UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

A new subclass of analytic functions associated with

generalized telephone number
S. Seemal, D.S. RA]UZ’ “and N.S. Teias3

The aim of this paper is to find the initial coefficient bounds |az| anq |93l of Taylor-Maclaurin’s series and
Fekete-Szego estimate for the function belongs to the newly defined subclasses defined by the subordination

to generalized telephone number. A same results have been obtained to the inverse function, f 1.
Additionally, application to our results is poission distribution is defined and analysed using Hadamard
product.
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Introduction
Let <A denote the class of functions / of the form
Fo =3+ ) ans" on

n=2

which are analytic in the open unit disk U = {3 € Cl[3] < 1}. Furthermore, let S represent
the subclass of all functions in <A that are univalent in U. It is well known that for any two
functions f1 and /2 in 4, we say that f1 is subordinate to f2 in U if there exists an analytic
function ¥ with ¥(0)=0 and [Y(G)I <1 such that f1(3)= f2(¥(3)): This subordination is
denoted by f1 = f2.1f f2 is univalent in U, then

fi<fz BEW < f1(0)=/f2(0) and fi(U) < f(W).

The class of starlike functions, ¢ ’ and the class of convex functions, € are among the most
well-studied subclasses of 3. These subclasses are defined as follows:

*_{ . (af’(a)) }
s'=ifesRe| 7] >0, 3euU

and
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c {feSR (1+5f”(5))>0 E‘U}
= ‘Re , :
20 !
Ma and Minda unified subclasses of starlike and convex functions by introducing the
following two general classes by means of subordination:

. _{, 3B }
S (p) =1f€EA: () <¢(3), 3€eU

and

3f " (3)
C(qb)={fecﬂ:1+ ) < P(3), 36'11}.

where ¢(3)=1+ B13 + B23” + B33° + - with B1 > 0 is an analytic function which maps
the unit disk U onto a region starlike with respect to 1 and symmetric with respect to the

"

real axis such that $(0)=1 and ¢'(0)> 0. We observe that several familiar classes were

introduced for the special choices of ¢ considering the conditions of the Ma and Minda, for
example see.

The conventional telephone numbers (or involution numbers) are computed using the
recurrence relation

Tn) =T(n-1)+ (n-1DT(n-2), for n=2,

with the initial conditions T(0)=T(1) =1,

The connection between these numbers and symmetric groups was first observed in 1800
by Heinrich August Rothe, who pointed out that 7(1) represents the number of involutions
(self-inverse permutations) in symmetric groups (for details, see ). Since involutions
correspond to standard Young tableaux, it follows that the n'™ involution number also

represents the number of Young tableaux on the set {1,2,3,...n} (for details, see ).
It is worth mentioning that the telephone number interpretation of this recurrence is

attributed to John Riordan , who observed that 7 (n) represents the number of connection
patterns in a telephone system with " subscribers. Wtoch and Wotowiec-Musiat
introduced a new version of telephone numbers, defined recursively for integers = 0 and
A=21 35

T(An) =AT(An-1) + (n—1)T (4,n—2),

with initial conditions 7(40)=1 and T (4,1) = 4,

Furthermore, in 2019, Bednarz and Wotowiec-Musial proposed a new generalization of
telephone numbers (GTN), given by

TA(n) = Ti(n—1) + An-1)T;(n-2), n=2, A=1,

with initial conditions T2(0)=1 and T72(1)=1 For these numbers, they derived the
generating function, an explicit formula, and matrix representations. Additionally, they
provided combinatorial interpretations and examined various congruence properties of

these numbers. Notably, the exponential generating function for T2(M) and the assumed
formula for GTN are given by

e("“x;) . i T3 () % a=1).

n=0
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We observe that for 4 =1, this reduces to the classical telephone numbers 7(1) as defined
in [TN-GF].

Particular values of 72(), for some values of ™.

