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Generalization on Value distribution of L-functions and

differential polynomials

RAJESHWARI S. MANU H. M., Bhuvaneshwari T. and Chethan Kumar S

In this article we study the value distribution of L-functions and differential polynomials sharing some value,
which generalize and extend recent results of V. Priyanka, S. Rajeshwari and V. Husna .

1
Introduction

Value distribution of L-functions concerns distribution of the zeros of L-functions L and
more generally, the C-points of L, i.e,, the roots of the equation L(s) = ¢, or the values in the
pre-image L'= {s€ECL(s)= ¢}, where and throughout the paper, S denotes the complex
variable in the complex plane € and ¢ denotes a complex value. L-functions can be
analytically continued as meromorphic functions in C.

Two meromorphic functions f and J in the complex plane are said to share a value ¢ € CU

{e0} IM (ignoring multiplicities) if f 1(©)=g '(¢) as two sets in C. Moreover, f and J are
said to share a value CM (counting multiplicities) if they share the value ¢ and if the roots of
the equations f(5) = ¢ and 9(S) = ¢ have the same multiplicities. In terms of sharing values,

two non-constant meromorphic functions in € must be identically equal if they share five
values IM, and one must be a Mobius transform of the other if they share four values CM.

The Riemann hypothesis as one of the millenium problems has been given a lot of attention
by mathematical workers for a long time. Selberg guessed that the Riemann hypothesis is

also true for L-functions in the selberg class. Such an L-function based on Riemann zeta
function as the prototype is defined to be a Dirichlet series. L(s)= 2::1 a (n)n_s, satisfying
the following axioms (): (i) Ramanujan hypothesis. a(n) < n® for every € > 0 (ii) Analytic
continuation. There is a non-negative integer ¥ such that (S—l)kL(S) is an entire function of

finite order. (iii) Functional equation. L satisfies a functional equation of type

1 This paper was typeset using -LaTeX
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A(s) = 0A,(1-5),

where

k
Ar(s) = L(s)Q° l_[ T (s +vp)

j=1

4j and complex numbers Vp@ with Rev; = 0 and l@[= 1. (iv)

with positive real numbers Q,
.« L(s)=1]] y b : . - k
Euler product hypothesis. L(s) p €XP\Lk=1—,5"/ with suitable coefficients b(p")

1
satisfying b(P*) < p** for some 6 < 5, Where the product is taken over all prime numbers P.

In this paper, a meromorphic function always mean a function which is meromorphic in the

1
whole complex plane €. We denote by Nr) (7‘, ﬁ) the counting function for zeros of f—a

= 1
with multiplicity <k, and by Ny (T, (f_a)) the corresponding one for which multiplicity is
t ted. Let N (r;)b th ting function f f f—a with multiplicity at
not counted. Let N(k\", 7—,;/ be the counting function for zeros o with multiplicity a

5 1
least ¥ and N(k(i". m) the corresponding one for which multiplicity is not counted.

Let Z0 be a zero of f—@ of multiplicity P and @ zero of =@ of multiplicity 4. We denote by
NL(r.a;f) the counting function of those @-points of / and g where ? > q = 1, by N}F) (r.a;f)
the counting function of those d-points of f and g where » =4 =1 and by N% (r,a;f) the

counting function of those @-points of / and 9 where P =¢ =2, each point in these

counting functions is counted only once. In the same way we can define
N (s g)NE rag) Ny (naig).

Let K be a non-negative integer or infinity. For @ € CU {0} we denote by £x(&f) the set of
all @-points of f, where an @-point of multiplicity 7 is counted ™ times if M < k and k + 1
times if m > k. 1f Ex(@;f) = Ex(@:9), we say that /.9 share the value @ with weight k.

