(t) — @r3 ) da

= (f(O, V)yixv + (q(1), ‘P)W:xW:V(V Y)€eY,a.e. t€(O,T). (51)
We define also the functional J;: 23 X RX R - R
Je(x, 1, 13) = f h(S¢(r1), 2 — @p) j(r1)da + { he(Se(r1))je(r2 — @r) da, (52)

forall ry, 1, € R such that X3 = I3 x (0,T).
Under assumptions H(j),H(j.),H(h), H(h,) and H(¢r), the functional defined by (52) satisfies

]?(x, T, T Z) = 1f" h(S:(r1), 12 — ¢F)j0(r1i v)da + 1! he (St(7”1))j£(7”2 — PF; J’) da (53)

forall ry,, € Rand Z = (%,y) € Y.
The inequality (51) becomes
ag(u(t), v) + a,(u(t), v) + ac(@(t),v) + ag(e(t), ¥) — a.(u(t), ¥)
P (1, 9;2) 2 (f(6),V)yixy + (@), Pwixw, V2 = 0, P) EY,a.e. tE€(O,T) (54)
On the other hand, we defined
gS(é‘)(t), q(), Dyixy = (F (&), VIvixy + (@), PIwisw, ¥z = (v, P) €Y,a.e. t € (0,T).
where (f,q) € W2(0,T;Y") is given by (36) and (37) such that Y’ = V' x W' the dual space of Y.
Now, we introduce the operator A:Y — Y’ defined by
(Ay(t), 2yixy = ag(W(t),v) + ap(e(t),), VzeY (56)
such that y(t) = (w(t),@(t)) e Y,ae.t € (0,T).
Consider the functions h;, j;: 23 X R? -» R fori = 1,2 given by
hy(x,11,12) = h(x,S¢(1r1), 12 — @p(X)).
hy(x,11,12) = he(x, S¢(11)).
Ji(x, 1) = j(x ).
J2(x,1m,12) = Jje(X, 12 — @p(X)).
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forall (r;, 1) € R? and a.e. x = (x1,x,,t) € X3.

Under the notation above, we associate the following hemivariational inequality:

Findy(t) = (w(t), ¢(t)) € Ysuchthat \
2
(Ay(t), 2)yixy +£ El hiyy(®) J (ry(t);vz) da = ((f(6), 4()), Dyixy (57)

forallzeY, a.e.t € (0,T) |

)

Theorem 4.1 Assume that H(c)(a,c), H(f),H(q), H(j),H(.),H(h), H(h.), H(pr), H(0), (36) and (37) hold.
Then problem (57) has at least one solution.

Proof.
(i) Under hypotheses H(c)(a, c), the operator A is pseudomonotone. Indeed, by H(c)(a, c) and the continuity
of forms ag, ag, we have
|(Ay (), Z2)yixy| < c{ll w(®) lly +1l (@) w3l v iy +I1 Y Iy}
forall y(t) = (w(®),¢(t)), z=(v,¥) €Y ae. t € (0,T), and ¢ = max{mg, mg} > 0, such that my > 0
and mg > 0 the coefficients obtained from continuity of the forms a, and ag, respectively. Using the
inequality xy < @ to obtain
[(Ay (), Z)yixy| S c 1y (@) iyl z lly.
This gives | Ay(t) lly,< c Il y(t) lly forall y(t) € Y, a.e. t € (0,T)and implies the boundedness of A.
To show the strong monotonicity of A, we use the hypotheses (32) and (33), to see that
(Ay1(6) = Ay (), y1(8) = ¥2())yixy = c{ll wi (&) — w2 (O) IF +ll 1 (&) — @1(8) I3}
=clly.(6) = y2() 152 0 (58)
forall y;(t) = (w;(t), p;(t)) €Y,i=12,ae.t € (0,T)and c = min{6*, "} > 0.
By the assumption of continuity of bilinear forms ag and ag, we infer that the operator A is continuous.
The operator A is bounded, monotone, and hemicontinuous, then A is pseudomonotone.
(if) The operator A is coercive. Indeed, by hypotheses (32) and (33), we get
Ay (@), y(t))yixy = 0* I w(t) 15+ B* Il p(t) 5= min{0*,B*} I y(¢) I3
forall y(t) = (w(t), @(t)) €Y, ae. t € (0,T). It follows that the operator A is coercive with constant ¢ =
min{0*, 3"} > 0.
(iii) Now we verify the hypotheses on j; and h;.
We note that j,(x,7y,73) = j(x,Nry), for all (r;,7,) € R?, aex = (x,t) € X3, with the operator N €
L* (I, L(R; R)) given by Nr = r, for all r € R, this operator depend on the spatial variable x € I x (0, T).
From H(j) (a,b), H(j.)(a,b), it is easy to observe that j;(.,r,72),i = 1,2, are measurable on X5 for all
(r,72) € R? and j;(x,.,.) are locally Lipschitz on R? for a.e. x € X5,such that j;(.,e(.)) € L*(Z3) for all
e € 12(25;R?),i = 1,2.
The definition of the generalized directional derivative of j;(x,.,.), we give
j{)(x' r,12;0, K) < jo(x' T Q)
jg(x' T1,72;0, K) = ](g (.X, 2 — @PF (.X); K) (59)

for all (r1,73), (0, k) € R?, a.e. x € X3. Using H(j)(d),H(j.)(d) to find
J2 O, 1,105 =1y, —12) < jO(x, 15 —11) < dy (14N (1, 72) Nig2)
J9 G, 1y, 195 =1y, —12) < jE06, 1 — g (x); —10) < (.10 — @ 1 + 9p(0)) + (X, 72 — @ —@r(X))