Ti(n)

1

1

1+ 4

1+ 34

1+ 61+ 312

1+ 102 + 1542

1+ 151 +452% + 1543
Now, we consider the function

(s+7%) 144y, (1430, (377 +64+1) ,
X;()=e :1+5+(T)3 +( g )3+Ta+---

which is analytic in U and satisfies X4(0) =1 and (X3)'(0) > 0. Moreover, it maps the unit
disk U onto a starlike region with respect to 1, which is symmetric about the real axis.
Significant attention has been devoted to this function in geometric function theory (GFT),
as discussed in and the references therein.

Inspired by the work of the aforementioned authors and utilizing GTN, we introduce a

SN U W N e O S

novel subclass of 8. For functions belonging to this class, we derive initial coefficient

bounds for 92| and 143l, including the Fekete-Szegé functional |a3—,ua§, as well as

o . : . o . :
coefficient inequalities for the inverse function f = within the function classes considered.
As an application of our results, we also explore connections with the Poisson distribution.

Definition 1. Let 0 <k <1 and f € A then f be of the form [Taylor-1] is said to be in the
class M (4,k) if it satisfies the following condition,

1
3/ (3)
(f’(a))k(m) <X3(3) 3€U

Definition 2. Let 0 =k <1 and f €A then f be of the form [Taylor-1] belongs to the class
N (Ak) if it satisfies the following condition,

F'G)
(f'(a))k(u-3 :

1
ﬂ@) <Xa®) aEt

Remark 1. By assigning a particular value in the above definitions, we get:
1. MA0)=8 (A consists of function f € A of the form [Taylor-1] defined by,

S'(A —{ eA-@<x eu}
(1) f " f3) 1G3), 3 .
2. N(A0)=K(A) consists of function f € A of the form [Taylor-1] defined by,

r

reass }
KA =3f€ A1+ <X,3B3), 3€U(-

@3
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3. Setting k¥ =1 in Definition 1 or Definition 2, we get the class of functions f € A of the
form [Taylor-1] defined by

R ={fe ar@<x16), seuk
Let us denote P the class of Carathéodory functions P that are analytic of the form:

PO =1+ s’ €Y,

n=1
with positive real part (Re(p(3))>0) in U and P(0) =1, Next, we consider the following
lemmas to discuss our results.

Lemma 1. LetP € P be of the form [p-eql]. Then, for all™ € N: = {1,2,3,..}, we have |c,| < 2.
Lemma 2. Suppose P € P is given by [p-eq1]. If i is any complex number, then the following
inequality holds: |Cz—,ucf| < 2max{1,|2u—1|}.

Lemma 3. Consider a function P € P of the form [p-eql]. If K is a real number, then the

| | —4u+2 : u<0
ollowing bound holds: |c;—uc%| < {2 r 0=su<1
f g 2—HCq 42 L a1

coefficient estimates

In the following theorem, we obtain initial coefficient estimates for the function f in the
class of M (A,k) and V (4,k).
Theorem 1. If0 <k <1 qgnd [ € A js in the form [Taylor-1] belong to the class M (A.k), then

1 _1 A+ D) (140 %+(2+k) (k—1)
‘ € P p(g):1+W(5)=1+ca+c32+633+-"- iting W) i
Proof. Consider P by P\: T—w(3) 1 23 3 Writing W(3) in terms of

PR -1 _ a3 cf

PB), we get WR)I= S5~ 2 5"‘(2 - 4)32 +(§—%C1C2 +%3)53 + . Using the above
relation in the representation of Xiw@))  stated in [GTN-fucntion], we obtain
XwE)=1+73+ (%2 + %—1)6%)32 + (%3 +(A-1D2E+ % C3)33 + Consider
fE€M(Ak). By Definition 1, there exist an analytic function W(3), such that

Je £ oo 1—k
(f’ (5)) (% =X,(w@3)) @€ UW).Intheview of [Taylor-1], we have $$\begin{aligned}

