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Abstract: In this note we are introducing seems to focus on developing
a new work to manage fuzzy information by connecting fuzzy sets,
graph structures, and topology. The primary goal is to establish a
Fuzzy N-Graph structure within topological spaces using graph theory,
particularly focusing on the adjacency relation between vertices within
fuzzy graph structures.
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1. Introduction and preliminaries

A graph mathematically represents a network, describing relation-
ships between vertices (nodes) and edges. Graph theory models real-
world phenomena but struggles with systems exhibiting uncertainty
in attributes. Fuzzy graphs were introduced to address this limitation,
motivated by real-world complexities. Kauffman (using Zadeh’s fuzzy
relation) pioneered the concept of fuzzy graphs. Fuzzy-graph theory
is rapidly expanding, offering enhanced solutions across various fields,
including networking, communication, data mining, clustering, image
processing, planning, and scheduling, Graph structures are
fundamental in computer science and computational intelligence.
Fuzzy-graph structures effectively address uncertainty and ambiguity
in real-world scenarios. The article introduces a new framework
called Fuzzy N- Graph, combining fuzzy graph structures with
topological space. In a Fuzzy N-Graph Relationships between vertices
(edges) are fuzzy, not crisp. Edges are represented by fuzzy values in
the range [0, 1], rather than binary (0 or 1). The study explores basic
concepts of Fuzzy N- Graph structures in topological space and
examines related properties.

Definition 1.1 (3). Let G be a nonempty simple graph and H be a
subgraph of G. The operator below approximation and above approxi-
mation H of G. Let R(G) be the graph factorization or decomposition
of G. Then the upper and lower approximation of subgraph H are in-
dicate by N*(H) and N«(H) respectively, as follows:

N*(H) = {UH; : Hi € R(G) and Hi N H # ¢},

N«(H) ={UH;: H; € R(G) and H; < H},

Also, the operator boundary region for subgraph H in G is defined as
Bn(H) = N*(H) — N«(H)

Definition 1.2. [3] Consider a subgraph H of non-empty simple graph
of G and R(G) be the graph factorization of Define {rR(H) = {G, &, N«(H),
N*(H), By (H)}.Then Zr(H) satisfies the following axioms
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(1) The graph G (full graph) itself and the null graph ¢ are the
members of the collection {r(H)

(2) The union of any members of {r(H)is a member of {r(H).

(3) The finite intersection of any members of {r(H) is in {r(H).

Then a collection of {r(H) is called N-graph topology on G. We call
the pair (G, {r(H)) as the N-graph topological space. The members of
{rR(H) are called the N-open subgraph of G and the complement H¢
of the N-open subgraph H is the subset of G induced by the edge set
E — En is called an N-closed subgraph of G.A subgraph which is both
an N-open subgraph and N-closed subgraph is called N-clopen subgraph.

Definition 1.3 (3). Consider a subgraph H of non-empty simple graph
G.Then the Indiscrete N-graph topology is defined as Ir(H) = {¢, G},
a collection of the trivial subgraphs of G.

Definition 1.4. Let H be a subgraph of non-empty simple graph G and
{r(H) is a N-graph topological space. The N-interior and N-closure of
subgraph S is defined as follows: N-int of subgraph S is the union of all
N-open subgraph which is an edge induced subgraph of subgraph S and it
is noted by NgInt(S).The N-closure of subgraph S is the intersection
of all N-closed subgraph which is supergraph of S and it is denoted
by NgsCI(S).Also NgInt(S) is the largest N-open subgraph of S and
N&CI(S) is the smallest super graph N-closed subgraph of S.

Definition 1.5 (3). Let H be a subgraph of N-graph topological space
{r(H) is called

(1) N-semi open subgraph if H S NgCI(NgInt(H))

(2) N-a open subgraph if H < Ngint(NcCl/(NgInt(H)))

(3) N-pre open subgraph if H S NgInt(NGCI(H))

(4) N- 8 open subgraph if H < NgCI(NgInt(NcCI(H)))

(5) N-y open subgraph(N-b open subgraph) if H < NgCI(NgInt(H))U

Ng/nt(NcCI(H)).