< dy(1+1 (1, 72) llg2)
forall (r;, ;) € R?, a.e. x € X;and d,d, > 0.
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From H(j)(e), H(j.)(e) we infer that either j;(x,.,.) or —j;(x,.,.) for i = 1,2 are regular for a.e. x € X3, SO
the generalized gradient of j;verifies the following inclusion

aji(x' 7'1,7'2) c arlji(x' rlirZ) X arzji(x' 7'1,7'2) (60)
for all (r,7,) € R?, aex € X3, and 0,j;,0,,j;are the partial generalized gradients of j;(x,.,7,) and
Ji(x,1y,.), respectively. Therefore, we have

0j1(x,11,12) S 0j(x,11) X {0}

0j2(x,11,12) S {0} X 0je(x, 12 — @p(x))

forall (r;, ;) € R?, a.e. x € X3.
On the other hand, the norms of dj; and dj, are given by the following estimates
Il 0j1Cx, 71, 72) gz < [0j(x, 1) R < o+ C1lr] S co +c1 | (1, 72) IRz
| 9j,(x,71,13) lIgz< [0je(x, 72 — @p (X)) |r < Co, T Cleer — pr(x)]
< co, T 1, lPr(X)| + ¢, 1| (1, 72) lIg2
forall (ry,1,) € R?, a.e. x € X3.

Now, we turn to the hypotheses on h;,i = 1,2. From H(h), H(h,), it is easy to observe that h;(.,r;,7,) are
measurables on X5, for all (r;,7,) € R?, h;(x,.,.) are continuous on R? for a.e. x €X; and 0 <

hi(x,1y,15) < h, forall (ry,7,) € R2, a.e. x € Z;with h > 0.
Finally, we deduce that (57) has at least one solution y(t) = (w(t),@(t)) €Y, ae. t € (0,T), which
completes the proof. O

Next, we choose z = (v, 0) € Y in (57) and using (59) with (55), (56) to obtain the inequality
ag(w(t),v) +f h(S: (W), 9(t) — @) J°(W(t);v) da = (f(£), V)vixy, Vv E V, ae. t € (0,T).(61)

When we choose z = (0,¢) € Y with (59), we obtain the inequality
ag(e(t),¥) +f he(Sc(W))je (p(t) — oY) da = (), YIwixw, Vi € W,a.e.t € (0,T). (62)

It follows that the pair of functions (w(t) <p(t)) €Y,a.e.t € (0,T) represents a solution to system (61)-
(62). By theorem 4.1, we deduce that this problem has at least one solution.

From definition (52), the problem (61)-(62) is equivalent to the following inclusion of subdifferential type.
Problem®"": Find y(t) € Y such that

Ay(t) +v 0 (vy(®)) 3 (f(t),q(t)) a.e.t € (0,T). (63)
Let y(t) € Y be a solution to problem (61)-(62). Using the definition (53), (55) and (56), we have

(Ay (), Dyixy +J ry();v2) = (F(), (1)), 2D)yixyforallz € Y, a.e.t € (0,T)

((F®,q®) = Ay(6), Dyixy < 2@y (©);72) = Jror)° (¥ (£); 2)
forall z e Y,a.e. t € (0,T). By the definition of Clarke’s subdifferential, we have
(F(®),q(®)) — Ay(t) € 0(Jon) (1)) =y 0):(yy(©)) a.e. t€(0,T).
We find that y(t) € Y solves the inclusion (63).
Now, let y(t) € Y be a solution to (63). Then Ay(t) + y*&(t) = (f(t),q(t)), E(t) € 0], (yy(t)), ae. t €
(0,7). Letz € Y, by (53) we have

V€@, Dzixz = GO, YD 2rymey < JE YY) v2).

thus

Such that
Ry©v2) = [ hS,90) = 9p) P (©3v) da + | he(SW)E@® - pri ) da

By definition (55) and (56), we find "
f @), Vvixy + (@@, VIwixw = (Ay (), 2yixy + (), 2) zixz
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< ap(W(), v) + a5 ((D), 1) + f R(S(w), 9(E) — 0r)

jOw(e); v) da + f he (S W) (@ () — o) da.

This shows that y(t) €Y, ae. t € (0,T) |s a solution to problem (61)-(62). As we found above, we
conclude that problem (61)-(62) and (63) are equivalent.

Letn = (n1,1n,) € L2(0,T; Y"). We consider the following intermediate problem.

Problem?,}’: Find the displacement u,: [0, T] — V and the electric potential ¢,: [0, T] - W such that

ag(Uy(t), v) + 1 (0), V)vixy + 1[ h(Sc(tn), 0 (1) — @F) j° (Uy (8); v)da
> (f(t),V)vixy, VVEV, a.e. t€(0,T),
ag(¢n (), ¥) — M2(0), YI)wisxw + 1[ he (Se(Uy))jé (90 () — @r; P) da

> (q(), V)wixw, VY € W,a.e. t € (0,T).
u, (0) = uy. (66)
Let w,, = u, denote the velocity field. Then, by using the initial condition (24), it follows that
t

(64)

(65)

u, (t) = [ wy(s)ds +ugforallt € [0,T]. (67)
0
Let f,,:[0,T] — V' be the function defined by
U, @O, V)vixy = (F(8), Vvixy — 1(8), VIvixy YV EVEE[0,T]. (68)
Then, (36) and the regularity n, € W%2(0,T; V") imply that
fo, € WL2(0,T; V). (69)
Let g,,: [0, T] — W' be the function defined by
(@0, O, Vwisxw = @@, P)wisxw + M2, V)wixw VY €VE € [O,T]. (70)
Then, (37) and the regularity n, € W12(0,T; W") imply that
ay, € WY(0,T; W"). (71)