\label{eq8} \notag\left(f*{\prime}(\mathfrak{z})\right)*{{k}}
{\left(\frac{\mathfrak{z}f"{\prime}(\mathfrak{z}) {f(\mathfrak{z})}\right)*{1-{k}}}
&=1+(1+{k})a_{2}\ mathfrak{z}+(2+{k})\left(a_{3}-\frac{1-
{k}}H2}a_{2}"{2}\right)\mathfrak{z}"{2}\\&\qquad +\frac{(3+{k})}{6}\left[6a_{4}-6(1-
kla_{2}a_{3}+(1-{k})(2-{k})a_{2}*{3}\right] \mathfrak{z}"{3}+\cdots. \end{aligned}$$ In
view of [eq6], we compare the corresponding coefficients of [eq7] and [eq8], which leads to

_ 2 o2
(1+k)az = Cz_l, 2+ k)(ag— %kag)= %+ %- Using Lemma 1 in [eq9], we get

1
laz| < T3 - Rewriting [eq10], we get
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1 (1-DA+k)*+R2+k)(k—1) ) ]
as = m[(;z_acﬂ where a= )7 - . Applying Lemma 2 in [eq10] we

(A+1)(1+k)*+(2+k) (k—1)
2(1+k)?

Theorem 2. If0 < k <1 gnd the function | € <A of the form [Taylor-1] is in the class N (4,k),
1 _ _
then $3\left|a_{2}\right| \leq \frac{1}{2}, \\ $$ |as| < mmax{l,\“’”éﬂ\}-

Proof. Consider the function [ given by [Taylor-1] which is in the class N (4k) and by the
defination [defination-2], there exists an analytic function W(@), such that

1
obtain, |as| < mmax{l, } This completes the proof of theorem.

1-k
(r (3))k(1 n %) =X,(w3) GewW. From  [Taylor-1],  $$\begin{aligned}

\label{eq12}
\notag{\left[f"{\prime}(\mathfrak{z})\right]*{k}\left[1+\frac{\mathfrak{z}f"{\prime\prim
e}(\mathfrak{z}) {f{\prime}(\mathfrak{z})}\right]*{1-k}}

&=1+2a_{2}\ mathfrak{z}+\left[3(2-k) a_{3}-4(1-k) a_{2}"{2}\right] \mathfrak{z}"{2}
\\&\qquad  +\left[8(1-k) a_{2}"{3}-18(1-k) a_ {2} a {3}-4(3-2 k) a_{4}\right]
\mathfrak{z}"{3}+\cdots. \end{aligned}$$ substituting [eq7], [eq12] in [eqll] and
comparing corresponding coefficients 32, 33 we obtain, $$\label{eq13} a_{2}=\frac{c_{1}}{4}
w&]. Using Lemma [lemma-1] and Lemma [lemma-2]
respectively in [eq13] and [eq14] gives the bounds of %2 and 3. Hence the proof of theorem is
complete.

In the view of Remark 1, we present the following corollaries

1
\\ $$ a3 = s2—k) [C2—

Corollary 1. If FE€S) and is of the form [Taylor-1], then
1 _
lay|<1 and |a3|szmax{1,iz—1 .
Corollary 2. If fE€XA) and is of the form [Taylor-1], then
1 1 A+3
laz| =3 and |a3|ngax{1,T L
Corollary 3. If fERMA) and is of the form ([Taylor-1]), then
<1 d <l A+1({
|a2|—2 an |a3|_3max 1;7 .

Remark 2. The result 22| obtained in corollary 1 and corollary 2 coincide with the
findings of and 23| is an improvement with the result of .

