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Abstract   
The fixed point index theory is used to determine whether there are set of solutions to boundary 

value problems with triple positives involving resonant fractional integrodifferential equations. 

To find the positive solutions, the spectrum theory and a few new height functions are also 

employed. An arbitrary fractional integral is used in the nonlinearity, which also allows for 

singularity.  
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1 Introduction  

In this article, we consider the resonance-related problems with fractional integrodifferential 

equation boundary values: 

 𝐷0+𝛼 𝑦(𝑤) + 𝑓(𝑤, 𝑦(𝑤), ∫ 𝑘𝑤
0 (𝑤, 𝑝, 𝑦(𝑝))𝑑𝑝 = 0, 0 < 𝑤 < 1 𝑦(0) = 𝑦′(0) = 0, 𝐷0+𝛽 𝑦(1) = ∑ 𝜀𝑖𝑚𝑖=1 𝐷0+𝛽 𝑦(𝜂𝑖)      (1) 

 

where 4 > 𝛼 > 3, 𝛼 − 3 > 𝛽 > 0, 𝜀𝑖 > 0, 0 < 𝜂1 < ⋯ < 𝜂𝑚 < 1 with ∑ 𝜀𝑖𝑚𝑖=1 𝜂𝑖𝛼−𝛽−1 = 1, 𝐷0+𝛼  

indicates derivatives of Riemann-Liouville, singularities at 𝑤 = 0,1 and 𝑦 = 𝑥 = 0 are allowed 

by the nonlinearity 𝑓(𝑤, 𝑦, 𝑥). The equation 𝐷0+𝛼 𝑦(𝑤) + 𝜆𝑦(𝑤) = 0 is clearly solved by 𝜆 = 0 

and 𝑐𝑤𝛼−1 with (1) as the boundary condition, FIBVP (1) is resonance. 

Due to their proven uses in the scientific community, FBVPs have recently received a lot 

of attention in research ([1 − 22]). Non-local boundary value problems (BVPs) in particular 

have garnered a lot of interest ([8 − 22]). For instance, Zhong[11] and Zhang proved the 

following results of positive FBVP solutions using the Leggett-Williams theorem and 

Krasnosel’skii fixed point theorem: 
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𝐷0+𝛼1𝑧(𝑤) + 𝑓(𝑤, 𝑧(𝑤)) = 0, 0 < 𝑤 < 1, 𝑛 − 1 < 𝛼1 < 𝑛, 𝑧(0) = 𝑧′(0) = ⋯ = 𝑧(𝑛−2)(0) = 0, 𝐷0+𝛽1𝑦(1) = ∫ 𝑎𝜂0 (𝑤)𝐷0+𝛽1𝑧(𝑤)𝑑𝑤. 

Zhang et al. [12] revealed existence findings of positive solutions to the FBVP utilising the fixed 

point index theory: 

 𝐷0+𝛼2𝑦(𝑤) + 𝑓 (𝑤, 𝑦(𝑤), 𝐷0+𝛽2𝑦(𝑤)) > 0,  𝑤 ∈ (0,1), 𝐷0+𝛽2𝑦(0) = 0, 𝐷0+𝛽2𝑦(1) = ∫ 𝐷0+𝛽210 𝑦(𝑠)𝑑𝐵(𝑠). 

 

Many academics looked on ways to solve resonant BVPs using the coincidence degree theory 

[13-18]. It is important to highlight that few papers[16-20] have examined affirmative solutions 

for resonant BVPs. By utilising the Webb[19] technique, we were able to deduce certain 

sufficient and vital criteria to determine whether some resonant FBVPs in [21,22] have positive 

solutions. when 𝛼 ∈ (1,2). As far as we are aware, for the resonant FBVP(1), three positive 

solutions have not been taken into account. We strive to fill this void, inspired by the 

masterpieces cited above. 

