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Abstract
The fixed point index theory is used to determine whether there are set of solutions to boundary
value problems with triple positives involving resonant fractional integrodifferential equations.
To find the positive solutions, the spectrum theory and a few new height functions are also
employed. An arbitrary fractional integral is used in the nonlinearity, which also allows for
singularity.
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1 Introduction
In this article, we consider the resonance-related problems with fractional integrodifferential
equation boundary values:

DE.y(w) + Fw,y(w), [ & (w,p,y@))dp = 0,0 <w <1
0

¥(0) = y'(0) = 0, Df,y(1) = X, & Dg,y (1)) (1)
where4>a>3,a—3>>0,>0,0<n, <<, < 1with2ﬁ1€inf_ﬁ_1 =1, D§,
indicates derivatives of Riemann-Liouville, singularities at w = 0,1 and y = x = 0 are allowed
by the nonlinearity f(w,y, x). The equation D, y(w) + Ay(w) = 0 is clearly solved by 1 =0
and cw®~1 with (1) as the boundary condition, FIBVP (1) is resonance.

Due to their proven uses in the scientific community, FBVPs have recently received a lot
of attention in research ([1 — 22]). Non-local boundary value problems (BVPs) in particular
have garnered a lot of interest ([8 — 22]). For instance, Zhong[11] and Zhang proved the
following results of positive FBVP solutions using the Leggett-Williams theorem and
Krasnosel’skii fixed point theorem:
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Dalz(w)+f(wz(w))—00<w<1 n—1<a, <n,
2(0) = 2/(0) = - = z""2(0) = 0, DJ1y(1) = [ a W)D§ z(w)dw.

Zhang et al. [12] revealed existence fmdlngs of positive solutions to the FBVP utilising the fixed
point index theory:

Dzy(w) + f(w yw), D”’Zy(w>) >0, we (0),
DY2y(0) = 0. DY2y(1) = [ D2 y(s)dB(s).

Many academics looked on ways to solve resonant BVPs using the coincidence degree theory
[13-18]. It is important to highlight that few papers[16-20] have examined affirmative solutions
for resonant BVPs. By utilising the Webb[19] technique, we were able to deduce certain
sufficient and vital criteria to determine whether some resonant FBVPs in [21,22] have positive
solutions. when a € (1,2). As far as we are aware, for the resonant FBVP(1), three positive
solutions have not been taken into account. We strive to fill this void, inspired by the
masterpieces cited above.

2 Preliminaries

Let | OW K (W, D, y(p))dp = x(w), It is clear from the approach in [12] that (1) is equivalent to
{Dg"ﬁx(m + f(w, Jhyx(w), x(w) = 0,w € (0,1),
J§,x(0) = Do P x(0) = 0,x(1) = X%, & x()
The increasing function is known from [2].
+o0
h(D): = z [+ D(a—B) = 3][(L+ D(a—p) — 4]
e F((l + 1) (a — ,B))
has a unique root t* > 0, The resonant FBVP(2) is obviously the same as the FBVP:

{I—Dé"ﬁx(W) +tx(w)=f (W,]5+X(W),X(W)) + tx(w),w € (0,1)

0:2(0) = Do Fx(0) = 0,x(1) = Ty & x(n)
In this article, assume that 7 € (0,7*] in order to keep things simple, we utilise the same
notations:

2)

,T>0

3)

D (@-p)-1

Uw) = Z?;XE) r(@+D(a-p))’
1 (Uw)UQ —q), 0<w<g<l,
E(W'Q)_m{u(w)u(l qQ)—-Ult—-—qU(1), 0<s<w<1

i= 181E(CIU JU(w)

U() —Xi, & Um)
We have the following Lemma, which is similar to Lemma 2.1 in (22).
Lemma 2.1. Let’s say k € L[0,1]. Then the FIBVP for two terms.

-Dg_ﬂx(w) + tx(w) = k(w),w € (0,1)
J6:x(0) = Doy P x(0) = 0,x(1) = X2 & x(y) (4)
has a unique solution

x(t) = f; R (w,q)r(q)dg.