Fekete-Szego Estimates

Now in this section, for the class M (4,k) and V(LK) we are estimating the Fekete-Szegd

inequality |a3—,ua§ , when # is both real and complex.
Theorem 3. Let 0<k=<1 Hec If fEM(Ak), then

A+ DA+ +(24k) (k+2u—1)
2(1+k)? '

|a3—ﬂa§| < m;k)max{l,
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1
Proof. From [eq9] and [eql0], we get |a3—ya%|=m[cz—ncﬂ where
A=A+ +2HR) (k1) +2(2+k)p

2(11k)? Using Lemma 2 in [eq15],
1 2 _
|a3—ua§| < m—@max{l' (3+1)(1+k)2;&2];f:)(’<+2‘“ L } Therefore, Theorem 3 is complete.
Theorem 4. Let 0<k<1 nec If fEN(LK), then
1 2(k—1)+3u(2—k)—2(A+1)
|as—nad| = 3(2—k) max{ll‘ ~ :

1
I 2
= 6(2—k)|¢2—??1ﬂ1| where

Proof. From equation [eql3] and [eq14], we attain,

—A)+2(k— —k
n = ECmOLEL 81)+3#(2 ) Using Lemma [lemma-2] in [eq16] gives the required result.

Corollary 4. Let 0<k<1 u€Cjf f€S (Mand is of the form [Taylor-1]then
4%@1—1)‘}
=y

<,
Corollary 5. Let 0<k<1 peC |f f€EXK(A) and is of the form [Taylor-1], then
-] < gmaxn [ =022}

Corollary 6. Let 0<k<1 peCjf fE€R(A) and is of the form ([Taylor-1]), then
3u+2(i+1)‘}

o] o,

Theorem 5. Let 0<sk=<1 UER, If fEMAK), then
(404D =R+l k+2p-1) < _
) 2(24k) (1+k)? W= =S
|a3—y.a§|S Tk TSISUSES, where
1+ A+R*+ R+ (k+2p-1) S o
2(2+k) (1+))? H=S5,
A-DA+)*+2+k)(k—1) A+3)(1+k)*—(2+Kk) (k—1)
S] = 2(2+k) and SZ 2(2+k)
Proof. By using Lemma [lemma-3] to the equation [eq15], gives the required result.
Theorem 6. Let 0<k<1 HER If fEN(LEK), then
200+ 1) +2(1-R+3uk—2) _ 2(-K)
1 2 . 2(; R g 20k—2)
2 AT S—alk—A)
|a3—,ua2| = 3%2 i) "3(2—k) sSus 3(2—k)
20k—A)+3u2—k)—4 = 8720k
2 =320

Proof. Using Lemma [lemma-3] in the equation [eq16] we obtain above result.
Coefficient Inequalities for the inverse Function
From Koebe one-quarter theorem, for every function f €A there exist inverse function

fil(m) =w+ Z b, ",
n=2

1
on a disk with |w|< 7. Since [ is in M (A4,k) and N (4k) and are univalent functions in

. -1 . . . 1 .
U there exist f “(w) as in the above equation with lw| <70, where 7o > 7 Where 70 is
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greater than the radius of the Koebe domain of these classes. In our next results, we are
finding the bounds of |b2| | 1b3] and Fekete-Szegd inequality |1P3—H1Dz| off_1

Theorem 7. If f € M(Lk) and Flw)y=w+Y,. b, w" is the inverse function of | with
WI<To  where 1,> % , then for any complex number Hi, |b,|< 11;{

A+1) (k+1)—(k+2)
2(1+k)

} and

|b3 H1b2| = 2+ (2+k) max{ }

Proof. Since Flw)y=w+3Y, b, w" it is clear that, f e = f(f_l(a))= 3 From
[Taylor-1] and [eq18], f ](5 + Zfzz an 5”) =3 after simplification,
3+(az + bz)3° +(as + 2azby + b3)3” + - =3 Comparing the coefficients of 3> and 3 in
[eq20], we get b2 = 02 and b3 = —as—2ab, = 2a5—as Considering the values of %2 and 3

C1

from [eq9] and [eq10] and substituting in [eq21] and [eq22], we obtain by = — 314k and

1
|b3| = 250 max{l,

(1+A) (1+k)?— (2+k) (L +k—2p,)
2(1+k)’

bz = — ﬁ[q - A)S(ﬁ;(ﬂk)] 2] Using Lemma [lemma-1] and [lemma-2] in equation

[eq23] and [eq24], |b;| = 117 1+k |b3| < (zik) mdx{l (A+1)g:l)k)(k+z) } And, for any complex

number M1, we have |b37u1b§|=ﬁ Cz*(] D+ +gf(:f_i()]2+k)+z(“k)“l c2 Using
|<(2+k) max{ |(1+x)<1+k)2(—1(f:)1?c1+k zml} .

