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1. Introduction

In this work, we consider G = (V, E) to be a simple connected graph with vertex set V (G)

and edge set E(G). For any notation and term, we refer Harary [1]. The order and size of
the graph G are given by |V (G)| = p and |E(G)| = q respectively. For a vertex u € G, the
number of edges incident on u is its degree, denoted as deg(u), with the minimum and
maximum degrees denoted by é and A, respectively. The degree of anedgee=uvin G is
defined as degie) = deg(u) + deg(v) — 2, with the minimum and maximum edge degrees
denoted by & and A respectively. The open neighborhood of a vertex u, denoted by N (u).
consists of all vertices adjacent to u. The closed neighborhood, denoted by N [u]. is
defined as N [u] = N (u) U {u}. For details on the concept of neighborhoods, refer to [2].
The vertex (edge) covering number ag(G) (a;(G)) is defined as the minimum cardinality
of a vertex (edge) cover. A set M of vertices is independent if no two vertices in M are
adjacent, and the independence number £,(G) of G is the maximum cardinality of such an
independent set. Similarly, a set N of edges is independent if no two edges in N are
adjacent, with the edge independence number f#(G) being the maximum cardinality of an
independent set of edges. The diameter of the graph, denoted as diam((}), is the maximum
distance between any pair of vertices. For further notation details, refer to [3]. The
chromatic number of a graph is denoted by ¥(G) is represents the minimum number of
colors needed to properly color the vertices ol the graph such that no two adjacent vertices
share the same colour (see [4]).

We begin by recalling some definitions from domination theory:
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A set D € V (() is a dominating set if every vertex u € V (G) — D is adjacent to at least
one vertex in D. The domination number y(G) is the minimum cardinality of a dominating
set of G. If every vertex in V (G) has at least one neighbor in D, then the subset D € V (G)
is a total dominating set. The total domination number y, (G) is the cardinality of a
minimum total dominating set (see [5]). A total dominating set D is total split dominating
set if the induced subgraph < V — D > is disconnected. The total split domination number
¥es (G) (G) of graph G is the minimum cardinality of total split dominating set. A
dominating set D is non split dominating set if the induced subgraph < V - D = is
connected. The split domination number y,..(G) of graph G is the minimum cardinality of
nonsplit dominating set. A set F of edges in a graph G = (V. E) 1s an edge dominating set
of G if every edge in ¢ € E(G) — F is adjacent to at least one edge in F. The edge
domination number ¥(G) of graph G is the minimum cardinality of edge dominating set.
An edge dominating set F of G is connected edge dominating set if induced subgraph <
F > 18 connected. The connected edge domination number Y. (G) of graph G 1s the
minimum cardinality of connected edge dominating set (see [3]).

A block graph B(G) is a graph whose set of vertices is the union of set of blocks of G in
which two vertices are adjacent if and only if the corresponding blocks of G are adjacent.
(i.e. are share common vertex). In [6] author introduce the concept of strong block
domination in graphs and studied graph theoretic properties of y.(G) and many bounds
were obtained in terms of elements of G and its relationship with other domination
parameters were found. In [7] author studied endedge block domination in graphs in this
work some bounds for }f;,b () are obtained in terms of elements of . Furthermore, find
the exact values of y., (G) for some standard graphs and relationships with other
dominating parameters were obtained. In [8] studied block double domination in graphs
and found many bounds on y,4 (G) in terms of G s vertices, edges and other different
domination parameters.

In [9, 10] the concept of k-domination 1s generalized by Fink and Jacobson from
domination and independence. A subset D € V (G) is k-dominating in G if for each vertex
u€ V (G)— D, N (u) N D| = k. The k-domination number y; (G) is the minimum

cardinality of k-dominating set of G. The Bounds on k-domination number one can be
refer in [11-13].