The Problem #, is equivalent to the following inclusion:
{F indy, (t) € Ysuchthat

Ayn () +y7 0] (Y (©)) 3 (f(8), gy (8)) a.e.t € (0,T). (72)

Where y, (t) = (wy(t), ¢, (t)) €Y,ae. t € (0,T) and forall z = (v,¢) € Y, we define
((fn (0, 4y (), 2yixy = (fn, (O, VIvixy + (@, (O, PIwixw- (73)
By the formulate (60), we fix ¢, (t) € W, ae. t € (0,T)and we transform the above problem (64) to the

following inclusion
{F indwy, (t) € Vsuchthat

AWy, (O + ¥ 0y, Jt V¥, () 3 f, ()  a.e.t €(0,T). (74)
Where Ag:V — V' define by

(Agwy, (0), V)vixy = ag(wy, (D), v) VYw, (t),v € Va.e.t € (0,T),
and

Ji(x,m,15) = f hy(x,14,13) j1(x,7,15) daa.e.t € (0,T).
I3
Now, we fix w,,_(t) € V, a.e. t € (0,T) and we transform the above problem (65) to the following inclusion
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Findg;,,(t) € Wsuchthat
Agpn, () + ¥ 0y, JEYYy, () 3 q,(t)  a.e.t € (O, T). (75)

Where the operator Ag: W — W' define by
(Apn, ), VIwisxw = ap(@y, (£),) Vo, (), € Wa.e.t € (0,T),

with
JE(x,11,13) = f hy(X,71,73) j2(x,11,75) daa.e.t € (0,T).

I3
Itis clear, that Ay and Ag are linear, continuous and coercive.

The functional J; *"*: L?(I3; R) - R is defined by
1] ™ (ywy, (1)) = f h(Se(Ywy,), Y@y, (t) — @r) 0j(ywy, (1)) daa.e.t € (0,T),

For Y, (t) € L*(I3; R) flxed a.e(0,T), such that
(Tl) = arllt (x,1y,1) = If hy(x,1y,13) 0p j1(x,71,72) da.
3

The functional ]y "2 12(I3; R) — R is defined by
12 (v, (D) = j he (Se(Ywy,)) Je(Ypn, (t) — @r) daa.e.t € (0,T),

for yw,7 (t) € L?(I3; R) fixed, a.e. (O T) such that
(TZ) arzjt Cor,1y) = f hy(x,11,12) Or,j2(x, 11, 12) da.

I3
Under assumptions H(j),H(h) and H(¢F), the functional ];p’“ satisfies
(a)](p”1 is locally Lipschitz on bounded subsets L2 (I3; R?).
(b) For g € L?((I3); R) fixed,
| 9. (W, @) lI< ¢, forall w € L?((I3); R) with & > 0.
(c) either 7™ or —J ™ is regular.
(d) For @ € L?((I3); R) fixed, we define

2’ wi) = i h(S: (W), 9(t) — @) jO(W(); V) dav(w,v) € L*((I3); R?).

Under assumptions H(j,),H(h.) and H(¢r), the functional ]:V"Z satisfies
(a)]:V’72 is locally Lipschitz on bounded subsets L?(I3; R?).

(b) For w € L2((I3); R) fixed,

Il 05): (W, ) II< ¢, for all @ € L*((I3); R) with ¢ > 0.

(c) either J, ™ or —J, "™ is regular.

(d) For w € L2((I3); R) fixed, we define

M f h(S: (W) jE(@(©) — @r; ) dav(@, ) € L*((I3); R?).

5 Existence and uniqueness results

In this section, we will focus the study on the existence, uniqueness and continuous dependence results of
the above problem (74)-(75).

Proposition 5.1 Assume that H(c)(a,c),(69), (71) H(j),H(h),H(j.),H(h.), H(¢r), H(0), (47) and (48) hold.
Then (i)For all n, € L?(0,T;V"). The unique solution w,_of problem (74) satisfies w,, € L?(0,T;V).
Moreover, if ¢, (t), p;, (t) € W,ae.t € (0,T) and w, ,w,, denote the solutions to problem (74), for ¢ =
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@y, and @ = @, respectively, then there exists ¢ > 0 such that

Il Wnl(t) - ng(t) ly< c{ll n. (&) — 1 (t) Ny +l Wy, —we, lli206v)
+l @y, (£) — @, (8) I} ae. t € (0,T). (76)
(i) For all n, € L*(0,T; W"). The unique solution ¢,, of problem (75) satisfies ¢,, € L>(0,T; W).
Moreover, if w, (t),we,(t) €V and ¢, @, denote the solutions to problem (75), for w = wy, and w =
we,, respectively, then there exists ¢ > 0 such that

Il @y, (&) — @z, (@) lw< c{ll n2(8) — & (@) lws +ll wy, —wg, 209} a-e. t € (0,T). (77)

