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Abstract : The following Volterra Integro-Differential Equations are examined for their
nonlinear stability and convergence includes using RK methods of order 4.

yo=flty®,yt -1, fg(t,V,y(V))dV ,t € [0,T],

t—7

y(@®)= ¢ @), te[-7,0] (1)

where (1) has a distinctive solution and f, g, and ¢ are generic functions. An inner
product () and the generated norm||-|| in R exist, and y(t) and T is a not negative delay
term. As a result, @:[-1,0]— R andf: [0,T]— R satisfy the conditions as follows:

Re {f(t,uy,v,w) — f(t,up,v,w),u; —uy) = alluy — uy|l?, (2)

If (t,w, v, wi) — f(tu, vy, W)l = Bllvy — vall + allwy —wyll, (3)

lg(t,v,uy) — gt v,udll = ylluy —wsll, (t,v) €D, (4)
)

Fort € [0,T], D={(t,V): t€[0,T),v €[t — t,t]}, and for alhey,uy, vy, vy, Wy, Wy €
R where a,(,0 andy are non-negative constants and u = min (uq,u;), v = min (v;,v5)

and w= miu(wl.wz).l
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1 Introduction

Generally speaking, a number of components prioritize excellent precision,
stability, and efficiency. Initially, for large dynamical problems that are characterized by
constant time, the nonlinear solver converges. Additionally, the applied mathematicians
expanded their application area and permitted extensions in Dynamical Fourier
Transform (DFT), Volterra Integro-Differential Equations with RK techniques of order 4,
and so forth. Yuan H et al. [1-2] also highlight the alterations that should be especially
stable. As described by Ali Filiz [3], the computation actually fits the numerical structure
of DFT and Volterra Integro-Differential Equations with RK techniques of order 4. The
creation of iterative techniques for comprehending and resolving nonlinear systems for
circuit modeling frameworks has drawn a lot of attention, however it has been limited
when handling transient as

We assume that (1) has a unique solution and satisfies in order to make the error
analysis as optimum as possible.

d'yt

ST = Mot = 12t €T (5)

We extend (5) for the functiong(t,ﬁ,y(@)), and satisfy the following:

9'g(t.0.y(0))

v < N,t€ [0,T],0 € [-1,T]. (6)

Now consider the following two-step form of Runge-Kutta methods [6]

886



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

v =y + h Y5 af (ta+ G V™), i =125

v =y h T agf(teey + R YY), i =120

bif(tn +ch, Yf’”)
1

Vn+1 — (1 - 5)}’;1 + gyn—l + h

5
i=

+h 21 by f(tus + b YD) (7)

where Y71 b+ Y- b= 1+ 0,¢; =% a;,h = % is a step size,m is an arbitrarily
given positive integer,and0 < 6 < 1..Let's look at how the two-step Runge-Kutta
method can be modified to (1):

s = (1= 009 + Oyny + h I bif (ta+ G Y0, 70) 4 REL b f(£y +

U AL AL A ®)

In particular, y, = ¢(0), y,is the numerical approximation att,, = nhto the analytical

y™ = Yj(n_m) represents an approximation

solution andy(t,), the argument Y,

toy(tn + ¢jh — T), and the argumenﬂ?j(n)represents an approximation to [7]

tyteih

| a(t+ghey@)a

tptejh—t

Which are obtained using a formula for convergent compound quadrature [8-9]:
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7 = h o pag (tn+ Ghtaq + Y P), j=12,.5 )

where }ff(n_‘” = cp(tn_q +cjh)withn < q,tpqt+ ch = 0.

The compound quadrature formula and the Runge-Kutta technique class have been
used by numerous authors to solve delayed integer differential equations. We
repeatedly used the trapezoidal rule for the convergent compound quadrature (9),
indicating n=max{p"0,p"_1,..p_m }. It should be mentioned that the accepted
quadrature formula (9) is based on Laguerre-Radau interpolations to Volterra
IntegroDifferential Equation [10], which is extended like Pouzet's quadrature, Laguerre-
Radau interpolations, and so on.

2. Nonlinear Stability Analysis

This section investigates the reliability of the two-step Runge-Kutta methods for
converging compounded quadrature [11]. The perturbed problem of (1) must be
examined in the following manner in order to examine the stability property:

2= f| 620,21, f o(6.82(0)de |t e (0,71,

z(t) = Y(t),t €[-1,0], (10)

wherel:[—7,0] - Ris a continuous function. The exact solution to problem (10) is

indicated as z(t). Applying of the two-step Runge-Kutta method (7) to (10) leads to

1

Z.[n_l) =Zn_1 + hf;:l aijf(tn—l + thrzj[n—l)lZj(n—l)’zmj(n—l)) , i = 1,2, iy S

Zsy = (1= 0)2, + 02,y + h B bif (tu + Gh 2, 27, 27) + hEE_y by f(tumy +
gh, 20D, 7070, 760-0) (1)

where znandzi(n)represents approximationstoz(t,)andz(t, + c;h), respectively; the
argumentZ j(n)represents an approximation to
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tn-l-th

9 (tn + ch,&,2(8)) d¢

tn+C]'h—T
which the convergent compound quadrature formula achieves:

Zi(n) = h¥q=0Pqg (tn +cih tyq + Zi(n_q)) p 1= 12008

Z(n)j = Zj("_m)represents an approximation toz(tn + ¢jh — T), andz, =

0,
728D = (ty_q + cih), forta_q + cih < 0.
To ensure thestability, (9) fulfills the following condition:
h2(m + 12 3™ |5, | < p2
here’pis a positive constant.Let
Wn = Yn = Zn,

M _ p) _ 0 ) _ g 5
W=y o4 W ==

0" =h [f(tn +cih, };(“),,}_g(“),}i(“)) ~ f(tn + cjh,zj(“),%(“),z”j(“))] Jj=12...