The definition implies that if /.9 share the value @ with weight k¥ then Z0 is an @ point of /
with multiplicity M( < k) if and only if it is an @-point of 9 with multiplicity M( < k) and Zo
is an @-point of f with multiplicity (> k) if and only if it is an @ point of g with

multiplicity (> k), where ™M is not necessarily equal to . We write /.9 share (@k) to
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mean that f.9 share the value @ with weight k. Clearly if f.9 share (&.k) then f.g share (@.P)
for any integer P,0 < p <k, Also we note that /.¢ share a value @ IM or CM if and only if /.9

share (@.0) or (@,%°) respectively. We denote £(f) for order of f(2).

o dogT(r.f)
p(f) = l:%ﬁupw-

We first recall the following result due to Steuding , which actually holds without the Euler
product hypothesis:

Theorem 1. (, page 152) If two L-functions L1 and L2 with a(1)=1 share a complex value
c# 0 CM, then L1 = L2,

Later on, Li proved the following result to deal with a question posed by Chung-Chun Yang

Theorem 2. Let @ and b be two distinct finite values, and let f be a meromorphic function in
the complex plane such that | has finitely many poles in the complex plane. If f and a non-

constant L-function L share @ CM qnd b IM, then L = f,

In 1997, Lahiri posed the following question:
What can be said about the relationship between two meromorphic functions f and 9,

when two differential polynomials, generated by / and ¢ respectively, share some nonzero
finite value? In this direction, Fang and Yang-Hua respectively proved the following

results:

Theorem 3. Let / and 9 be two non-constant entire functions, and let " and k be two
positive integers such that n>2k+4, 1f (f)Y and (g™ share 1 CM, then either
f(2)=c1e%.g(2)= Cze_cz, where C€1€2 and € are three constants, satisfying
(=) (c1¢2)"(n0)** =1, or f = tg for a constant t such thatt = 1.

Theorem 4. Let f and 9 be two non-constant meromorphic functions, and let " = 11 pe q

positive integer. If " and g"g' share 1 CM, then either f(2)= c1€7.9(2)= c2¢” " \here

1.2
n+C=

€1:C2, and € are three constants, satisfying (¢1C2) —1, or f =18 for a constant t such

that "1 =1,

In 2017, Fang Liu, Xiao-Min Li and Hong-Xun Yi proved the following results.
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Theorem 5. Let [ be a non-constant meromorphic function, let L pe an L - function, and let 1
and k be two positive integers with > 3k + 6, 1f (f") and (L)Y share 1CM, then f = tL
for a constant t satisfyingt = L.

Theorem 6. Let f be a non-constant meromorphic function, let L peanlL - function, and let™
and k be two positive integers with > 3k + 6, If(fn)(k) (2)—7% and (L") (2)~% share 0 CM,
then f = tL for a constant t satisfyingt = L.

Now it is natural to ask the following question which is the motivation of the paper.

QUESTION. Can a CM shared value be replaced by (P(#).D) in Theorems E and F ?

In 2018, Harina Pandit Waghamore and Naveenkumar S H proved the following results.

Theorem 7. Let [ be a non-constant meromorphic function in C, let L be an non-constant L-
function and let " and kK be two positive integers. If(fn)(k) and (L")(k) share P(2).1), where
P(Z) be a nonzero polynomial with deg (®)=™ gnd f and L share (©,0), Suppose one of the

following conditions hold:

aiESandn>3k+4l
bf=20ndn>3k+6’

C.I=1andn>3k+7’-

d.1=0gandn> 7k + 11, Then f = tL for a constant t satisfyingt = L.

Theorem 8. Let [ be a non-constant entire function in C, let L be an non-constant L-function,
and let " and ¥ be two positive integers. If(fn)(k) and (L™ share ®(2).)), where P(2) be a
nonzero polynomial with deg () =™ and f and L share (=0, Suppose one of the following

conditions hold:

alEZandn>2k+4’

5k+9
5 7

b.l=1agndn>
C_£=Oandn> 5k+7
Then f = tL for a constant t satisfying t"=1

Regarding Theorem 7 and 9 one may ask the following question. What happens if (fn){k)

and (LMY s replaced by PN and @L"PL)™ in Theorems 7 and 9 ?
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In 2023, V. Priyanka, S. Rajeshwari and V. Husna obtained analogous results to answer the
above question affirmatively, and proved the following results.
Theorem 9. Let f be a non-constant meromorphic function in C, let L be an non-constant L-
function and let n and k be two positive integers. If (f"P(f)N™ and (L"PUL)™ share
(P(@).D), where P(2) be a nonzero polynomial with deg @) =™ and f and L share (®,0),

Suppose one of the following conditions hold:

al=z3 agndn>3k+m+4;

b.l=2andn>3k+m+6;

cl=1lagndn>3k+m+7,

dl=0gndn> 7k +3m+11,

Then f = tL for a constant t satisfyingt = 1.