(6) N- regular open subgraph if H = NgInt(NcCI(H))

The group of N- semi-open subgraphs (resp. N- a open sub-
graph, N- pre open subgraph, N- 8 open subgraph, N- y open
subgraph, N-regular open subgraph) from G will be denoted by
Ns; —SO(H) (resp.Ns; —aO(H),Ns; —PO(H), Ns; —B80(H),
Ns; — YO(H),Ns; — RO(H)).The complement of an N-semi
open subgraph (resp. N- a open subgraph, N-pre open sub-
graph, N- 8 open subgraph, N- y open subgraph, N- regular
open subgraph) called a N-semi closed subgraph and the fam-
ily of all N- semi closed subgraphs(resp. N- o closed subgraph,
N- pre closed subgraph, N- 8 closed subgraph, N- y closed sub-
graph, N- regular closed subgraph) from G will be denoted by
Ns; —SC(H).(resp.Ns; —aC(H),Ns; —PC(H), Ns; —BC(H),
Nsgs — vC(H),Ns; — RO(H))
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Definition 1.6 (11). A graph structure G = (V, R4, ..., Rn) is defined
as V a nonempy set of verices which are mutually disjoint relation on
V .Each relation R;,1 < i < n is satisfies

symmery, (a, b) € Ri then (b,a) € R;

irreflexive, (a, a) Z Ri for any a € V

This structure can be visualized as a graph with edges labeled R1, ..., Rn,
representing different types of relationships between vertices.

Definition 1.7 (11). Let S be a set. Amap o : S [0, 1] is called a fuzzy
subset of S. A fuzzy relation on S is a fuzzy subset of S X S. Let S be a
set, Mand N be fuzzy sets on S. Then the join and the meet of M and
N denoted by M VN and M AN, are defined as follows: for each x € §,

(M V N)(x) = max(M(x), N(x)) and (M AN )(x) = min(M(x), N(x)).

Definition 1.8 (11). Let G = (V, o, u) is a triplet fuzzy graph where
where V is a finite, nonempty set representing the vertices (or nodes)
of the graph, o is a fuzzy of V, which defines the membership function
for the vertices, meaning each vertex has a degree of membership in
the fuzzy set o.v is a fuzzy relation on o, which represents the edges
of the graph. The membership value u(a, b) denotes the strength of
the connection (or edge) between two vertices a and b. The condition
for a fuzzy graph is that the fuzzy relation u must satisfy u(a, b) <
o(a) A a(b)Va, b € V. This ensures that the fuzzy edge set u is a fuzzy
relation on the fuzzy vertex set ¢ , meaning that the strength of the
connection (edge) cannot exceed the minimum of the strengths of the
connected vertices.

2. Fuzzy lower and fuzzy upper subgraph,fuzzy boundary
subgraphs

Definition 2.1. Let G = {o, w1, Yy, ...... Un} is a fuzzy graph structure
of the graph structure G*, where o : V — [0, 1] be the fuzzy set on
V and ui, Yy, .....un be the fuzzy sets on the relations Ri, Ry, Rn

respectively.Let G be a fuzzy graph of vertices we define an adjacency
relation Ra is Ra = {(v, o(v) € v(G), uilvu) = 0}.

Definition 2.2. Let G = {0, uy, U, ...... Un} be a fuzzy graph structure
of the graph structure G* = (V, R1, Ry, ...... Rn), where o : V — [0, 1]
be the fuzzy set on V and ui, Uy, .....un (Which assign degrees of mem-
bership to the edges) be the fuzzy sets on the relations Ri, R,  Rn

respectively.Let Kf be a subgraph of G and Ra be the adjacency rela-
tion then the fuzzy lower subgraph Ky are indicate F.[Kf] = {UM; :
M € Ra, M; S [Kf]1} .This means that we take the union of all fuzzy
relations M that are contained in the adjacency relation Ra and whose
fuzzy sets are subsets of the vertices Kr, F*[Kf] = {UM;: M; € Ra
and M; N [KrY= ¢.This represents the union of all fuzzy relations M
whose intersection with Ky is non-empty and which are contained in

the adjacency relation Ra.Also the fuzzy boundary subgraph Ky in a
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fuzzy graph structure G = {0, U1, Uz, ......un} is defined as Fg[Kf] =
Fi[Kel — FrIKy]