Proof. (i) We show that w, € L?(0,T;V). Indeed, using the inclusion (74) and the coercivity of the
operator Ag to find
0" Il wy, (&) 15+ (b, (), YWy, () 12(ryy < [(F (), Wi, )wixr| + [(111(8), Wi, () vixv |
<A £C®) Ny, +na(8) Nya} I wy, () lly (78)
such that b, (t) € awnl Je(vyy, (), ae. t € (0,T). By the assumption (b) of functional ]Z/ (p’“, (78) becomes
0% Il wy, ) I LE Ny L+ £ Nys 12 Ny} 1wy, () Ny
which implies
Il wyy, () 15 {1+ £ ly, 92 Iy} a.e.t € (0, 7). (79)
Since n, € L?(0,T; V") and by (36), we deduce that w, (t) € L*(0,T; V). By theorem 4.1 we conclude the
pI'OOPS existence part.
We turn now to the uniqueness part. Let w,, ,w;, be solutions to (74), then, there exist y*b:fl’“,y*bZ’“ ez’
such that
Agwn, () +77°by " (8) = F(D), Agwe, () +¥°b."(t) = f(t) a.e.t € (0,T).
Subtracting the two equations, we get
Ag (W, (1) = wg, (D) +¥'by " (£) —=y*b, " () = 0 a.e.t € (0,T)
with by (¢) € 9]} "™ (ywy, (£)) and b, ™ () € 8]{“™ (ywe, (£)). Multiplying the above equation by
wy, (£) — wg, () and using the coercivity of Ay. Then
6" Il wy, (£) = wg, (6) 15+ (b "™ (8) = by, ™ (), YW, (&) = ywe, (£)) 12ry) < O (80)
a.e. t € (0,T). In the other hand, we have

5]t(pn1()’Wn1(t)) - f h(Se(ywn), Yoy, () — @r) 0j(ywy, (1)) da,

I3

™ e, () | RGScrwe,) v, (0 = 07) 0jrwe, (©) da.
I3

We find
Sp, (6, ) = h(Sc(Ywy, ), Y@y, () — @F) Dy, (X, 8), Py, (X, ) € 0j(x, YWy, (x,1))

S, (0, 8) = h(Se(ywg, ), Yy, (8) — @r) P, (X, 1), P, (x, 1) € 0j(x, ywe, (x,1))
ae (x,t) € Xyand s, , sz, € L*(0,T; L*(I3))

(by ™ (£), D) 2y = f sy (OBda, (b (1), 9) 2y = f se,(D)Pda VD € L(I3)

I3

a.e. t € (0,T). Using H(h)(c),HFZj)(c,f)
(8p, (2, 1) = s¢, (6, ) (Yywy, (8) — ywe, (t)) = —Ln(co + c1lywe, (8)]) X

(ISe(rwn, () = Se(rwg, (D) YWy, (©) — ywg, (©)]) — mh |ywy, (£) — ywg, ()2
we integrate on I3, we obtain
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(by ™ (€) = by ™ (£), YWy, (8) = YWz, (D) 12(ry) = —Ln(co + c1lywe, (B)]) X
f (ISe(ywa, () = Sc(rwe, (D) [lywy, (£) — ywg, (©)]) da —mh ] lywy, (£) — ywe, (£)|?da

> —Lp(co + c1lywg, (D I Se(ywy, (©)) — Se(ywg, () N2yl VWnl(t) ywg, (8) Nz
—mh | Ywy, (£) —ywe, () ||L2(r3)
—Ly(co + C1|YW§1(t)|)\/T 1y 020wy, — we, 2o e | Wy, (€) — wg, (8) lly— mh ||y I?
I wy, () = we, (£) 115

L’inequality (80) becomes
(6" = mh Ly 1%)[wp, (£) = we, () IF< Ln(co + clywe, @DVT 1Ly 171wy, = we, llizo,er)
Il Wi, (€) = we, (©) lly
Since ngl(t) € L*(I3), then, there exist ¢, > 0 such that ¢y + c;|ywg, (t)| < c,. Using the inequality xy <
— + — for all x,y,m > 0, and (47), then, we have

(6*—mhllyl? ) (LZC2TIyI%) 2
— | | wy, (&) — we, () I < m Fwn, —we, 20, tv):

Now, using the Gronwell’s inequality to obtain
Il wyy, (&) —we, () IF< 0 a.e.t €(0,T).
We conclude that w;, (t) = we, (£), a.e. t € (0,T). The uniqueness part of (i) is complete.

Next, we prove the inequality (76). Indeed, let n; and ¢; be two elements of L?(0, T; V") and denote by w,
and w; the corresponding solutions of problem (74), for ¢ = ¢, and ¢ = ¢ , then, there exist
y*b;fl’“,y*bzh € Z' such that

Agwn, () +7"by " (t) = f, (), Agwg, () +¥"b. () = f,(t) a.e.t € (0,T)
with b(p’“(t) € ) "™ (ywy, (£)) and b(p“(t) € 9] *** (ywg, (t)). Subtracting the two equations, we have

Ag(Wy, (6) = we, (D)) +¥"by ™ (1) — ¥ bg<1<t) =f,, () = fr,(t) a.e.t€(0,T) (81)
Using the inclusions

a]tfpnl (yWU1(t)) c j h(st(ywn1)'y(p771 (t) - (PF) aj(]/Wnl(t)) da’