Hence this completes the proof.
Theorem 8. If f € N(Lk) and i w)y=w+X,_; b, w" is the inverse function of [ with

1
WI<To  where ro>3 then for —any complex number M1, |h,|<3,

1 - 1 2(1-D+(2—-k)(2—-3pu,)
1b3] = T max{1, fand ;b3 < 75 max(,| b

Proof. Proceeding as in theorem [T7] and substituting the values of 42 and 43 from [eq13] and

‘(1711)+(27k)
2

1 Mk
[eq14] into [eq21] and [eq22], we obtain b, = — 64—1 and bz =— 3271 [cz— W c?]
|b3 ,u1b2| m Cr— 20 DAk ]);3(2 e m) ci . Applying Lemma [lemma-1] and

[lemma-2] in to [eq26] , [eq27] and [eq28], we can obtain Pz, P3 and |b3—,u1b§| as required.
Hence the proof.
Application of the Poisson Distribution

Now, we discuss the application to functions M (4k) and N(4k) based on the Poisson
distributions.

Definition 3. Let X be a discrete random variable and 4 be the mean. Then, X is said to be a
Poisson distribution and defined by,

e
PX=y)= IV where y=0,123,-- and A>0.

Porwal expressed a Poisson distribution in terms of power series given by,
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)Ln_l
P(A13) =3+ Z (=D e 3", 3€EU.
n=2

By ratio test the radius of the convergence of the series [eq29] is infinity. Also Porwal
defined a linear operator & :A—A by

An 1 -
6@ =POD* Q) =3+ ) i “and’ =5+ ), Mg
n=2 n=2

n—1_-—2
where 5, =n,(1)= 7, i)! and * denotes the Hadamard product (or convolution)

between two analytic functions.

Now let us define the class M (4.k.n) and N (4.k.n) as given below,

MAkn) = {f € A:G'f € M(Lk)}

and

N(Akn) = {f € A:B f € N (k).

Different subclasses of analytic and univalent functions are discussed based on Poisson
distribution by many authors . In the next results we are finding Fekete-Szeg6 inequality,

for the class M (Ak.n) and N (Ak.n).
Theorem 9. Let 0<k<1 gnd w€C jf fEM(kn) and G'f  then,

Proof. Since f € M(Lkn), from [eq31] [((5 G )] ["((;]{((:))))] —x,l(w(g,)), 3 € U using

[eq30], we have $$\begin{aligned} \label{eq34} \notag{\left[\left(\mathfrak{G}"{\lambda}
fl(\mathfrak{z})\right)*{\prime}\right]"{k}\left[\frac{\mathfrak{z}\left(\mathfrak{G}"{\la
mbda} f(\mathfrak{z})\right)*{\prime}}{\left(\mathfrak{G}"{\lambda}
fl(\mathfrak{z})\right)}\right]"{1-k}} &=1+(1+k) \eta_{2} a_{2}
\mathfrak{z}+(2+k)\left(\eta_{3}  a_{3}-\frac{1-k}{2} \eta_{2}"{2} a_{2}*{2}\right)
\mathfrak{z}*{2} \\&\qquad +\frac{(3+k)}{6}\left[6 \eta {4} a_{4}-6(1-k) \eta_{2} a {2}
\eta_{3} a_{3}+(1-k)(2-k) \eta_{2}"{3} a_{2}"{3}\right]  \mathfrak{z}"{3}+\cdots
\end{aligned}$$ Substituting [eq7] and [eq34] in [eq33] and equating the coefficients of 3 and