2 Preliminaries 

Let ∫ 𝐾𝑤0 (𝑤, 𝑝, 𝑦(𝑝))𝑑𝑝 = 𝑥(𝑤), It is clear from the approach in [12] that (1) is equivalent to {𝐷0𝛼−𝛽𝑥(𝑤) + 𝑓(𝑤, 𝐽0+𝛽 𝑥(𝑤), 𝑥(𝑤) = 0, 𝑤 ∈ (0,1),𝐽0+𝛽 𝑥(0) = 𝐷0+1−𝛽𝑥(0) = 0, 𝑥(1) = ∑ 𝜀𝑖𝑚𝑖=1 𝑥(𝜂𝑖)       (2) 

The increasing function is known from [2]. ℎ(𝜏): = ∑ [(𝑙 + 1)(𝛼 − 𝛽) − 3][(𝑙 + 1)(𝛼 − 𝛽) − 4]𝜏𝑙𝛤((𝑙 + 1)(𝛼 − 𝛽))+∞
𝑙=0 , 𝜏 > 0 

has a unique root 𝜏∗ > 0, The resonant FBVP(2) is obviously the same as the FBVP: {−𝐷0𝛼−𝛽𝑥(𝑤) + 𝜏𝑥(𝑤) = 𝑓 (𝑤, 𝐽0+𝛽 𝑥(𝑤), 𝑥(𝑤)) + 𝜏𝑥(𝑤), 𝑤 ∈ (0,1)𝐽0+𝛽 𝑥(0) = 𝐷0+1−𝛽𝑥(0) = 0, 𝑥(1) = ∑ 𝜀𝑖𝑚𝑖=1 𝑥(𝜂𝑖)    (3) 

In this article, assume that 𝜏 ∈ (0, 𝜏∗] in order to keep things simple, we utilise the same 

notations: 𝑈(𝑤) = ∑ 𝜏𝑙𝑤(𝑙+1)(𝛼−𝛽)−1𝛤((𝑙+1)(𝛼−𝛽))+∞𝑙=0 , 𝐸(𝑤, 𝑞) = 1𝑈(1) {𝑈(𝑤)𝑈(1 − 𝑞), 0 ≤ 𝑤 ≤ 𝑞 ≤ 1,𝑈(𝑤)𝑈(1 − 𝑞) − 𝑈(𝑡 − 𝑞)𝑈(1), 0 ≤ 𝑠 ≤ 𝑤 ≤ 1  𝑅(𝑤, 𝑞) = 𝐸(𝑤, 𝑞) + ∑ 𝜀𝑖𝑘𝑖=1 𝐸(𝑞𝑖, 𝑞)𝑈(𝑤)𝑈(1) − ∑ 𝜀𝑖𝑘𝑖=1 𝑈(𝜂𝑖) 

We have the following Lemma, which is similar to Lemma 2.1 in (22). 

Lemma 2.1.  Let’s say 𝑘 ∈ 𝐿[0,1]. Then the FIBVP for two terms.  

-𝐷0𝛼−𝛽𝑥(𝑤) + 𝜏𝑥(𝑤) = k(w), 𝑤 ∈ (0,1) 𝐽0+𝛽 𝑥(0) = 𝐷0+1−𝛽𝑥(0) = 0, 𝑥(1) = ∑ 𝜀𝑖𝑚𝑖=1 𝑥(𝜂𝑖)      (4) 

has a unique solution 𝑥(𝑡) = ∫ 𝑅10 (𝑤, 𝑞)𝑟(𝑞)𝑑𝑞. 
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Lemma 2.2.  ([3]) Let’s say that 𝑞∗ ∈ (0,1) satisfies 𝑞∗ = (1 − 𝑞∗)𝛼−𝛽−2. 𝐸(𝑤, 𝑞) is satisfied 

then. 

(i) 𝐸(𝑤, 𝑞) ≥≥ 𝜚1𝑞(1 − 𝑞)𝛼−𝛽−1𝑡𝛼−𝛽−1, ∀ 𝑤, 𝑞 ∈ [0,1] 
(ii) 𝐸(𝑤, 𝑞) ≤ 𝜚2𝑞(1 − 𝑞)𝛼−𝛽−1, ∀𝑤, 𝑞 ∈ [0,1], 
where 𝜌1 = 1𝑁(1)[𝛤(𝛼−𝛽)]2,, 𝜌2 = [𝑁′(1)]2𝑁(1)𝑞∗ . 