137



Utilitas Mathematica

ISSN 0315-3681 Volume 122, 2025

e S, W
vZ2 ) [(v3 ] { '.--.ﬁl
T el e
I'-,II |.I,l
B
% /
.| J
o
o R | J i .
(w1 {v6 —— “f:J '
b \.._.{ S
6 \
/ (\, e
T | [ w8 )
o / A
b1
)
{a) Graph G (k] Block Graph B{G) of G

In this paper, we use the similar concept of k-domination on block graph B(G) of graph G,
where 1 = k = A(B(G)). The block k-domination number yy, (G) is the minimum
cardinality among all k-dominating set of block graph B(G)of graph G. In this work we
establish upper and lower bounds on y;,(G) in terms of elements of G and also, we obtain
relationship between y,(G) and other dominating parameters of G.

2. Preliminaries
In this section we introduce some important theorems.
Theorem 2.1 ([14]) Forany tree T, y.qp(T) = q.
Theorem 2.2 ([14]) For any tree T, ¥spc(T) = ¥osun(T)-
Theorem 2.3 ([15]) Forany tree T, y.uu(T)=q + L.
Theorem 2.4 ([14]) For any graph G, ¥4.,(G) = n.

[

Theorem 2.5 ([16]) If G = (p, q) is any graph, y(G) = i

1+A(GY

Theorem 2.6 ([3]) For any graph G, y..(G) = ay(G).
3. Main Results

ki
AT+’

Theorem 3.1 For any graph T = (p, q), v (T) =

Proof: Consider tree T, every single edge of T forms block and which corresponds to
vertex

of block graph B(T). Let 4 = {b],bg, b:r} be the vertex set of B(T). Then there exists a
minimal set A, = {by, by, ..., b;} € A such that every vertex in V(B(T)) — Ay is adjacent to
at least k vertices of A,. Consequently, A, is minimal k-dominating set of B(T) such that
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|4;] = yip(G). As every vertex in F{B(T}) — A, is adjacent to at least k vertices of A,.
So, each vertex in F[E I:T]} — A; contributes at least one to the sum of degree of vertices
of Ay, then we have

V(B(T)) — Ay] < 5, ., deg (w).

For any tree T, there exists at least one edge e € E(T), which corresponds to a vertex in
B(T), such that deg (&) = A(T) .

We have,
q—yu(T) = |V(B(T)) — 41| £ L, deg (W) .

< A(G) - vin(6)

Thus, yis(G) = 1

A(GH+1
Corollary 3.2 Forany graph T = (p, q), ¥iu(T) = .5';'_}11'
Proof: from Theorem 3.1,
ORS
As we know, if' T is connected tree,
g=p-1
Using this, we get required result.
Corollary 3.3 For any graph T = (p, q), ¥ (T) = ﬁ

Proof: From Theorem 3.1 and Theorem 2.1, we get result.

Corollary 3.4 For any graph T = (p, @), ¥1(T) = _Z*E:%i?
Proof: From Theorem 2.2 and Corollary 3.3, we get result.

ssbelT)
Corollary 3.5 Forany graph T = (p, q), ¥, (T) = ﬁ.
Proof: From Theorem 2.2 and Corollary 3.3, we get result.
Theorem 3.6 For any positive integer k, let & = (p, g) be any graph with »

blocks and ( has one cut vertex then yu(G) = k.

Proof: Since G has only one cut vertex then each block is adjacent to other block
and these blocks correspond to the n vertices of the block graph B((). The block

graph B(() of graph & 15 complete graph with »n vertices, Thus, for every subset
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Dy of V(B(G)) containing k vertices forms minimal k dominating set for block
graph B(G). This is because every vertex in B(() except those in Dy is adjacent to

k vertices of Dy as B(() is complete graph.

Therefore, the set Dy forms minimal block k dominating set of G, where
|De|=k. Thus, 1us(G) = k.
Theorem 3.7 If G = (p, g) is block, pu(G) = 1.
Proof: Since G is itself block then vertex set of B((G) consist of a single
vertex. Thus, result hold clearly.
Theorem 3.8 For any graph G = (p, g) with g edges. yu(G) =g — 1.