Example 2.3. Consider graph structure involving a set V = u, v, w, x,
and two relations R1 and R1 i.e., R1 = uw, uv, wx and R2 = ux, vw, vx
such that these relations are different. Moreover, they do not have ele-
ments of same vertices like uu, vv, ww, xx, hence, then R1 and R2 are
irreflexive. Given these properties, the graph structure with vertex set

V and relations R1 and R2 forms a simple nondirected graph in
which:

The relations R1 and R2 are symmetric (bidirectional). The rela-
tions R1 and R2 are disjoint (no overlap between the two types of rela-
tions). Here R1 and R2 are irreflexive (no self-loops are allowed). The
graph is fuzzy in nature, with membership values defining the degree
of connectivity between vertices, subject to the properties of the fuzzy
relations . Hence, vertex set V with relations R1 and R2 is a graph
structure G* = (V, R1, R2)

k(0.3) 0.3 i(0.4)

t(0.3)

Consider a fuzzy graph structure G = (o, U1, U2), we define a fuzzy
seta(k) = 0.3, o(r) = 0.3, a(i) = 0.4, o(t) = 0.4 and define a fuzzy sets
U1, 42 on R1,R2 is ui(k, i) = 0.3, ui(k, t) = 0.3, ui(t, r) = 0.3,
pa(i, r) = 0.4, ui(k, r) = 0.3, ui(v, w3) = 0.3.Let G = (o, u1, u2) be the
fuzzy graph structure with vertices V (G) = {k(0.3), t(0.3), i(0.4),
x(0.4)} and the adjacency relation is R[k(0.3)] = {t(0.3), i(0.4),
r(0.4)}, R[t(0.3)] = {k(0.3), i(0.4), r(0.4)}, R[i(0.4)] = {k(0.3),£(0.3),
r(0.4)}, R[r(0.4)] = {k(0.3), t(0.3), i(0.4)} is Rf is subgraph with
vertices V (Rf) = {k(0.3),i(0.3)} then F.[Rf] = {¢},F*[Rs] = {G}
,Fs[Rr] = {G}

Property 2.4. Let G = {0, U1, Uz, ...... Un} is a fuzzy graph structure.
Let Ry be a subgraph of G with vertices and Ra be the adjacency relation
then

(1) F+[Rf] € Rr < F*[Ry]
(2) Fi[G] € G < F'[G]

262



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

Proposition 2.5. Let G = {0, ui, Uz, ...... Un} is a fuzzy graph struc-
ture. Let Rr and Ny be a subgraph of G with vertices and Ra be the
adjacency relation then

(1) If Rr < Ny then Fi[Rf] S F+[Nr]

(2) If Rr = Ny then F*[Rf] < F*[Nf]

(3) F+[Rr] U F+[Nf] € F+[Rr U N¢]

(4) F+[Rr N N¢] = FL[Rf] N F+[Nf]

(5) F*[Rf] U F*[Nf] = F*[Rr U Nf]

(6) F*[Rr N N¢]l = F[Rf] N F*[Nf]

Proposition 2.6. Let G = {o, u1, Uz, ...... Un} be a fuzzy graph struc-
ture and (V (G), 3¢) be the Fuzzy N-graph topological space.Then
Fi(F+«(Rf)) € F«(Rr) < F*(F+(Ry)) S Rf <

F+«(F*(Rr)) = F*(Rr) = F*(F*(Ryr)) .