R(w,q) = E(w,q) +
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Lemma 2.2. ([3]) Let’s say that q* € (0,1) satisfies ¢* = (1 — q*)*"P~2. E(w, q) is satisfied
then.
(i) E(w,q) 22 0,9(1 = )* F~1t*F~1, vw,q €[0,1]
(i) Ew,q) < 0,q(1 — @)*F~", vw,q € [0,1],
1 _ Iv)l?
NOIr@—p1 P2~ N
Lemma 3. (/25]) The following are the properties of the function R(w, q):
(i) Rw,q) = 01q(1 = @)* P~ 1t*F~1, vw,q €[01]
(i) R(wW, @) < 02q(1 — @)% F~*, vw,q € [0,1],
p(1-2f e F) 0= Py [1 4 N(l)kz{.;lei .
r(a-p)NW-ZE, &Nmy] N(1)-XK eN(ny)
Let F = D[0,1] have the norm ||y|| = Orllvaz(lly(w)l, 0 be the zero element, and F be a Banach

where p; =

where 91 =

space.

r(a—p)
Pa(w) = EEERwe y,(6) = Lweho,

Describe a cone

P = {y € F:y(w) = y,(w)|lyl|,w € [0,1]}

Let 0 < a < 1, indicate = min ¥,(w) and v(y) = min y(w),y € P,
wela,1] wela,1]

VS =25 >0, set

P(v,5,5) ={y € P:s <v(y)|ly|l < S},

P(v,s,5) ={x € Prs <v(y) |lyll < S},

Ps ={y e P:||yll <s}.

Define height functions:

Sth
B(,5,5) = max(f(6,y,%) + s (0) £ ¥ < g VD) S ¥ < 5)
B
Ba(t,5) = min{f (t,y, %): 59, (£) < y < %,swzm <x<s)
B Sth

¢,(t,s,S) = min{f(t,y,x) +w:%s y Sm,s <x<S}

Lemma 2.4. ([23]) Let 2 be a bounded open set in F, cone P in Banach space F,and be a
completely continuous operator where 8 € (1, 0: anP - P.

(i) If 3y, € P/{0} such thaty — By # Ay,, VA =0,y €00 NP, then i(B,2 NP, P) =0
(ii)If By # Ay, VA= 1ye 0N NP, then i(B,N NP, P) = 1.

Lemma 2.5. ([24]).Let B: E s, = [P be completely continuous operator. If there exist a concave

positive functional v with v(y) < ||y||(y € P) and numbers s; = s, > s, > 0 fulfills the
following requirements.

(i) P(v,51,5,) # 0, and v(By) > s, if y € P((v, 51, 55);
(ii) By € ES3’ if y € P(v,sy,53);

(iii) v(By) > s,Vy € IP((U, 51,53)), with ||By|| > ss.
Then i(B,]fD(v, 51,53),]23) =1.
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3 Main Results
Theorem 3.1. Assume that there exist number Sq,S, S3,S4,Ss With 0 < 51 < 5, < 53 < §4 < Sg
and s1 < s," such that

(Hy)f is continuous on (0,1) X ( TOT 1) x (0,sg) with f(w,y,x) = —1x

(H2)¢(W) 51,55) € L[O'l]
(H3)¢11(W» 51) =0

(H,) f & (q,52,5)q(1 — ) P1dg < s,p5"

(Hs)f ®2 (q,53,5)9(1 — @) F~1dq > s3[p*p,]™?

b
1 _B— _
(He) [y & (q,53,55)q(1 — @)*F~'dq < ssp; ™.
Then there are at least three positive solutions for the resonant FIBVP(1).
Proof: Indicate two operators

Qx(w) = [J R (w,@)x(q)dq,

Bxw) = [ R0 [ (0. J6,x@x(@) + t3(@)] dg

0
It is clear that the linear operator L:IP — P is completely continuous. We are aware that the

spectrum radius of Q is s(Q) = 7%, and p(w) = w* B~1 is the appropriate eigenfunction, that
is to say Q(;b = T_1¢ In any case x € Pg_/IP, .there are s;3,(w) < x(w) < s5 and 511 (W) <

]0+x(w) < r(p’ —- Then (H,) and (H,) yield that B: P, ./Ps, — P is continuous. By applying the

completely continuous operator extension theorem, B can be transformed into the completely
continuous operator B:P —> P. We still spell it out as B for convenience.
For x € 0P, we have s5 = x(w) = s31,(w) and s, (w) <]0+x(w) <
2.3 and (H,), we can get

1 —B—
Bx(w) < p, [, (1 — )¢ F1¢(q,52,52)dq < s,
which implies that Bx # Ax, VA > 1. So, based on Lemma 2.4, it follows that
i(B,Ps,P) =1 (5)
Similarly, for x € 0PP_, by Lemma 2.3 and (Hy), we get

1

m By Lemma

Bx) < p, [ 6 @,55,50(1 - P dg <5
Therefore we have

i(B,P,P)=1 (6)
Following that, we will demonstrate
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i(B,[ﬁ”(v, S3,S5), ESS) =1.
(i) It is clear that P(v,ss,s,) # ¢. For any x € P(v,s3,5,), we have s, > x(w) > s; and

B
Elid fort € [a, 1].