Theorem 10. Let [ be a non-constant entire function in C, let L be an non-constant L-
function, and let ™ and k be two positive integers. If PN and (L"PUL)™ share

(P(Z).l), Where p(‘) be a nonzero polynomial Wlth deg (r)): m and f and L Share (OO'O)
Suppose one of the following conditions hold:
a-lzzandn>2k+m+4;

S5k+m+9
2 )

b.l=1andn>
C.I=Oandn> 5k+m+7
Then f = tL for a constant t satisfying t"=1

Main Result

Theorem 11. Let / be a non-constant meromorphic function in C, let L be an non-constant L-
function and let ™ and k be two positive integers. If((f“)sP(f))(k) and (L™ P share

(p(2).)), where P(Z) be a nonzero polynomial with deg ®)=™M gnd f and L share (*,0),
Suppose one of the following conditions hold:
a.l=3 gndns >k + sk + 4)+ m.

b.l=2gndns>k+s2k+4)+m+ 2,

cl=1gpgns>k+s(Gk+9)+2m+5;
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dl=0gndns>k+2s(3k+1)+6m+9,

Then f = tL for a constant t satisfying t = 1.
Theorem 12. Let / be a non-constant entire function in C, let L be an non-constant L-
function, and let ™ and k be two positive integers. If (F")*PUN™ and (L")*P(L)Y share
(P(2).1), where P(%) be a nonzero polynomial with deg (°) =™ and f and L share (*:0),
Suppose one of the following conditions hold:

a.l=2gpndns > sk +4)+m;

s(5k+9)+2m
—

c_l=0andn5>k+25(2k+1)+5m+5_

b.l=1andns >

Then f = tL for a constant t satisfying t"=1
Some Lemmas

In this section, we present some lemmas which will be needed later on. Let F and G be two

non-constant meromorphic functions defined in €. We will denote by H the following

function:
FH 2Ff GH ZG’
H=\F r1)\g &1
and
F' F G G
V=\Fr17F) \em17 G/
Lemma 1. Let f be a non-constant meromorphic function and let an(2) (%

0).an—1(2)-+@0(2) pe meromorphic functions such that T(r.ai(z))=S(r.f) fori= 0,1,2,..n,
Then T(ranf" + @n_1f™ ' + ..+ a1f + ag) = nT(r.f) + S(.f).

Lemma 2. Suppose that | is a non-constant meromorphic function in the complex plane and
k is a positive integer. Then N(r,0;f ")) < N(1,0;f) + kN (r,00,f) + 0(log(T(r.f)) + logr), as

r—= outside of a possible exceptional set of finite linear measure.
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Lemma 3. Let [ be a non-constant meromorphic function, and p,k be positive integers. Then
N(rosf )< TG f@)=T ) + Ny i (r.0:f) + S f),

Np(r0sf©) S kN (ro0,f) + Ny (0 ) + S(r.f)-

Lemma 4. IFN(1,0;fIf # 0) denotes the counting function of those zeros off(k) which are
not the zeros of f, where a zero of f(k) is counted according to its multiplicity then
N(r,0;f®If # 0)< kN(r,00,f) + N(r,0;f| < k) + kN(r,0;f| = k) + S(r.f).

Lemma 5. Suppose that [ and 9 be two non-constant meromorphic functions. Let
F=[f"1%.6 =19"1%, where n.k are positive integers. If f-9 share © IM and V =0, then
F=aG

Lemma 6. Let f1 and fz be two non-constant meromorphic functions satisfying
N(@0;f)+ N(r,oo;f )= S(r;f 1.f2) for i=12_If f1f2=1 is not identically zero for arbitrary
integers S and t(s|+1t[>0), then for any positive € we have
No(rLif1f2)S 1)+ 5(rifuf2): where No(rLif1.f2) denotes the reduced counting
function  related to the common 1 points of fi and f2 and
T(r)=Tr.f1)+ T 2.5 f1.f2)=0(T(r)) as =% possibly outside a set of finite linear

measure.