Proof: Let & be graph with p vertices and g edges and let B(G) be its block graph
where each vertex represents a block of (¢ and two vertices in B(() are adjacent if the
corresponding blocks share common wertex in . At very last, relationship
between blocks and edges is that each block corresponds to a single edge within
the original graph . As many blocks often contain multiple edges, especially when
cycles are involved which correspond to a single vertex of B((G). Therefore, there can
be maximum g blocks which correspond to g vertices in the block graph B((G). This

gives the block k domination number cannot exceed g—1 edges. Thus, 1(G) < g—1.
Corollary 3.9 For any tree T = (p. g), puo(T) =p — 2.
Proof: As we know that, if G is connected tree,
g = p — 1
Using this in Theorem 3.5, we get required result
Corollary 3.10 For any tree T = (p. q), pi(T) + 0(T) =p.

Proof: As we know, the chromatic number of connected tree T is 2. i.e. #(G)=2.

Using this in Corollary 3.6, we obtain the result.

Theorem 3.11 If G = (p, ) is any graph contain at least one cycle, ys(G) < g —
.
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Proof: Since the graph G contains at least one cycle then there exist block B; that
contain a minimum of three edges and this block corresponds to a single vertex in
the block graph B(G). At last. we assuming remaining edges of graph G forms
individual blocks then these blocks cor- respond to ¢ — 3 vertices of B(G).
Therefore, there are at most ¢ — 2 vertices in B((7). From this, we can conclude that

block k domination number cannot exceed g —3. Thus, pu(G) =g —3.
Theorem 3.12 For any graph G = (p, ¢) has n blocks, yu(G)=n — 1.

Proof: If graph G has n blocks, then these corresponds to n vertices of block graph

B(G). There- fore |V (B(G)| = n. From this, we conclude the result.

Corollary 3.13 For any graph G = (p, g) has n blocks, 1 G) < yea(G) — 1.
Proof: From Theorem 3.12 and Theorem 2.4, we get result.

Theorem 3.14 If T = (p, g) is any trec and &k =d(T), p(T) + »(B(T)) =gq.

Proof: Every single edge of T forms block and which corresponds to vertex of
block graph B(T). For every k < d(T), there exist set S={wiwa ... w,} SF(B(T)).
be the minimal k-dominating set of B(T ). Let’s assume that there exists vertex w
€ 5 that is not adjacent to any vertices in F(B(7)) — 5. This would imply that w is
adjacent to at least k vertices in set 8. Consequently, 5—{w} is a minimal k-
dominating set and |S|— {w}| =< |5]. However, this contradicts our assumption § 18
minimal k-dominating set. Hence, every vertex in § must be adjacent to at least

one vertex in F(B(T)) — S.

Thus, V (B(T))—5 1s the dominating set. Therefore, there exists a minimal
set A © V(B(T7))—5 that covers all the vertices in ¥ (B(7)). This implies that 4
is y-set of B(T) and which conclude that, |4] + |S| = |E(T)|. Hence, pu(T) +
PB(T )=q.

Corollary 3.15 For any tree T = (p, ¢) and if k < 3(T). ¥g(T) < %_
Proof: By Theorem 2.5, for any graph G, y(G) = ]+§(f‘)' It also holds for block graph

B(T) of T. So, we get y(B(T)) = —

1+A(BTYY
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e this i " ¥ S S
Using this in Theorem 3.14, we get y,,(T)+ T =q

(BT
-:': 2 LA D AL
Thus, y(1) = BT

Theorem 3.16 For any graph G = (p, ¢) and 2 =k = A(B(G)), mael G) =yl G).
Proof: Case-l If G is block, then the result hold trivially.
Case-II If & 1s not a block.

Let & be a k dominating set of the graph G. and D be a k dominating set of block
graph B((G) constructed as: For each vertex w € 8, let the corresponding block B,
in B(G) that contain ., we map u« to b,. Consider the set D in B((G) is the set of
blocks B, such that at least onc w from § is in B,.. By definition of a k
dominating set in &, every vertex w € § 1s adjacent to at least k vertices of §. Each
of these vertices belongs to some block in B(G), meaning that the block containing w

in B(G) is adjacent to at least k blocks corresponding to vertices in 5.