Lemma 3.  ([25]) The following are the properties of the function 𝑅(𝑤, 𝑞): 

(i) 𝑅(𝑤, 𝑞) ≥ 𝜚1𝑞(1 − 𝑞)𝛼−𝛽−1𝑡𝛼−𝛽−1, ∀ 𝑤, 𝑞 ∈ [0,1] 
(ii) 𝑅(𝑤, 𝑞) ≤ 𝜚2𝑞(1 − 𝑞)𝛼−𝛽−1, ∀𝑤, 𝑞 ∈ [0,1], 
where 𝜚1 = 𝜌1(1−∑ 𝜀𝑖𝑘𝑖=1 𝜂𝑖𝛼−𝛽)𝛤(𝛼−𝛽)[𝑁(1)−∑ 𝜀𝑖𝑘𝑖=1 𝑁(𝜂𝑖)], 𝜚2 = 𝜌2 [1 + 𝑁(1) ∑ 𝜀𝑖𝑘𝑖=1𝑁(1)−∑ 𝜀𝑘𝑖=1 𝑁(𝜂𝑖)]. 
Let 𝐹 = 𝐷[0,1] have the norm ||𝑦|| = max0≤𝑤≤1|𝑦(𝑤)|, 𝜃 be the zero element, and 𝐹 be a Banach 

space. 𝜓1(𝑤) = 𝜚1𝛤(𝛼−𝛽)𝜚2𝛤(𝛼) 𝑤𝛼−1, 𝜓2(𝑡) = 𝜚1𝜚2 𝑤𝛼−𝛽−1. 

Describe a cone ℙ = {𝑦 ∈ 𝐹: 𝑦(𝑤) ≥ 𝜓2(𝑤)||𝑦||, 𝑤 ∈ [0,1]} 

Let 0 < 𝛼 < 1, indicate 𝜓 = min𝑤∈[𝛼,1]𝜓2(𝑤) and 𝑣(𝑦) = min𝑤∈[𝛼,1]𝑦(𝑤), 𝑦 ∈ ℙ, ∀𝑆 ≥ 𝑠 > 0, set ℙ(𝑣, 𝑠, 𝑆) = {𝑦 ∈ ℙ: 𝑠 ≤ 𝑣(𝑦), ||𝑦|| ≤ 𝑆}, ℙ̊(𝑣, 𝑠, 𝑆) = {𝑥 ∈ ℙ: 𝑠 ≤ 𝑣(𝑦), ||𝑦|| ≤ 𝑆}, ℙ𝑠 = {𝑦 ∈ ℙ: ||𝑦|| < 𝑠}. 

Define height functions: 𝜙(𝑡, 𝑠, 𝑆) = 𝑚𝑎𝑥{𝑓(𝑡, 𝑦, 𝑥) + 𝜏𝑥: 𝑠𝜓1(𝑡) ≤ 𝑦 ≤ 𝑆𝑡𝛽𝛤(𝛽 + 1) , 𝑠𝜓2(𝑡) ≤ 𝑥 ≤ 𝑠} 𝜙1(𝑡, 𝑠) = 𝑚𝑖𝑛{𝑓(𝑡, 𝑦, 𝑥): 𝑠𝜓1(𝑡) ≤ 𝑦 ≤ 𝑠𝑡𝛽𝛤(𝛽 + 1) , 𝑠𝜓2(𝑡) ≤ 𝑥 ≤ 𝑠} 𝜙2(𝑡, 𝑠, 𝑆) = 𝑚𝑖𝑛{𝑓(𝑡, 𝑦, 𝑥) + 𝜏𝑥: 𝑠𝑡𝛽𝛤(𝛽 + 1) ≤ 𝑦 ≤ 𝑆𝑡𝛽𝛤(𝛽 + 1) , 𝑠 ≤ 𝑥 ≤ 𝑆} 

Lemma 2.4.  ([23]) Let 𝛺 be a bounded open set in 𝐹, cone ℙ in Banach space 𝐹,and be a 

completely continuous operator where 𝜃 ∈ 𝛺, 𝜃: 𝛺⃐ ∩ ℙ → ℙ. 