B SaWw
TGD < Jorx(w) <

r(g+1)’
1

pw 7 [ q (1= [ f a1 (@, x(@) +1x(@)]dg
0

2 pap” fol q (1 —q)* P 1, (¢, 53,5,)ds > s3.

(ii) For x € P(v, s3, S5), we have

-
v(y) = Loin

B
sg = x(w) = s3P,(w) and sz, (w) S]éix(w) < FSF’L, for w € [0,1]. Then
(B+1)

1
Bx < p, f g (1 — % FLf (@I x(q), x(q) + wx(@)]dg

0
<y f, a1 — @)% P p(w, s3,55)dq < ss.

So Bx € E,.

(iii) For x € P(v, s3, s5) with ||Bx|| > s,, nothing s3 < s,¥*, we have

v(Bx) = trer[lli)g](By)(t) >Y*s, = Ss.

i(B,P(v,s3,55), Es, = 1 (7
From (5) to (7) it is evident that

i(B,P/P(v,s3,55) UPs),E,, =—1 (8)

As aresult of (7) and (8), B has two fixed points.

x; € P(v,s3,55) and x, € IP)SS/(IFD(U, S3,55) U P, .

In the following section, we shall show that B has another positive fixed point on Pg,.
We can assume that B does not have a fixed point on dP . Then, we’ll demonstrate

x—Ax # Ax,VA>0,x € 0P, 9)
Otherwise , suppose there exist A; > 0 and x; € dIP;  such that
x—Bx =Ayx

Thus x; = Agx. Set A" =sup{d:x; = Aox}. Then x; = A"y. It follows from (H;) that
1
_ B
Bx; = fR w,q) [f (q,]0+x1(q),x1(q)> + Txl(Q)] dq

0
> TfolR w, @)x1(q)dq = 1Qx,.

Therefore,

X1 =Bx; + Aoy 2 1Qx1 + Aoy 2 TQ(X*x) + Aox = (A" + Ap)x.

With the definition of A* there is a contradiction. Therefore, Lemma 2.4 ensures that (9) holds.

i(B,Cs, N\W,W) =0 (10)

Thus, (5) and (10) indicate that B has a fixed point x5 € P, /IPg . It is clear that ]g+xl- (w),i =

1,2,3 (1) has three positive solutions. The proof is now complete.
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4 Example
Consider the resonant FIBVP:
Dgty(®) + f(t,y(©), Jo+%%y(t) = 0, t €(0,1) (an
y(0) = y'(0) = 0,D5y(1) = 0.7~ +2DgZy(0.7),
with
(s —?1 —1 (1-6)® 31
t X X
w% w1 @y €01 x(0,+0) x (0,1],
—+)8 8,3 5
fly0 =+ J% +E -2 (t,y,%) € (0,1) x (0, +0) x (0,5], By
-1 1
(1-t)8 t8y3 x245%—/5 «x
\ 59\/— 59 (1—t) 149 - Z; (t y, x) € (011) X (Or +OO) X (Sr +OO)
33.5673 _[-o. 08 1.647 = 13.1872 +oo 33.567)
r(7. 4) < k(o) [r(z 1) 132  r(.3) ] ZJ =3"Tr(74)°

In order to 7° € (0.23,0.24).

Let 7 = 0.1 and b = 0.7. Using an exact computation, we have

N(1) =0.8714, N'(1) = 1.0313, q* = 0.7261, p, = 0.8201, p, = 1.4781, o, = 17.2372,
0, = 206.084, ,(t) = 0.673t11, y,(t) =0.0774t*1, x* =0.0592, x*o, = 13.3281.
Let s; = 0.0534, s, =1, s3 =5,s, =89, ss = 1763. The (H;), (H,) and (H3) holds are not
difficult to obtain. Direct calculation yields what we have

1
02 J, ¢ (q,52,5:)9(1 — q)*'dq = 0.8338,
* 1 N 1
¥es Jy,q2(4,53,50q9(1 — q)'*dq > X", f07149q(1 Qtdq = 9.24,
1
1 a-g°
149" s9./q
1 -1
+ ] q8(53X1(Q)) : + (1-q)8 N S; +5*—+/5
)| soJ-q  59/q 149

Because of this, (H,), (Hs) and (Hg) hold. The resonant FIBVP(11) must therefore have at least
three positive solutions, according to Theorem 3.1.

1
02 J ¢ (q,53,55)q(1 — q)*dq < ezj s3x2(Q]= [ q(1 —q)t'dq
0 0

q(1 — ¢)tldg = 1562.6256
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