A+ (1+k)2 03 —(2+k) (ke—1)—2(2+k)nsp
2(14k)?*n3

. 1
2 - - .
|a3—ﬂaz| = 2+, max[L

1
6 _r A-DA+)*+2+k)(k—1) 2
fi we have a; = 2,?2(1”{) and a3 = 22+lon, | €2~ PYEWIRY ] Also from [eq35]
1
and [eq36] we get, |a3—,ua%| = m[az—;{cﬂ. where

_ [A-HA+HO +@HO = DIng+22+Hnsu
4(1+k)2n2
result.This complites the proof of Theorem 9.
Theorem  10. Let 0=<k<1 and HECjf fEN(ALkN) then,

|

Using Lemma [lemma-2] in [eq37] gives the required

1

<3G o maX[l, 2(x+D)n3+4(1—k)n3+3(k—2)nsp

4!]%

|as H(12| = 3(2
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Proof. From the equation [eq32] and [eq30],
! ke A 1 k . .
[((ﬁﬂf(a)) ] [1 - %} =X (w@3) 3EU $$\begin{aligned} \label{eq39}

\notag{\left[\left(\mathfrak{G}"{\lambda}

fl\mathfrak{z})\right)*{\prime}\right]*{k}\left[1+\frac{\ mathfrak{z}\left(\mathfrak{G}"{
\lambda} f(\mathfrak{z})\right)*{\prime
\prime}}{\left(\mathfrak{G}"{\lambda}f(\mathfrak{z})\right)"{\prime}}\right]*{1-k}} &=
1+2  \eta_{2} a_{Z}\mathfrak{z}+\left[3(2-k) \eta_{3} a_{3}-4(1-k) \eta_{2}"{2}
a_{2}"2}\right] \mathfrak{z}"{2}\\&\qquad +\left[8(1-k) \eta_{2}"{3} a_{2}"{3}-18(1-k)
\eta_{2} \eta_{3} a_ {2} a {3}-4(3-2 k) \eta_{4} a_{4}\right] \mathfrak{z}"{3}+\cdots

\end{aligned}$$ Using [eq7] and [eq39] in [eq38] and comparing the coefficients of 3 and 52,

C; 1 _ _
a; = ﬁ and az = m[cz— (lﬂ):&cﬂ Appling Lemma [lemma-1] and [lemma-2]
in equations [eq40] and [eq41] respectively we have bounds 942 and 93. Also
1 2 2
|a3—,ua§|= 6@ |c2— 2(173()"2*4(";;_2)”2*3(27””3“ c?| By Lemma [lemma-2] the above

equation gives the required inequality.

Theorem 11. Let 0<k<1 gnd MER jf fEMQAkn) then we have,
_ (+ DA+ C+k) (k—1)n5—22+k)nsp

U< —
1 2(2+k) (1452021 H=~0
|a3—,ua%| < (2+k)ns :_Ql S QZ where
[+ A+ 2+ Q2+k) (k—1) [n2+2@+k)nap |
- 1= Q2
2241 (1+k)n3ans
_la-»a+2+@+k) (k-1 n? a3 +0)2 -2+l (k-1 In?
Q1= 2(2+k)13 and  Qz = 2(2+k)n3
Proof. Using Lemma [lemma-3] in [eq37], we have requried result.
Theorem  12. Let 0<k<1 gnd HER jf [fENQKkN)  then,
_ 20 4+0n5—4k—Dn3-3p2—kms .~ _ 200-n3—4k—1n3
12(2—k)nins H= 3(2—kns
| 2| < 1 . 2Q-Dmi+a(d-kns - 26+Dn5—4(k+Dns
A3—HA2| =Y 3(2—k)n4 ' 3(2—k)ns SH= 3(2—k)ns
—2(+Dma+ak—Dnz+3u2—kns , ~ GB+Dnz—4(k—1n;
2@ —onin H=T5G Ton,

Proof. Make use of Lemma [lemma-3] in equation [eq42] and simplifying the equation we
can obtain the desired result. O
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