Proof: We will prove that F*(F«(Rf)) < Rr < F+«(F*(Ryf)). Let
w1 € F*(F+(Ry)) . Implies, there exist wo € F.(Ryf) such that wiw, €
E(G). Therefore, vl € Ra < Rr. Now, since w1 € Ry then Ra(w1) S
F*(Rr). Implies, w1 € F+«(F*(Ry))

3. Fuzzy N-GRAPH STRUCTURES IN TOPOLOGICAL SPACE

In this section we have studied the concept of Fuzzy N-graph struc-
tures in topological space

Definition 3.1. Let G = {0, u1, ko, ...... Un} be a fuzzy graph structure
and take My be a subgraph of G and Ra be the adjacency relation
then 3e={G, @, F+[Rf], F*[Rs], Fe[Rf1} forms a topology on V (G)
is called F+ graph structures on G with vertices with respect to Rf.we
call (G, 3¢) as the Fuzzy N-Graph topological space.The elements in 3¢

is called Fuzzy N-open subgraphs and the complement of 3% is called
Fuzzy N-closed subgraphs.

Example 3.2. Consider example 2.3 with a fuzzy graph structure G =
(o, u1, u2), we define a fuzzy set o(k) = 0.3, o(t) = 0.3, o(i/) = 0.4, o(r) =
0.4 and define a fuzzy sets i1, u2 on R1,R2 is ui(k, t) = 0.3,

ui(k, r) = 0.3, ua(t, r) = 0.3, u1(i, r) = 0.4, pa(k, i) = 0.3, ua(t, i) = 0.3.
Let G = (o, U1, U2) be the fuzzy graph structure with vertices V (G) =
{k(0.3), t(0.3), i(0.4), r(0.4)} and the adjacency relation is R[k(0.3)] =
{t(0.3), r(0.4), i(0.4)}, R[t(0.3)] = {k(0.3), i(0.4), r(0.4)}, R[t(0.4)] =
{k(0.3), t(0.3), r(0.4)}, R[r(0.4)] = {k(0.3), t(0.3), i(0.4)} is Rf is sub-
graph with vertices V (Rf) = {k(0.3), t(0.3), r(0.4)} then F.[V (Rf)] =
{i(0.4)}, F*[V(Rs)] ={G}, Fs[V (Rf)] = {k(0.3), t(0.3), r(0.4)} and
the fuzzy N-Graph topological space is 3¢ = {G, ¢, {i(0.4)}, {k(0.3),
t(0.3), r(0.4)}} and its complement is 3¢ = {G, ¢, {i(0.4)}, {k(0.3), t(0.3),

r(0.4)}}

Definition 3.3. Let G = {0, U1, U, ......un} be a fuzzy graph structure
and (G, 3¢) be the Fuzzy N-graph topological space and consider T be
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the subgraph of V(G) then its Fuzzy \fy-graph interior and Fuzzy N-
graph closure is defined by Fin(T)= {U € 3 : U < T}LFa(T) =
ANMU € 3t : U = T}Lwhere 3% is the complement of 3¢.That is the
Fuzzy N-graph closure of T, denoted by Fci(T) is the smallest fuzzy
N- closed subgraph that contains T and The fuzzy N- graph interior
of T denoted by Fin(T) is the largest fuzzy N-open subgraph that is
contained within T.

Example 3.4. Consider example 2.3 with a fuzzy graph structure G =
(o, 1, u2), we define a fuzzy set o(k) = 0.3, o(t) = 0.3, o(i) = 0.4, o(r) =
0.4 and define a fuzzy sets ua, u2 on R1,R2 is ui(k, t) = 0.3,