Lemma 7. Let f and 9 be two non-constant meromorphic functions sharing (Lk1), where

2<ky <o Then

N(r1;fl=2) +2N@1Lfl=3)+ o+ (ki—DN@Lf1 = k) + kN (1)
F( + DN L)+ kN (L) < N(rLig) -N(r Lg).

Lemma 8. Let F and G be two non-constant meromorphic functions sharing (1.1) and H % 0,

T(rF)<  Ny(r,0F)+ No(r,0,6) + No(r,oo;F) + Na(r,o0;6) + 3N (r,0;F)

Then + %N(r'm; F)+ S(rF)+ S(r.G).

Lemma 9. LetF and G be two non-constant meromorphic functions sharing (1,0) gnd H % 0.

T(r,F)< Ny(r,0;F)+ Ny(1,0;G) + No(r,00;F) + Ny(r,0;G) + 2N (1,0;F)
Then + N(1,0;G) + 2N (r,00;F) + N (1,00;G) + S(r,F) + S(1,G).

Lemma 10. Let f and 9 be two non-constant meromorphic functions. If (fMH® = (gH™

n _
andn >k +1 then f = tg for a constantt such thatt =1,
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Lemma 11. Let f be a non-constant meromorphic function in C, let L be an non-constant L-

function, and let * and k be two positive integers with HZ0, If F= [(f")’] © and

G =[(L")*1™ share (Lk1), and f and L share (0,0), then

(n=DN(ro0;f) < (k + DIT(r.f) + T(r.L)} + N.(r,,F,G) + O(logr).

Proof. Suppose ® is an evp of f and L, then the lemma follows immediately. Next suppose  is
not an evp of f and L. Since H # 0 from Lemma 3.5 we have V # 0. We suppose that %o is a
pole of [ with multiplicity 9 and a pole of L with multiplicity - Clear;y %0 is a pole of F with

multiplicity n5q + k and a pole of L with multiplicity nsT + k. Noting that f and L share (¢2,0)

from the definition of V it is clear that %0 is a zero of V with multiplicity ns + k—1. Now using
the Milloux theorem [[8], p.55] and Lemma 3.1, we obtain from the definition of V that

m(r,v) = o(logr). Then using Valiron-Mokhonko lemma(cf. [22]) and Lemma 3.3, we get

(ns + k—=1)N(r,0;f) = N(r,0;v)< N(r,v)+ 0(1)
< N(r,00;v) + m(r,0;v) + 0(1)
< N(r,0;F)+ N(r,0;,G) + N.(r,1,F,G) + O(logr) -
S N1 (,0;(f)°) + kKN (r,00;f) + Niey 1 (r,0;(L"™)*) + kN (r,00,L) + N, (1,1;F,G) + O(logr)
<s(k+ DNT,0;)+ s(k+ 1)N(r,0;L) + kN(r,00;f) + N.(r,1,F,G) + O(logr)
This gives Ms— DN (r,00;/) < s(k + DT (r,f)+ T(r.L) + N.(r,,F.G) + O(logr) This

completes the proof of the Lemma.

Lemma 12. Let / be a non-constant meromorphic function in C, let L be an non-constant L-

m® L an®

p@ ' p@’

function and F = where P(2) be a nonzero polynomial with deg (P) = M1

and K be two positive integers such that >3k + 2. If f and L share (°0) and H =0 then
either [ 1LY =p? or fF =L,

Lemma 13. Let f(2) and 9(2) be two non-constant finite-order meromorphic functions, let
P(w) be as defined in (3.1) , let k(> 0),m(=0) be integers satisfying "> 2k +m+ 5, If
PN = 1g"P(]© fTP(O=9"P (o)

Lemma 14. Let f(2) and 9(2) be two non-constant finite order meromorphic functions,and
let k(> 0) be an integer satisfying ">k + 5, Also let P(W) be as defined in (3.1). Suppose

that a(z)( # 0,) js a small function with respect to f(Z) with finitely many zeros and poles.
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If F PP G PeN™ = a®(2) and, in addition, f(Z) and 9(2) share © IM, then P(W)
reduces to a nonzero monomial namely, P(W) = aw' 0 for some i € 0,1,...,m.