I3

], “(ywzl(t)) c f h(Se(ywe,), vz, () — @p) 0j(ywe, (1)) da,
I3
such that

Sp, (6, 1) = h(Se(ywn, ), Y@y, (t) — @) Py, (X, 1), Py, (%, 1) € 0j(x, ywy, (x,1))
g, (x,8) = h(Se(ywe,), v @, (t) — @) P, (%, 1), pe, (x,1) € 0j(%,ywe, (x, 1))
ae (x,t) € Xy and s, , sz, € L*(0,T; L2(13)).
On the other hand, using H(h) (b, ¢), H(j)(c, ) and the Hélder inequality, we obtain
(5, (©) = 5¢, (D) (Wi, (8) = ywe, (8)) = —Ln(co + calywe, (DD US (ywy,) = SeCywe,)| +
|V<gn1(t) = Y9, (O lywy, (&) —ywe, (O] —mh [ywy, (£) — ywe, (O
an
(by ™ (£) = by H(6), YWy, (£) = YW, (D) i2(ry) = —LaVT Iy 17 (co + calywe, (D)
Il wy, —we, lzgo el wy, (©) —we, (O ly— Ly Iy 17 (co + c1lywe, (D)
1 @y, (8) = @2, () Il wy, (£) = we, () ly—mR Ly 12 1l wy, (8) — we, (8) 1
On the other hand, by multiplying the equation (81) by wy, (t) — wg, (t) and using the coercivity of 44, we
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obtain
0" Il wy, (£) = we, (&) 1B —(by ™ (&) = by ™ (£), YWy, (8) = YW, (D) 1213
+(1.(8) = G (), Wy, (8) = we, (D)) yry (B = mh Ly 12) Il wyy, (8) —
we, () 11
< () = (&) Nyr+ LaVT Ly 12 (co + co|ywe, (O]) 1wy, —we, iz e+
Ly 1y 12 (co + c1|ywz, ) Il @, () = 02, @ llw } Il wy (8) = we () Iy (82)
Using the inequality xy < mez + %, for all x,y,m > 0 and (47), I’inequality (82) becomes

Il wy, (&) —we, (&) ly< cfll n1(0) — &) llys Hll wy, —we, 2060y HI @ () — g, () llw}
a.e. t € (0,T), which proves (76).
By Gronwell inequality, (76) becomes
Il Wy, (8) = we, () 15 c{ll 71 (8) = G () I+l wy, — we, 1201y I @, (8) = 02, (8) 115}
< c{ll () = Gu(®) 15 +1 @, (8) — 0, () 3} (83)
(i) We do the same steps of the previous proof (i) with some modifications. First step, we show that
@y, (1) € L?(0,T; W). To this end, using the inclusion (75), the coercivity of the operator Ag and the
assumption (b) of functional J; "2, we find
Il @5, () 1< c{1+1 q() Ny, +1 n2(8) llw i (84)
Since n, € L?(0,T; W") and by (37), we deduce that ¢,, € L*(0,T; W), which concludes the existence part
of the proof.
Let’s turn on to the uniqueness part of solutions ¢, (t) € W to problem (75). Let ¢4, ¢, be solutions to (75)

for n,,{, € L*(0,T; W"), then, there exist y*d;Vz”z,y*dZ”Z € Z' such that
Appr (D) +77d, 2 (8) = G(8), Aga(8) +y7d,. " () = §(8)
ae te€(0,7), d,';; "2 e 6]2/ Yz (Yo, (t)) and dng”z € a/ty W2 (Y¢¢,(t)). Subtracting the two equations and
multiplying the equation obtained by ¢, (t) — ¢¢, (t), then, using the coercivity of 4, to obtain
B 1 @, (8) — 0, (8) I3+ (dy?(8) — i (), Y P, (8) — ¥, (D)2 ry) < O (85)
a.e. t € (0,T). In the other hand, we have

1 0 ) € [ Ba(Si0,) 21100, (O — 00) da

I3

3], ™ (v, (D) f he (Se(Ywn,)) 0je (Y g, (t) — @r) da,
I3
with
Sp, (%, 1) = he (Se(Yywy,)) Ly, (x,8), Ly, (x,t) € 0je (%, Y Py, (X, t) — @r (X))
Sg, (%, t) = he(Se(ywn,)) lg, (%, 1), g, (x,t) € 0Je (X, ¥ P¢, (%, ) — @p(x))
ae. (x,t) € Xyands,,,s;, € L*(0,T; L*(I3)) such that

@ OBz = [ s, O @7 Oy = [ 5, OFda, i € (1)
F3 F3
Using H(h,)(c),H(j.)(f) and integrating on I to obtain
W, W, -
(dy,” () = d; (), P, (&) = Y05, 12y = —heme Iy 1121l 9y, (£) — @, (2) Iy
L’inequality (85) becomes
(B = heme Iy 12) Il @y, (£) = 0, () IH< 0 a.e.t € (0,T).
We use (48) to conclude that ¢, (t) = ¢, (t), a.e. t € (0, T). We have completed the uniqueness part.
Now, we prove the inequality (77). Using the inclusions
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"2 (g, (1)) © f he(Se(Ywy,)) D)o (g, (6) — 0p) da,

"2y, (8)) © f he(Sc(Ywe,)) 3je (roe, () — 9r) da,

with
Sn, (x,t) = h, (St(ywnz)) lr)z (x,t), lnz (x,t) € dje(x, Y ©n, (x,t) — pp(x))
S;, (6 1) = he(Se(Ywg,)) lg, (%, t), I, (x, 1) € 0je(x, Yz, (X, 1) — @r(x))

CHOR) N f s (0090, (45 O, Dzry = | 56, (b b € 1205,
I3

On the other hand, using H(he)(a, c),H(j.)(c, f) to obtain
(dy2 () = dg 2 (0, Y9y, (©) = Y02, () i2(ry) 2 =LnNT ¥ 17 (co, + €1, 1Y 0z, () = 95 )
Xl wy, = We, lzo,em)ll @, (8) = 02, (8) llw—mehe 1y 17 11 @, (£) = 9, (6) Iy
Multiplying the following equation
Ap (P, (1) = 05, (D) + ¥ dy " (6) =¥ dy 2 () = 4y, () — 45, (1) a.e.t € (0,T)
by @5, (t) — @¢,(t) and using the coercivity of Az, we obtain
(B = mehe 11y 1) 1| 94, (8) = 05, () 1< {ll 12(8) = 2(8) i+ Ly NT Ly 112
(co, + 1 lYPn, (t) <PF|) Il wy, = we, iz e} | @, (6) — @g, (8) llw (86)
By the inequality xy < ©— + —, for all x,y,m > 0, (86) becomes