(i) If ∃𝑦0 ∈ ℙ/{𝜃} such that 𝑦 − 𝐵𝑦 ≠ 𝜆𝑦𝑜, ∀𝜆 ≥ 0, 𝑦 ∈ ∂𝛺 ∩ ℙ, then 𝑖(𝐵, 𝛺 ∩ ℙ, ℙ) = 0 

(ii) If 𝐵𝑦 ≠ 𝜆𝑦, ∀𝜆 ≥ 1,y∈ ∂𝛺 ∩ ℙ, then 𝑖(𝐵, 𝛺 ∩ ℙ, ℙ) = 1. 

Lemma 2.5.  ([24]).Let 𝐵: 𝐸⃐ 𝑆3 → ℙ be completely continuous operator. If there exist a concave 

positive functional 𝑣 with 𝑣(𝑦) ≤  ||𝑦||(𝑦 ∈ ℙ) and numbers 𝑠3 ≥ 𝑠2 > 𝑠1 > 0 fulfills the 

following requirements. 

(i) ℙ̊(𝑣, 𝑠1, 𝑠2) ≠ 0, and 𝑣(𝐵𝑦) > 𝑠1 if 𝑦 ∈ ℙ((𝑣, 𝑠1, 𝑠2); 

(ii) 𝐵𝑦 ∈ 𝐸⃐ 𝑆3, if 𝑦 ∈ ℙ(𝑣, 𝑠1, 𝑠3); 

(iii) 𝑣(𝐵𝑦) > 𝑠1∀𝑦 ∈ ℙ((𝑣, 𝑠1, 𝑠3)), with ||𝐵𝑦|| > 𝑠2. 

Then 𝑖(𝐵, ℙ̊(𝑣, 𝑠1, 𝑠3), 𝐸⃐ 𝑠3) = 1. 
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3 Main Results 

Theorem 3.1.  Assume that there exist number 𝑠1, 𝑠2, 𝑠3, 𝑠4, 𝑠5 with 0 < 𝑠1 < 𝑠2 < 𝑠3 < 𝑠4 ≤ 𝑠5 

and 𝑠1 ≤ 𝑠4𝜓∗ such that (𝐻1)𝑓 is continuous on (0,1) × (0, 𝑠5𝛤(𝛽+1) × (0, 𝑠5) with 𝑓(𝑤, 𝑦, 𝑥) ≥ −𝜏𝑥 (𝐻2)𝜙(𝑤, 𝑠1, 𝑠5) ∈ 𝐿[0,1] (𝐻3)𝜙1(𝑤, 𝑠1) ≥ 0 (𝐻4) ∫ 𝜙1
0 (𝑞, 𝑠2, 𝑠2)𝑞(1 − 𝑞)𝛼−𝛽−1𝑑𝑞 < 𝑠2𝜌2−1 

(𝐻5) ∫ 𝜙21
𝑏 (𝑞, 𝑠3, 𝑠4)𝑞(1 − 𝑞)𝛼−𝛽−1𝑑𝑞 > 𝑠3[𝜓∗𝜌2]−1 (𝐻6) ∫ 𝜙10 (𝑞, 𝑠3, 𝑠5)𝑞(1 − 𝑞)𝛼−𝛽−1𝑑𝑞 ≤ 𝑠5𝜌2−1. 

Then there are at least three positive solutions for the resonant FIBVP(1). 