ui(k, r) = 0.3, ua(t, r) = 0.3, u1(i, r) = 0.4, pa(k, i) = 0.3, ua(t, i) = 0.3.
Let G = (o, u1, u2) be the fuzzy graph structure with vertices V (G) =
{k(0.3), t(0.3), i(0.4), r(0.4)} and the adjacency relation is R[k(0.3)] =
{t(0.3), r(0.4), i(0.4)}, R[t(0.3)] = {k(0.3), i(0.4), r(0.4)}, R[i(0.4)] =
{k(0.3), t(0.3), r(0.4)}, R[r(0.4)] = {k(0.3), t(0.3), i(0.4)} is Ry is sub-
graph with vertices V (Rf) = {k(0.3),i(0.3), r(0.4)} then F.i[Rf] =
{i(0.4)}, F'[V(RF)] = {G}, FslRf] = {k(0.3), £(0.3), r(0.4)} and
the fuzzy N-Graph topological space is 3r ={G, ¢, {i(0.4)}, {k(0.3),
t(0.3), r(0.4)}} and its complement is $* = {G, ¢, {i(0.4)}, {k(0.3), t(0.3),
r(0.4)}}.Let T = {t(0.3), r(0.4)} be the subgraph of G then the fuzzy
N-graph interior of T is {¢}and the fuzzy N-graph closure of T is

{k(0.3), t(0.3), r(0.4)}

Property 3.5. Let G = {0, U1, Uz ...... Un} be a fuzzy graph structure
and (G, 3¢ ) be the Fuzzy N-graph topological space and let T and U be
the subgraph of V (G) then

(1) Fine(T) =T

(2) Finte(Fine(T)) = Fine(T)

(3) T<U == F/nt(T) < F/nt(U)

(4) Fine(T A U) = Fine(T) A Fine(U)

(5) T=< FuT) == Fa(Fc(T)) = Fa(T)
(6) T<U == FuT) < Fa(U)

(7) Fa(T vV U) = Fo(T) Vv Fo(U)

Property 3.6. Let G = {0, u1, U, ...... Un} be a fuzzy graph structure
and (G, 3r) be the Fuzzy N-graph topological space and let T and U be
the subgraph of G then

(1) Fine(G) € Fa(G)

(2) If T < G then Fine(T) < Fint(G) < V(G)
(3) Finl(T N U) = Fine(T) N Fine(U)

(4) Fine(T U U) D Fine(T) U Fine(U)

(5) If T C G then Fg(T) C V(G) C Fa(G)
(6) Fa(T N U) N Fa(T) N Fa(U)
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Theorem 3.7. Let G = {0, u1, U2, ...... Un} be a fuzzy graph structure
for a subgraph T of Gthenp € Fo(T) <= Gy N 7= ¢ for every
Fuzzy N- open subgraph Gy containing t,where T < G

Proof:

Consider t € Fq(T).Let Gy be a fuzzy N- open subgraph containing
t.Since Gy is fuzzy N- open subgraph , G — Gy is a fuzzy N- closed
subgraph.lf TN Gy = ¢, then T < G — Gy, G — Gn is a fuzzy N-
closed subgraph containing T.Thus NaCI[T] S G — Gn, which is a
contradiction to the fact that t € NpCI[T] but a £ G—Gn .Therefore T N
Gy = ¢ for every fuzzy N-open subgraph Gy containing t.conversly,Let
P N Gn/= ¢ for every fuzzy N-open subgraph Gy contaning t.If t £

Fc(T) then a € G — Fa(T)),G — (Fal(T)) is fuzzy N- open subgraph

and thus G — ((Fa(T)) N TY= ¢ (By assumption) P < Fo(T) ==
Fa(T)e =T == G—(Fa(T) =€ G—T == G— ((Fa(T))NT) =
(G — T) N T.which is contradiction.Therefore t € F¢(T).

Definition 3.8. Let G = {0, U1, Uz, ...... Un} be a fuzzy graph structure
and Ra be the adjacency relation . Consider D;, i =1, 2,3,4,5 be any
five different subgraphs of G, Some forms of fuzzy N-graph topology
defined as follows:

FG-Form | | F«(DiY'= F*(Di) , F«(Di) = F*(D),
where F«(Di)Y= ¢, F*(DiY= G
FG-Form Il | Fx(D}) = ¢, F*(DiY= G

PG-Form lll | F«(D;Y= ¢ and F*(D;) = G
PG-Form IV | F«(Dj) = ¢, F*(Di) = G

Result of FG-Form I | F(D;) ={G, ¢, F«(Di)}

Result of FG-Form Il | F(D)) = {G, ¢, F*(D))