Proof of Main Results

Proof of Theorem 2.1.. Suppose that d is the degree of L, Then d = 2 %1 4, where k and %

are respectively the positive integer and the positive real number in the axiom (iii) of the

definition of L - function.
Then we have that

d
T(r.L) = ﬁrlogr + 0(r)

(, p. 150). Clearly, f and L are transcendental meromorphic functions (, p. 43). Note that an

(F)(k) _ (G)(k)
@ and 61 =5

L - function at most has one pole Z = 1 in the complex plane. Let F; =

where F = f"P(f) and & = L"P(L). 1t follows that F1 and G1 share (L)) except the zeros of

p(z) and f.g share (0,0,
Case 1. Let HZQO,
Subcase 1.1. [=1

From (3.1) it can be easily calculated that the possible poles of H occur at (i) multiple zeros
of F and G, (ii) those 1 points of F and G whose multiplicities are different, (iii) poles of F
and G with different multiplicities, (iv) zeros of F'(G) which are not the zeros of
F(F-1)(G(G-1)),

Since H has only simple poles we get

N(r,0;H) < N.(r,o;f,g) + N.(r,1,F,G) + N(r,0;F1 = 2) + N (r,0;G| = 2)
+ No(r,0;F) + Ny(r,0;G"),

where No(r,0;F") is the reduced counting function of those zeros of F' which are not the
zeros of F(F—1) and No(r,0;G) is similarly defined.
Let Z0 be a simple zero of F—1 but @(Z0) # 0,%°, Then %0 is a simple zero of G—1 and a zero

of H. So
N(rLF|l=1)<N@0;H) < N(r,o;H) + O(logr).
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While ! = 3, using (4.2) and (4.3) we get

N(r,;F) < N(r1F|—1)+N(T1F|>2)
< N(rwif) + N0;Fl = 2) + N(1,0;61 = 2) + N.(r, F,G)
+ N(r,1;F| = 2) + No(r,0;F") + No(r,0;G") + O(logr).

Now in view of Lemmas 3.4 and 3.7 we get

No(r,0;G") + N(r,1;F| = 2) + N, (r,1;F,G)
< No(r0:6) + N(rLiFl = 2) + N(rLFl = 3) + .+ N(r,1iF| = ]
+ NP F) + Ny, 1F) + N (r,1,6) + N.(r,1;F,G)
< Ny(r,0;G)—N (r,1;F| = 3%—---—(1—2)N(r,1;F| =D)—(I-1)N,(r,1;F)
—IN, (r,1,6)—(I-DNSY P, ,F) + N, 1:6)—N (r,1;6) + N.(r,;F,G)
< No(r,0;6)) + N(r,1;6)~N'(r,1;6)— (1= 2)N, (r, ;F)— (= 1)N . (r,1;6)
< N(r,0;G'1G # 0)—(I=2)N . (r, LF)—(I-1)N(r1;G)
< N (,0;G) + N (r,0,6)~(I—2)N. (r,1;F,6)~N, (1 1;G)
< N(r,0;6) + N (r,00:6)—N,(r,1;F,G)—N,(r,1,G)

Hence using (4.4), (4.5), Lemmas 3.3 and 3.11 we get from the second fundamental

theorem that

(ns + m)T(r.f)

< T(1F) + Nigz (r,0;(f ") P(f))—N2(r,0;F) + O(logr)

< N(r,0;F) + N(r,00;F) + N (r,1;F) + Ny, 2(1,0; (f”) P(f)) N, (r,0;F)—No(r,0;F")

< N(r,00;f) + N(r,00;f) + N(1,0;F) + N2 (r,0;(f)°P(f)) + N(r,0;Fl = 2) +
N(r,0;Gl = 2) + N(r,1;FI = 2) + N, (r,1;F,G) + No(1,0;G)—No(r;0;F) + O(logr)

< 2N (r0;f) + N(r,00;L) + Ny 2(1,0;(f ) P(f)) + N2(r;0;G)—N .(r,1;F,G)

—N;(r,1;G) + O(logr)

< 2N (r,0;f) + Niy 2(r30;(F)°P(f)) + No(730;((L™ (L)) =N, (r,1;F,G) + O(logr)

2+k)y(k+1
) ns)—(1 )] {T(r.f)+T(r.L)}+ O(logr)-

< [s(k+ 2)+m+
Correspondingly we get

s(k + 1)2

(ns+m)T(r,L)<|s(k+2)+m+ {T(r,f)+T(rL)}+ O(logr).