Proof: Indicate two operators 𝑄𝑥(𝑤) = ∫ 𝑅10 (𝑤, 𝑞)𝑥(𝑞)𝑑𝑞, 𝐵𝑥(𝑤) = ∫ 𝑅1
0 (𝑤, 𝑞) [𝑓 (𝑞, 𝐽0+𝛽 𝑥(𝑞), 𝑥(𝑞)) + 𝜏𝑥(𝑞)] 𝑑𝑞 

It is clear that the linear operator 𝐿: ℙ → ℙ is completely continuous. We are aware that the 

spectrum radius of 𝑄 is 𝑠(𝑄) = 𝜏−1, and 𝜙(𝑤) = 𝑤𝛼−𝛽−1 is the appropriate eigenfunction, that 

is to say 𝑄𝜙 = 𝜏−1𝜙. In any case 𝑥 ∈ ℙ⃐  𝑠5/ℙ𝑠1,there are 𝑠1𝜓2(𝑤) ≤ 𝑥(𝑤) ≤ 𝑠5 and 𝑠1𝜓1(𝑤) ≤𝐽0+𝛽 𝑥(𝑤) ≤ 𝑠5𝑤𝛽𝛤(𝛽+1. Then (𝐻1) and (𝐻2) yield that 𝐵: ℙ⃐  𝑠5/ℙ𝑠1 → ℙ is continuous. By applying the 

completely continuous operator extension theorem, 𝐵 can be transformed into the completely 

continuous operator 𝐵̃: ℙ → ℙ. We still spell it out as 𝐵 for convenience. 

For 𝑥 ∈ ∂ℙ𝑠2, we have 𝑠5 ≥ 𝑥(𝑤) ≥ 𝑠3𝜓2(𝑤) and 𝑠2𝜓1(𝑤) ≤ 𝐽0+𝛽 𝑥(𝑤) ≤ 𝑠2𝑤𝛽𝛤(𝛽+1). By Lemma 

2.3 and (𝐻4), we can get 𝐵𝑥(𝑤) ≤ 𝜌2 ∫ 𝑞10 (1 − 𝑞)𝛼−𝛽−1𝜙(𝑞, 𝑠2, 𝑠2)𝑑𝑞 < 𝑠2, 

which implies that 𝐵𝑥 ≠ 𝜆𝑥, ∀𝜆 ≥ 1. So, based on Lemma 2.4, it follows that 𝑖(𝐵, ℙ𝑠2 , ℙ) = 1          (5) 

Similarly, for 𝑥 ∈ ∂ℙ𝑠5, by Lemma 2.3 and (𝐻6), we get 𝐵𝑥(𝑤) ≤ 𝜌2 ∫ 𝜙1
0 (𝑞, 𝑠3, 𝑠5)𝑞(1 − 𝑞)𝛼−𝛽−1𝑑𝑞 < 𝑠5 

Therefore we have 𝑖(𝐵, ℙ𝑠5 , ℙ) = 1           (6) 

Following that, we will demonstrate 
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𝑖(𝐵, ℙ̊(𝑣, 𝑠3, 𝑠5), 𝐸⃐ 𝑠5) = 1. 

(i) It is clear that ℙ̊(𝑣, 𝑠3, 𝑠4) ≠ 𝜙. For any 𝑥 ∈ ℙ(𝑣, 𝑠3, 𝑠4), we have 𝑠4 ≥ 𝑥(𝑤) ≥ 𝑠3 and 𝑠3𝑤𝛽𝛤(𝛽+1) ≤ 𝐽0+𝛽 𝑥(𝑤) ≤ 𝑠4𝑤𝛽𝛤(𝛽+1), for 𝑡 ∈ [𝑎, 1]. 
𝑣(𝑦) ≥ min𝑤∈[𝑎,1]𝜌1𝑤𝛼−𝛽−1 ∫ 𝑞1

0 (1 − 𝑞)𝛼−𝛽−1[𝑓(𝑞, 𝐽0+𝛽 𝑥(𝑞), 𝑥(𝑞) + 𝐽𝑥(𝑞)]𝑑𝑞 ≥ 𝜌2𝜓∗ ∫ 𝑞10 (1 − 𝑞)𝛼−𝛽−1𝜙2(𝑡, 𝑠3, 𝑠4)𝑑𝑠 > 𝑠3. 