Il @, () — <P<2(t) ||WS c{ll n2(6) — &2 () Nwy +l wy, —we, 20} a-e. t € (0,T).
Which proves (77) and completes the proof of proposition 5.1.00

6 Solvability of problem P}
We have the following existence and uniqueness result.
Theorem 6.1 Assume that H(c)(a,c), (69),(71), H(j),H(.),H(h), H(h.), H(er), H(0), (36), (37), (47) and
(48) hold. Then, the problem (72) has a unique solution, which satisfies
¥, € L2(0,T; Y). (87)
For all { = ({1,0;) € L(0,T;Y") and n = (1,m) € L>(0, T;Y"). If y, = (i1, @) € L*(0, T;Y) and y; =
(g, ;) € L?(0,T;Y) denote the solutions to problem (72), respectively, then there exists ¢ > 0 such that
Il i, () — 2z () 15 cfll upy (8) — ug (8) 15 +1 uy — ug ||i2(0't;v)}. (88)
And

I @y () = @ (8) 13< el uy (6) — g () I3 +1 2ty — g W - (89)

Proof. (i) Existence and uniqueness part.
For every nn € L?(0,T;Y") we consider the operator A: L2(0,T;Y") — L?(0,T;Y") defined by
t t

(An(t), 2)yixy = (au({) Wy (s)ds + o, v) + ac (¢ (1), v), ae(fo wy (s)ds + uo, 1)) (90)

forall z = (v,p) €Y, ae.t € (0, 7).
We prove that A has a unique fixed point n*. Indeed, let n = (n4,12) and { = ({;, {;) be two elements of
L?(0,T;Y") and denote by (wy, @) and (we, @¢) the corresponding solutions of inclusion (72), we find

(Ayy () = Ay (0), 2)yrsy + (V7 ($y (1), Ky () — ¥ (g (8), kg (), 2) 7757 =
= (Ayy (t) — Ay (t), 2)yrxy + ((§5(£), 15 (1)) — ($¢(£), 1 (£)), ¥Z) 2(1y;m2)
= ((G1(®) = n1.(®), m2(®) — &2(8)), Z)yixy
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forallzeY,ae. t € (0,T), (& (1), k,(£)) € 0 (yy,(t)) and (& (t), k¢ (1)) € 0] (Yyc(t)) . If we take z =
Yy — V¢, We obtain
(Ayy (6) = Ay (), Yy (£) = Y2 () yixy + ((§5 (), 6y (©)) — (§¢ (8D, 16z (£)), Yy (€) — ¥Yz () 12(ry;m2)
= ((61(®) =n1(8), m2(t) = &2 (), vy (©) — ¥z (©))yixy
91
From (58), we find Y
min{6”, £} Il y,(t) — ¥; () 15+ (&5 (), 16,(0)) — €z (), 1z (), ¥y () — Yo ()12 rym2)
<I (G2 (®) = 11(),n2(®) — & (@) Ny, ¥ (8) — vz (2) lly
<l () = 3 Ny, Ml yy (8) — vz (8) lly
hence
min{6*, B} Il y, () — y; () 1F=I (@) = {(©) Nyl () — () Ny +
(), kg (1)) = (§5 (), 1y (), Yy (8) =YY (£)) 12(rym2) (92)
On the other hand, we have

((§c(®), g () = (9 (), 157 (), ¥y () — VY (O)) 12 (rym2) =
’ ((§(8) = $n(©), Keg (8) = 1en (6)))- (Yyy (1) — vy (8)) da.

From (60), we have the following inclusion
0Je (X, Yy () © Oy, ) (X, YYn (£)) X Oy, e (X, ¥y (1)) a.e.t € (0, T).
0] (X, Y (1)) € Oy, (1))t (X, YV (1)) X Oy ) (X, VY (1))  a.e.t € (0,T).
and
$¢(t) € Opw )t (6, Yy (£)),  $y(t) € Oyw, (0]t (X, Yy ().
K((t) € ay(pg(t)]t(x' Vyg(t)), Kn (t) € ay(pn(t)]t(xr yyn(t))-
There exists s, s; € L?(0,T; L*(I3)) and d,), d; € L*(0,T; L*(I3)) such that
sy (6 6) = R(Se(ywy), Y0y (8) = 05) Py(x,8),  dy(x,£) = ho(Se(yw)) Ly (%, 1)
with p,, (x, t) € 0j(yw, (t)) and 1, (x, t) € dj. (Yo, (t) — @F), ae. (x,t) € Z5.
s¢(6,8) = h(Se(rwe) Yoz (8) = 0r) e (2,8), de(x,6) = he(Se(ywy)) Le(x, 1)
with pe (x,t) € 9j(ywe(t)) and I (x, t) € dj. (Yo (t) — @F), ae. (x,t) € X3. Therefore
(g (8), kg () — (§ (8), 16y (D), Yy (O) — VY () 121y ;m2) =
(sg(x,t) = sy (2, 1), dg(x, 8) — dy (x, 1)) (VY (1) — vy (1)) da =