Combining equation (4.6) and (4.7),we get

(ns + m)T'(r.f) +T(r,L)
stk+2)(k+1) s(k + 1)
ns—1 B

< |ns + m—2s(k + 2)—2m— {T(r,f) +T(rL)}
< O(logr)-

the bracket term quantity can be written as

’

l(ns—l)z—(Zs(k +2)+m) (ns—1)—s(k+ 1) (2k + 3)
ns—1
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by a simple calculation one can easily find out that when

2s(k +2) + m++/(2s(k + 2) + m)? + 4s(2k + 3) (k + 1)
2

ns—1>2s(k+2)+m—-1>

ie, ns>sZk+4)+m+k  we get a  contradiction from  (4.8).
While (=2, like (4.4), (4.5) and not using Lemma 3.11 in (4.6) we can deduce a
contradiction ~when Nns>s(Zk+4)+m+k+2  So we omit the detail

While ! = 1 from lemma 3.3 we obtain

N2(r0:F) < No(r0;(F)°P(NY) + S(r.f)
<7(r(fHH®) + 1PN )T f)
+ Nie2(130;/™)°) + Niwa (r;0;P(f)) + S(1.f)

which implies

(ns + m)T(r,f)

S Niev2(130;£7)°) + Niy2(r30:P(f)) + No(r,0;F) + T (r,F) + O(logr) + S(r.f)
Using (4.9) and Lemma 3.8, we get

S - 1= IO N\ S (k)
(ns + m)T(r,f) < gN(r,oo;f) +5N(,0:F) + Niey2(0:((FHH®) + N, (0,5 P L) ®) + 0(logr)
_ 1 — _
< EN(T,OO,'f) + > [s(k + 1)N(r,0;f) + mN(r,0;f) + kN (r,00;f)]
Ny 2(r,0;(L")’P(L)) + s(k + 2)N (,0;) + O(logr)
54+ k+3m+5ks+9s

( > )T(r) + O(logr)

where T(r)=max{T(r.f).,T(r.g)}.

In a corresponding way we can obtain

IA

5+k+3m+5ks+9s
(ns + m)T(r,L) < ( 5 )T(r) + O(logr)

Combining (4.10) and (4.11) we see that

S+ k+2m+ 5ks+ 9s
(ns +m)— ( 2 )T(T) = O(logr).
S5+k+2m+5ks+9s
Since ns > =& 2+ * , (4.12) leads to a contradiction.

Subcase 1.2 ! = 0. Using (4.9) and Lemma 3.9, we get

(s +m)T(rf) < AN (ro0f) + 3N (rooil) + 2N (r0F) + Neyo (R0, P(F)) + N2 (05" P)™)

+ N (0, P)®) + 0(logr) B B
Qks+2m+4)N(ro;f) + 2(k+ s +3m+k+2)N(,0;/) + 2ks + 2m + 3)N(r,0;L) + O(logr)
(6ks + Tm+ 25+ k + 9T(r) + O(logr),

IAIA
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where T(r)=max{T(r.f).T(r.g)}.
In a corresponding way we can obtain
(ns +m)T(r,L) < (6ks +7m+ 2s + k +9)T(r) + O(logr)
Combining (4.13) and (4.14) we see that
(ns—6ks—6m—2s—k—9)T(r) < O(logr).
Since @~ ns>6ks+6ém+2s+k+9, (4.15) leads  to a  contradiction.