(ii) For 𝑥 ∈ ℙ(𝑣, 𝑠3, 𝑠5), we have  𝑠5 ≥ 𝑥(𝑤) ≥ 𝑠3𝜓2(𝑤) and 𝑠3𝜓1(𝑤) ≤ 𝐽0+𝛽 𝑥(𝑤) ≤ 𝑠5𝑤𝛽𝛤(𝛽+1), for 𝑤 ∈ [0,1]. Then 

𝐵𝑥 ≤ 𝜌2 ∫ 𝑞1
0 (1 − 𝑞)𝛼−𝛽−1[𝑓(𝑞, 𝐽0+𝑥(𝑞), 𝑥(𝑞) + 𝜏𝑥(𝑞)]𝑑𝑞 ≤ 𝜌2 ∫ 𝑞10 (1 − 𝑞)𝛼−𝛽−1𝜙(𝑤, 𝑠3, 𝑠5)𝑑𝑞 ≤ 𝑠5. 

So 𝐵𝑥 ∈ 𝐸⃐ 𝑠5. 

(iii) For 𝑥 ∈ ℙ(𝑣, 𝑠3, 𝑠5) with ||Bx|| > 𝑠4, nothing 𝑠3 ≤ 𝑠4𝜓∗, we have 𝑣(𝐵𝑥) = min𝑡∈[𝑏,1](𝐵𝑦)(𝑡) ≥ 𝜓∗𝑠4 ≥ 𝑠5. 𝑖(𝐵, ℙ̊(𝑣, 𝑠3, 𝑠5), 𝐸⃐ 𝑠5 = 1          (7) 

From (5) to (7) it is evident that 𝑖(𝐵, ℙ/ℙ̊(𝑣, 𝑠3, 𝑠5) ∪ ℙ𝑠5), 𝐸⃐ 𝑟𝑠 = −1       (8) 

As a result of (7) and (8), 𝐵 has two fixed points. 𝑥1 ∈ ℙ̊(𝑣, 𝑠3, 𝑠5) and 𝑥2 ∈ ℙ𝑠5/(ℙ̊(𝑣, 𝑠3, 𝑠5) ∪ ℙ𝑠2. 

In the following section, we shall show that 𝐵 has another positive fixed point on ℙ𝑠2. 

We can assume that 𝐵 does not have a fixed point on ∂ℙ𝑠1. Then, we’ll demonstrate 𝑥 − 𝐴𝑥 ≠ 𝜆𝜒, ∀𝜆 > 0, 𝑥 ∈ ∂ℙ𝑠1        (9) 

Otherwise , suppose there exist 𝜆0 > 0 and 𝑥1 ∈ ∂ℙ𝑠1 such that 𝑥 − 𝐵𝑥 = 𝜆0𝜒 

Thus 𝑥1 ≥ 𝜆0𝜒. Set 𝜆∗ = 𝑠𝑢𝑝{𝜆: 𝑥1 ≥ 𝜆0𝜒}. Then 𝑥1 ≥ 𝜆∗𝜒. It follows from (𝐻3) that 𝐵𝑥1 = ∫ 𝑅1
0 (𝑤, 𝑞) [𝑓 (𝑞, 𝐽0+𝛽 𝑥1(𝑞), 𝑥1(𝑞)) + 𝜏𝑥1(𝑞)] 𝑑𝑞        ≥ 𝜏 ∫ 𝑅10 (𝑤, 𝑞)𝑥1(𝑞)𝑑𝑞 = 𝜏𝑄𝑥1. 

Therefore, 𝑥1 = 𝐵𝑥1 + 𝜆0𝜒 ≥ 𝜏𝑄𝑥1 + 𝜆0𝜒 ≥ 𝜏𝑄(𝜆∗𝜒) + 𝜆0𝜒 = (𝜆∗ + 𝜆0)𝜒. 

With the definition of 𝜆∗ there is a contradiction. Therefore, Lemma 2.4 ensures that (9) holds. 𝑖(𝐵, 𝐶𝑆1 ∩ 𝑊, 𝑊) = 0         (10) 

Thus, (5) and (10) indicate that 𝐵 has a fixed point 𝑥3 ∈ ℙ𝑠2/ℙ𝑠1. It is clear that 𝐽0+𝛽 𝑥𝑖(𝑤), 𝑖 =1,2,3 (1) has three positive solutions. The proof is now complete. 