Result of FG-Form 111 | F(D)) = {G, ¢, F«(Di), Bc{(Di)}
Result of FG-Form IV | F(D;) = {G, ¢}

3.0.1. Remark. After classifying the fuzzy N-forms we will get the
following results:

Si st

Result 1| nF1|nF1
Result 2| nF2 | nFs
Result 3| nFs | nF >
Result 4|\ nF a4 | nF 4

4. CONCLUSION AND APPLICATION

Graph theory plays a crucial role in solving problems across a wide
range of fields, besides socialing, communication, determining data,
as in gathering, image capturing, image segmentation, planning, and
scheduling. In many real-world scenarios, the systems we model and an-
alyze using graphs involve uncertainty and imprecision. This is where
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fuzzy graph theory comes into play, providing a powerful framework for
handling situations where elements of a graph—such as vertices and
edges—are not precisely defined but instead exhibit varying degrees of
membership.

Fuzzy Graph Theory: Dealing with Uncertainty:

Fuzzy graph theory extends classical graph theory by incorporating
fuzzy logic to represent uncertainty or vagueness within the system.
Unlike traditional graphs, where the connections (edges) between ver-
tices are binary (either an edge exists or it does not), fuzzy graphs allow
for edges to have degrees of membership. This means that the existence
of an edge between two vertices is represented by a fuzzy value, typically
ranging from 0 (no connection) to 1 (full connection). This flexibility
is particularly useful when dealing with systems that exhibit ambiguous
or imprecise relationships between components.

Applications of Fuzzy Graph Theory:

Fuzzy graph theory has a broad spectrum of applications, particularly
in domains where systems are inherently uncertain or imprecise. Some
of the key applications include:

Networking and Communication:

In communication networks, there may be varying degrees of connectiv-
ity between nodes due to signal strength, bandwidth, or other factors.
Fuzzy graph theory helps model these varying levels of connectivity, en-
abling better network design, optimization, and fault-tolerant routing.

Data Mining and Clustering:

In data mining, objects are often grouped into clusters based on their
similarity. However, not all objects fit neatly into a single cluster.
Fuzzy graph theory is useful for clustering, where each object may belong
to multiple clusters to different extents. This enables more accurate
representations of complex relationships in data.

Image Processing (Image Capturing and Segmentation):

In image processing, particularly in segmentation tasks, fuzzy graphs
are used to capture the uncertainty inherent in segmenting an image
into regions. The edges between image pixels (or regions) can have
fuzzy values, representing the degree to which a boundary exists between
them. This approach improves the quality of segmentation, especially
in cases where boundaries are not clearly defined.

Planning and Scheduling:

In real-time planning and scheduling problems, activities or tasks may
have different degrees of priority or may be uncertain due to resource
limitations or external conditions. Fuzzy graphs can model these vary-
ing degrees of certainty, helping optimize schedules and plans in dy-
namic environments.

Fuzzy N-Graphs and Topological Spaces:

One of the more advanced areas of fuzzy graph theory is the concept
of Fuzzy N-Graphs in Topological Spaces. This approach combines the
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principles of fuzzy logic, graph theory, and topology to model complex
systems in a highly flexible way. By incorporating the topological struc-
ture of a space, fuzzy N-graphs allow for the representation of contin-
uous relationships and transitions between different parts of a system,
with fuzzy logic providing the mechanism to handle uncertainty in these
transitions.

Fuzzy Subgraphs:
Subgraphs within the larger graph that also carry fuzzy relationships,
allowing for local uncertainty in different parts of the system. Bound-
aries: In topological terms, boundaries in fuzzy graphs can be repre-
sented by fuzzy edges, indicating uncertain transitions or boundaries
between regions. Adjacency Relations: These relations can be defined
with varying degrees of strength, where vertices may be adjacent with
different levels of certainty, depending on the context.

By studying fuzzy N-graphs, researchers can model and analyze real-
world systems where the relationships between components are not de-
terministic but have varying degrees of confidence or fuzziness.
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