Case 2. Let H =0, Then by Lemma 3.14, we obtain either

@™ PENP @y Pan® =p’

or
(f")P(f) = (L")°P(L).
Fors=1
f"P(f) = L"P(L).
We consider the following two cases:
Case 2.1. Suppose that ((F") PN X (W) PL)™ = p®. Then,
FiG1=1
where
- (PN - @ypan®
n(z) n(z)

First of all, we prove that 0 is a Picard exceptional value of / and L. Indeed, suppose that
zo & (z:p(2) = 0) is a zero of f with multiplicity m. Then, by the view of (4.16) we can find
that 20 = 1 is a pole of L with multiplicity, say P1, such that M~k =(m +m)p1 + k anq g0
(m—p)N—Mp1=2K and so we have N <2k/s, which contradicts the assumption
ns >k + s(2k + 4) + m_Similarly, we can prove that 0 is a Picard exceptional value of L. On
the other hand, by (4.1) and (4.16), Valiron-Mokhonko lemma (), a result from Whittaker
[(), p- 82] and the definition of the order of a meromorphic function we have

p(f) = p(f"P() = p((F"PUMNX) = p((L"PULNY) = p(L"P(L)) = p(L) = 1.

Noting that L has at most one pole Z = 1 in the complex plane, we have by (4.16),(4.18) and
Lemma 3.2 that
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(ns +k+m)N(roif) < NFo"cran®)
< N(@,0;(L™)°) + (k + m)N (r,00;(L™)*) + O(logr) = O(logr).
Therefore,

N (r,00;f) + N (r,00;L) < O(logr).

Now we set
_@myeen®™ @y ren®-1
P @yran® T @y ray®-1

By (4.21) and the assumption that f and L are transcendental meromorphic functions. We
have f1#0 and f2#0, Suppose that one of f1 and f2 is a nonzero constant. Then, by
(421) we see that (F*PUNY and (L) PAN™ share © M. Combining this with

(4.16) we deduce that ¢ is a Picard exceptional value of / and L. Next we suppose that f1

and f2 are non-constant meromorphic functions.
Then, by (4.16) and (4.21) we have
_ [1(A—f32) 1-f>

Fo=—F"F— G2= .

2 f1-f2 " fi~f2
By (4.22) we can find that there exists a subset / © (0, + ©) with infinite linear measure
such that S(r) = o(T'(r)) and

T(rFz) =2(T(rf1)+T(f2))+S)
<8T(r,Fy)+ S(r).

These give S(.F2) = S(r;f1.f2). Also we note that

N(r,0;f) + N(r,oif)) = S(r;f1.f2)

for =12,
We note that N(’"J_L'FZ) * S(TJFZ), since otherwise by the second fundamental theorem, Fy

will be a constant.
Also we see that

N(r,—1;F2) < No(r,Lif 1.f2)-

Thus we have

T(r.f1) +T(rf2) <4No(rL;f1.f2) + S(r.Fq).

Then, by Lemma 3.6 there exists two mutually prime integers S and t(Is|+ [t| > 0) such that
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flft =1,

[ ] ==

If either S or t is zero then we arrive at contradiction and so St # 0,

By (4.24) we consider the following two subcases:

Subcase 2.1.1. Suppose that St <0, say s >0 and t <0, say ¢ = ~l1, where t1 is some

Positive integer. Then, (4.24) can be written as
Fi°  [Fi—1
[Gl] - [Gl —1]

Let Z1 be a pole of F2 of multiplicity P1. Then from (4.25) we see that 41 must be a zero of

ty

G1 of multiplicity P1. Now from (4.25) we get 2s = t1, which is impossible. Hence £2 has no
pole. Similarly we can prove that G2 also has no poles.
Subcase 2.1.2. Suppose that St <0 or st >0, Then by (4.25) we can see that f2 and G2
share @ CM, This together with (4.16) and (4.18) implies that ®@ is a Picard Exceptional
value of / and L. Combining this with the obtained result that 0 is a Picard Exceptional
value of f and L, we have

L(Z) — eAZZ+BZJ

where 42 # 0 and B2 are constants. By (4.26) and Hayman [], p. 7] we have

As|r
T(r,L) = T(r,e?2*t82) = % (1 + o(1)).

Which contradicts (4.1).

Case 2.2. Suppose that fn = Ln. Then, we have f =tL, where t is a constant satisfying
t"=1
This completes the proof of Theorem 2.1.

Proof of Theorem 2.2

Proof. Noting that N(r,00;f) = N(r,00;L) = 0 and proceeding in the like manner as the proof

of Theorem 2.1 we obtain the proof of the Theorem 2.2. O
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