Therefore, each block in B(G) not in D adjacent to at least k blocks in D, This
establishes that ) is block k dominating set of &, Since the set D derived from
setl S, the cardinality of D is less than or equal to cardinality of set §. Specifically,
each block in B(G) might correspond to multiple vertices in &, but we only
include one vertex per block in D. For given k£ < A(B(()), this mapping and
construction of 2 shows that the [J is at least as cardinality of 5. Thus, ps(G) <

P(G).
Theorem 3.17 For any tree 7' = (p, g) except path P and k =2, y( 1) = ¥ T).

Proof: Consider a tree T excluding path P. Within such tree, there exists at least
one block comprising at least two vertices, and block consist of single edges. Let
F' is minimal connected edge dominating set means every edge in T is adjacent to
at least one edge in the set, ensuring the induced subgraph = F = formed by the
edeges of I is connected. For each edge in I, select corresponding block in B(T )
and including in the set D). To guarantee connectivity in 7, then additional blocks
need to be included in D. i.e. there exists vertices in B(T ) not covered by edges in

F | thus corresponding to additional blocks of B(T ). So, that D forms k
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dominating set for B(7" ). The constructed block k dominating set [ contains at

least as many blocks as the connected edge dominating set F. Therefore, (T ) =
ydT).
Theorem 3.18 For any tree 7" = (p, ¢) except path P and & =2, yu(T) = p(T).

Proof: Consider a tree 7, except path P, then every single edge of T form block
and which correspond to vertex in block graph B(7). Let D be the minimal total
split dominating set in T, then D is a dominating set in " such that the induced
subgraph of T obtained by removing D is disconnected.

Mow, we establish correspondence between the D and block 2 dominating set. We
include all blocks that corresponds to vertices not covered by D in the new set D',
Additionally, include any other blocks adjacent to these blocks in . This ensures
that the set D' forms block 2 dominating set, where || < |D'|. This implies that
Yol D)=y T).

We know, forevery & =2, y(T) = y26(T). Thus, pe( T )=y 7).

T:hl.:on:rn 3.19 For any graph &G = (p, ¢) and k = A(B(G)), (@) = ao(G) +
Y (G).

Proof: Let /2 be the minimal block k dominating set of &, where k = A(B(G)).
and let £ be a minimal edge dominating set of graph . We construct new set § of

edges in graph & as follows: We include all the edges from set F in S,

As we know, for each block B represented by a vertex in D of B(G), choose a cut
vertex w within the block B and include all edges incident to v n S. This
construction ensures that 8 covers all vertices in & because any non-cut vertex is
contained within a block, and edges from F combined with edges incident to that
chosen cut vertices, guarantee this coverages. Furthermore, § dominates all edges
due to their inclusion and any other edge must have at least one end point at cut
vertex corresponding to block in 0. Therefore, using construction of § serves as
both edge cover and edge dominating set and we have, |[D| = |§] £ ao((7) + v (G).

Thus, p(G) < a(G) + ¥ (G).
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Corollary 3.20 For any graph G = (p, ¢) and k = A(B(G)), ye(G) < 9..{(G)
+ ¥ (G).

Proof: From Theorem 3.19 and Theorem 2.6, we get result.

Theorem 3.21 For any graph & = (p, ¢) without tree and k = A(B(G)), yu(G)+
¥(G) =gq.

Proof: Let / be a minimal edge dominating set of graph & and let D be the
minimal block k dominating set of G. Now, we construct set § of edges as:
Include all edges from F and for each vertex in block graph B(() that is in the
minimum block k dominating set D, choose a cut vertex u from the corresponding
block B and includes all edges incident on & in §. This ensures that edges in blocks
not covered by ) are also included in § due to adjacency to w. Each block in D
contributes at most A(B(G)) edges to § because of cut vertices can contributes up
to A(B(G)) edges. If G is not tree, the number of blocks that is correspond to
vertices of B(G) is strictly less than number of vertices of . This ensures that
while adding edges incident to cut vertices, we do not excessively increase the size
if § compared to total number of edges in &. From this construction, yield that
yi(G) + ¥ (G) = gq.