UtilitasMathematica  

ISSN 0315-3681 Volume 121, 2024 

 

234 

 

4 Example 

Consider the resonant FIBVP: {𝐷0+2.1𝑦(𝑡) + 𝑓(𝑡, 𝑦(𝑡), 𝐽0+0.2𝑦(𝑡) = 0, 𝑡 ∈ (0,1)𝑦(0) = 𝑦′(0) = 0, 𝐷0+0.2𝑦(1) = 0.7−1.2𝐷0+0.2𝑦(0.7),     (11) 

with 

𝑓(𝑡, 𝑦, 𝑥) =
{   
   𝑡8𝑦−1359√(1−𝑡) + 𝑥−13148 + (1−𝑡)8𝑥−1359√𝑡 − 𝑥4 , (𝑡, 𝑦, 𝑥) ∈ (0,1) × (0, +∞) × (0,1],

(1−𝑡)859√𝑡 + 𝑡8𝑦−1359√(1−𝑡) + 𝑥5149 − 𝑥4 , (𝑡, 𝑦, 𝑥) ∈ (0,1) × (0, +∞) × (0,5],
(1−𝑡)859√𝑡 + 𝑡8𝑦−1359√(1−𝑡) + 𝑥12+54−√5149 − 𝑥4 , (𝑡, 𝑦, 𝑥) ∈ (0,1) × (0, +∞) × (5, +∞).

 By 

33.56𝜏3𝛤(7.4) ≤ 𝑘(𝜏) − [−0.08𝛤(2.1) + 1.64𝜏𝛤(3.2) + 13.18𝜏2𝛤(5.3) ] ≤ ∑ 33.56𝜏𝑗𝛤(7.4)+∞𝑗=3 , 

In order to 𝜏∗ ∈ (0.23,0.24). 

Let 𝜏 = 0.1 and 𝑏 = 0.7. Using an exact computation, we have  𝑁(1) = 0.8714, 𝑁′(1) = 1.0313, 𝑞∗ = 0.7261, 𝜌1 = 0.8201, 𝜌2 = 1.4781, 𝜚1 = 17.2372, 𝜚2 = 206.084, 𝜓1(𝑡) = 0.673𝑡1.1, 𝜓2(𝑡) = 0.0774𝑡1.1, 𝜒∗ = 0.0592, 𝜒∗𝜚2 = 13.3281. 

Let 𝑠1 = 0.0534, 𝑠2 = 1, 𝑠3 = 5, 𝑠4 = 89, 𝑠5 = 1763. The (𝐻1), (𝐻2) and (𝐻3) holds are not 

difficult to obtain. Direct calculation yields what we have 𝜚2 ∫ 𝜙10 (𝑞, 𝑠2, 𝑠2)𝑞(1 − 𝑞)1.1𝑑𝑞 ≊ 0.8338, 𝜓∗𝜚2 ∫ 𝑞210.7 (𝑞, 𝑠3, 𝑠4)𝑞(1 − 𝑞)1.1𝑑𝑞 > 𝜒∗𝜚2 ∫ 𝑞3414910.7 𝑞(1 − 𝑞)1.1𝑑𝑞 ≊ 9.24, 𝜚2 ∫ 𝜙1
0 (𝑞, 𝑠3, 𝑠5)𝑞(1 − 𝑞)1.1𝑑𝑞 < 𝜚2 ∫[1

0 𝑠3𝜒2(𝑞)]−13 [ 1149 + (1 − 𝑞)859√𝑞 ] 𝑞(1 − 𝑞)1.1𝑑𝑞 

            +𝜚2 ∫ [𝑞8(𝑠3𝜒1(𝑞))−1359√(1 − 𝑞) + (1 − 𝑞)859√𝑞 + 𝑠512 + 54 − √5149 ]1
0 𝑞(1 − 𝑞)1.1𝑑𝑞 ≊ 1562.6256 

Because of this, (𝐻4), (𝐻5) and (𝐻6) hold. The resonant FIBVP(11) must therefore have at least 

three positive solutions, according to Theorem 3.1. 
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