I3

Jry e t) = sy (e, ) rwy () —ywe (D) da+ [, (de(x, 1) — dy (e, D) (o (8) =

Y9¢ (1)) da
with
(50, £) = 5 (6, ) (yw (£) — yw (£)) da < LVT Iy 12 (o + cxlywe (D))
Il wy = we 2o, ll Wy (€) — we (8) lly+ L 1y 117 (co + colywe (D) 1 05 () = ¢ () ll
I wyy (&) —we () lly+mh Ly 12 11wy (6) — we () 112
and

jp (de(x,£) = dpy (6, D)) Y (©) — Y () da < Ly NT 1y I? (co, + 1,19 (8) — @k

3

[ Wy — We ||LZ(O,t;V)II Py (t) - (P((t) ”W+ meﬁe I 14 "2 I Py (t) - (p((t) ||ﬁ/

Then, we have
(& (), K7 (1)) = (€ (0, 16y (D), YV () = YYe (D)) 12rm2y < VT Iy 112 max{Ly(co + ¢4
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lywg (D), L, (co, + c1,1v () — @eDHI wy(®) —we () lly +1 5 (6) — @ (8) llw}
Il wy = we 2,0yt Lo 1Y 12 (o + colywz (D) 1| 95 () — 07 () Nlwll wy (£) — we (0) lly

+max{mh,mehe} 1y 12 (Il wy () = we () I +11 05 (6) — e (8) 1)
The inequality (92) becomes

min{6", B} Il y,(©) — y¢ (&) 1E< 1 ((8) — C(&) Nyl 3, (&) — v (O Iy + VT Iy I2
max{Ly(co + c1|lyw; (), L, (co, + c1,lvo: () — @ DHI wy (€) —w (©) lly+

Il @y (1) — @ (t) w3} Il wy — we 2oty + L 1Y 112 (o + c1lywz (DD I 9 () — 00 (©)
|| wy(£) = wz () lly+ max{mh, meho} 1y 12 (Il wy (£) = wz (8) 13 +1 9, (£) — 0 () 13-

—(mm{@ ,B*} — max{mh,m,h,} Il y I1?) Il yn(t) ye@® 1F< 1 () = 3@ lly,

I (€) = 72 (®) ly+ ¢l wy = we 2o )+ 5 (Lh Iy 1% (co + e lywe DI 0, (0) — 9 () 117, +
Il wy (£) — we (8 1153
%(min{e*,ﬁ*} — max{mh,moh.} 1y 1= Ly 1y IZ (co + c1lywz (©)))) Il 3y (£) — v () I3<
I (@) = S0 Nyl 7 () = Yo (©) Ny + ¢ Il wy = we 1720 1.1)-
We obtain
—(mm{H* B} — max{mh, meh} 1y 12— Lpéy 1y 112) 1 3, () — v () 12<

Il () = (&) IF, +Il wyy — wy ”LZ(O,t;V)}’
since ywg(t) € L*(I3), ae. t € (0,T), then, there exists ¢, > 0, such that (¢, + ¢1|yw;()]) < &. Using
(49) and Gronwall’s inequality to obtain

Iy, (6) =y (&) lysc I () = 4(&) llys. (93)
Since n — ¢ € L?(0,T; Y"), then we have the regularity (87).
Now, using the mequallty

|au<f Wy (5) — we (5))ds, v)] + a3 (9, () — 9 (©), v)|<c{f I wy (5) — we(5) lly ds
gy (8) — g (0) Iy} vy

(94)
for all v e V,ae.t € (0,T)and

Iae(f Wy (s) = we(s))ds, )| < C{f Il wy(s) = we(s) lly ds} 1Y llw (95)
for all ¥ e W,ae.te (0,T), with (90) and (93) to get

|(An(t) = A1), 2)yry|* < c N z 17 {‘/T(f Il wy (s) —we(s) I ds): +

0
I @n () — @ () llw}?
< cfll wy = wg 120y 1 @p(8) = 0 () 153 112 115

(96)
forallzeY,ae t € (0,T),so
I (An(t) = AZ(E) N5 < c{ll wy — W 1220 ey HIl 05 (8) — 02 (2) 1153 (97)
On the other hand, using (93), we obtain
Il wy () —we (8) lly< c Il n(t) = 3(¢) Ny, (98)
Iy (t) — @ () lw= cll (@) —I(t) lly,. (99)

Integrating (98) and (99), which implies

1294



UtilitasMathematica
ISSN 0315-3681 Volume 120, 2023

Il wy —we lizormy=clin = lizeryn (100)
I @y — @z lzorwy< € I = ¢ Nz v (101)
From (100) and (101), I’inequality (97) becomes
I (A = AS W20 ryn < € 11 = Wz royiy- (102)
Reiterating the previous inequality p times, we find that
I AP0 = AP Nz o< | 1 = 2oy, (103)

This last inequality shows that for a sufficiently large p, the operator AP is a contraction on the Banach
space L2(0,T;Y") and, therefore, there exists a unique element n* € L2(0,T;Y") such that An* = n*, which
shows that n* is the unique fixed point of A.