Theorem 3.22 For any graph G = (p, g) and &k =A(B(G)), ywel(G) = y.(G) +
Pus( 7).

Proof: Let § be the non split dominating set of & and F is the connected edge
dominating set of . Using these we construct set [ such that D forms k
dominating set for a block graph B(G), with its size does not exceed y¥.(G)
s(G). Since § is non split dominating set, for every vertex u in v( (&) is either in
S or adjacent to at least one vertex in § such that induced subgraph <J}F- §= is
connected.

For each block B of G, choose vertex u in § if it exists in B and consider the

corresponding vertex in B(G) as part of D. Since F is connected edge dominating
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set, the vertices covered by F can dominate the corresponding vertices of B(G)
through blocks they participate in. Addi- tionally, for each edge in F include the
corresponding vertices in the relevant blocks of B(G) in the set . Thus, this
construction of D from § and F ensures that D satisfies the conditions of a of

block k dominating set, with |D| < |§| + |F|. Therefore, yu(G) < ¥ (G) + yul(G).

Theorem 3.23 For any graph G = (p, g) without tree and k = A(B(G)).
yil G) < ai(G) + 8 (G).

Proof: Let D be the minimal block k dominating set and €' be the minimal edge
cover of . Since ( is not tree, it contains at least on cycle. Consider the cycle in G.
Each edge in the cycle either belongs to a block or form a cut edge, which creates a
new block with single edge. For block B that contain multiple edges of cycle, we
exclude the cycle edges within B from our edge cover, if B corresponds to vertex in
D, in this case, none of its edges are included in the initial edge cover. If B is not
represented in D, we select any k — | edges incident to B (given that § = 1) and
include them in the constructed edge cover. To ensure all cycle edges are cover, we
add uncovered cycle edges to our set noting that they can be at most & (G) such edges.
We then construct the block k dominating set by including all vertices from /) and

edges selected in the previous steps.

The construction ensures that each block on the cycle either in the block k
dominating set or adjacent to one and the remaining blocks are handled using the k
dominating property and the cardinality of block k dominating set is at most sum
of edge cover and §(G). Thus, 1u(G) < ai(G) + §(G).

Theorem 3.24 For any graph G = (p, g) without tree and & = A(B(G)).
e G) = Bo( ) +6'(G).

Proof: Let D be the minimal block k dominating set of G. Let us construct set §
as follows: for each block B in B(() represented by vertex in D, then choose one
arbitrary vertex from B and it to 5. Since no two vertices in § are adjacent (they

come from distinct blocks and block share at most one cut vertex), & form an
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independent set.

Each block B that is not in D 1s adjacent to at least k blocks in D. For £ =
A(B(G)). then knowing that 8 consist of vertices from D representing block and §
must contain at least one vertex from every block not in D, ensuring that the

vertices o’ § can cover those blocks. Since each block in D contributes to the block
k dominating set and each block has at least § (G) edges, this establishes that D is

bounded above by |S|+8(G). Therefore, yu(G) < fo(G)+ 8 (G).
EDGE COVERAGE

Theorem 3.25 A block dominating set 5 ensures that every edge in G is covered
by at least one block in §.

Proof: Suppose § is block k dominating set in (. For every edge e in &, since e
belongs to a block (by definition of block) and every block not in § is adjacent to
at least k blocks in 5. Thus, there exists at least one block in § that covers e.
VERTEX COVERAGE

Theorem 3.26 Block k-domination indirectly ensures vertex coverage.

Proof: Let § is block k dominating set in (. Consider any vertex v in G. v
belongs to a block B,. If B, € 8, v is directly covered. If B, € § there are at least
k blocks in § adjacent to B., and hence covering v.

4. CONCLUSION

In this paper, k-domination in block graph is defined. Theorems related to
block k-domination are derived and the relationship between other different
domination parameters are explored. Additionally, several bounds on y(G) are

obtained in terms of vertices, edges and other parameters of .
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