(ii) Next, we show the continuous dependence result (88)-(89). For n = n*, { = {* and using (67) to obtain
|1 (t) = 1 (8), V)vixv| < cfll uy () — ug (&) ly +1 @y () — @ (&) lwd v lly
forallveV.ae t € (0,T),so
Il (1(8) = G(®) llvi < c{ll upy () —ug (@) lly +1 @y (8) = @z () llw} a.e.t € (0,T). (104)
Using (76) and (104) to find
2y (8) — wg (8) Ny < c{ll uy (8) —ug () Ny +1 2y — Uz Mpzgo ey Hl (1) — @ (8) lw}  (105)
Therefore
I i (8) = i () 15 c{ll up () — ug (6) 15 +1 iy — g 20 1y +1 @n(8) — 92 (6) 15,3 (106)
By Gronwell inequality, (106) becomes
I 2, (8) — e (©) 12 c{ll uy () — ug (O 13 +1 @, () — g (8) 113} (107)
On the other hand, we have
|(M2(1) — &), WIwixw| < ¢l uy (0) —ue (@) vl Y llw
forallyp e W.ae. t € (0,T),s0
I (m2(t) = &(t) lwo< ¢ My (t) —ug(t) lly a.e.t € (O, 7). (108)
Now, using (77) and (108) to obtain
I 05 () — ¢ (O) lw= cfll uy (&) — ug () lly +ll iy — g 2o} a-e. t € (0,T). (109)
From (107), we have
Il 2y — g ”zz(o,t;V)S cfll uy —ug ”iz(o,t;V) + on — <,0§ 220,6w) -
L’ inequality (109) becomes
I () = @ () < c{ll up () — ug(6) 15+ wy = ug W20 4y 1 Py — 02 120,00}
a.e. t € (0,T). By Gronwell inequality, we have

I (8) = 9 () 15 < c{ll wy (8) = ug (0) I +1l g — g 20 1)} (110)
we deduce that (89) is verified. Using (110) and (107) to find
Ity (£) = g (£) IHS c{ll wn(8) — ug(®) 15 +ll wy — ug Nz g ) (111)

we deduce (88). O

7 Proof of Theorem 3.1

We have now all the ingredients to provide the proof of Theorem 3.1.

Existence. Let n* = (n,15) € L?(0,T;Y") be the fixed point of the operator A obtained in Theorem 6.1 and
let u,« be the function defined by

U+ (t) = ft wp.(s)ds + upforallt € [0,T]. (112)

It follows from (90) and (112) that
M(8) = Ayuy(t) + Acpy (1), 12(t) = Aetty(0). (113)
a.e. t € (0,T), and, writing (72) for n = n* and using (113) to find that u = u,- and ¢ = ¢, is a solution of
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problem (72). Since w,, € L*(0,T;V), we deduce that u € L>(0,T;V) and we have u(t) = i,.(t) =
wys () = wy(t), ae.t € (0,T),sou € L*(0,T; V).

Regarding the regularity of solution ¢ € L2(0, T; W) it follow from Theorem 6.1.The passage from problem
(72) to problem (64)—(66) found when we choose z = (v,0) € Y in (72) and using (55) with (56), we obtain
the inequality (64), and when we choose z = (0,3) € Y in (72) we obtain the inequality (65). About the
condition initial (65) it follow from (112).

It remains to show the regularity ¢ € L?(0,T; W). To this end, for any t,,t, € [0,T], we use (45) and the
arguments used in the proof of Proposition 5.1 to obtain

Apg(p(t1) — @(t2)) — A (u(ty) —u(tz)) +yv'd(t) —y d(tz) = q(t1) — q(tz).
Multiplying by ¢ (t;) — @(t,), we get

ag(@(t1) — @(t2), @(t1) — @(t2)) — ac(u(ty) — u(tz), ¢(t1) — @(t2))

+(d(t1) — d(t2), ye(t) —ve(t2)) 2y = (q(t) — q(t2), @ (t1) — ¢(E2))wixw-
The coercivity of Az we find

B I @(t) — @(t2) i< c{ll u(ty) —u(tz) IF +1 q(t) — q(tz) 15} Il o(t) — @(t2) llw

—(d(ty) — d(t2), ye(t1) — ve(t2))2(ry)-

We use the same method for finding the inequality (86) in proposition 5.1, so that we have

(B* —mehe 1y I1%) | 9(t1) — @(t2) I5< {Il u(ty) —u(tz) lly +1 q(t) — q(t2) llw,
+Lp, 1y Il (co, + 1 lye(t1) — @rl)
Il Se, (@) = Se, (@) Nz} I @(81) — @(t2) llw
(114)
On the other hand, we have

Se, @) (x) =S¢, (W(x) = tf lyu(s)()| ds < [yu(t)(x) —yu(tz))(x)| a.e.x €13

o)
Il Se, (@) = Se, (@) Nz <y 1 uty) —u(tz) ly a.e.x € I
the inequality (114) becomes

(B* —mehe 1Y I17) I 9(t1) — 9 (t2) < el u(ty) — u(tz) lly +1 q(t) — q(t2) llwi}
Xl @(t1) — @(tz) llw(115)
By Gronwell inequality and (48), I’inequality (114) becomes
I o(t) — @(t2) lw< c{ll u(ty) —u(e) lly +1 q(t) — q(t2) lw}  a.e.t € (0,T).
This inequality combined with the regularity q € W2(0,T; W"), then q:[0,T] - W' is an absolutely
continuous function and u € L2(0,T; V), shows that u: [0, T] — V shows that is an absolutely continuous
function as well, and it satisfies
I @) lw< c{ll 2(®) IF +1 g 13,3 a.e.t € (0,T). (116)

Since 1 € L?(0,T; V) and ¢ € L2(0,T; W"), it follows from (116) that ¢ € L?(0, T; W), which concludes the
regularity (50) and the existence part of proof.
Uniqueness. The uniqueness of the solution to Problem PY is a consequence of the uniqueness part in
Proposition 5.1 and the uniqueness of the fixed point of A.
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