It follows from (8) and (11) that
W =w, +35, a0, i =12..s.

-1 -1
W;En ) =w, + X501 aiij[n ),

This is the two-step Runge-Kutta method of s-stage general linear method.

(12)

Y(t,)forn =

(13)

(14)

(15)
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T
(7). Now letVi(n) = (Wi(n)T,Wl-(n_l)T) be the internal stages andu, = Wl , wi)T be

T
the external vectors andPi(") = (QPl-(n)T, Qi(n_l)T) . So we have a general linear method

for 2(s + 1)phases are follows:
v =35 P + 3o cPu™®, = 12,05,
Un+1 = ZS 1C21P(n)+ ZS 1CLZJZML(n); i =12,..s, (17)

Hence the matrix coefficients are

ca=(c)=(4 9, cu=(a=( 9,

4 (18)
1-6 8
Cor = (CF =(3 g)' Coz = (Cf :( 1 o)'

3Volterra Integro-Differential Equations stability study using RK techniques of
order 4

Numerical stability is an essential component of an effective numerical technique. Even
if an unstable numerical technique can continuously be of a high order, arbitrarily small
perturbations may eventually lead to large departures from the right answer. This
section will focus on the asymptotic constancy associated with the two-step RK look at
of order four.

Definition 3.1 : Letk, [ be the real constants, and (k, [)is said to bealgebraically stable if
there exists a diagonal matrixD = diag(d,,d,,...,d,s)and a diagonal matrixG such

thatM = (mi j)is not negative, where

kG - ngcczz - ZlC]TZDClZ C:’erD - C’ZTZGCZZL - ZZszDcll
DClZ - CéTlGCZZ - ZlC]TlDCIZ C]TlD + DCll - CglGCZZL - ZlC:’lrlDCll

M(k, 1) = (
(19)
Theorem 3.2 Provided the existence of the quadrature formula (9) meets condition

(14) and that the requirements (2) - (4) hold, and that the two step RK technique of
order 4 (7) is (k,1)- mathematically stable with 0
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lyn — zpll < € max [[(t) =@, n =12,.., (20)
te[—1,0]

When the following condition holds:
h(a+ B +0+o0y?p?) < |, (21)

Where C is solely dependent on the parameters o,[3,0,y,n, and t as well as the method.

Proof: Relying on an algebraic stability (k,1) and a rather easy (although laborious)
calculation, it follows that

ltneall? = klluall? = 2 %%, d; Re (Vf"),e("’ - W,-(")) = TET2 X5 My {n, ) (22)
Wherer; = Wpyq,7; = Wy, 1j = o™ j=34..5+2,
=00 = s+3,5+4,...,25+2 (23)
By means of (k, [) algebraically stability of the method, we have the following:
litnasll? < lliall? + 253, d; Re (v, B = 17) (24)

It follows from (2) - (4) that
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(n) ()
2Re(l4§ ,Qj }

_ (n) (n) ) gy _ (n) =(n) z(n)
= 2hRe {uj ,f(rn+cj-h,1;. ALK 4 ) f(tnﬂjn,g} Z", 2/ )}

_ (n) ) g oY _ ) ) pln)
= 2hRe (Mj; ,f(tn+cj-h,}j. LT ) f(tn—l—cjh,Z}. RAR )}

(n) (n)} w(n) piln) (n) =(n} =(n)
+ 2hRe {u; S(tat g 2™, 70 90 = £(t, + b, 27,277 )}

< "+ 2 [+ 2na] - 5
= 2| na (I [ )+ 0 (o )
:(2}1a+h,{?+ho)”14§{”}”2+h,{?||vT§{”] 2+ho”ﬁ§{"} : (25)

2

= (2ha + g + ho)|[w ™ ’, ng||

m
h Z Pqd (tn + ¢ty + cj-h.lj.[n_q})
q=0

+ ho

2

m
— hz Pqg (tn +cjh, th_g+ cjh.Zj(n_q})
q=0

< (2ha + hB + ho) ” w,™ g hﬁ”ng{"‘m} ”2 + ho(m + 1)h2p2

8 i |9 (&0 + 61 tag + 1Y V) = g (0 + G tamg + 0, z].(”‘q))”2
q=0

< (2ha + hp + ho) | W™ ||2 + hp||w ||2 + ho(m + 1)h?y? X i 7z || w ||2
q=0

Substituting (25) into (24), using (14) we get the following:

2
sl < llpnll® + 23, d; {(Zha +hp +ho =20 |w | + np ||| +

hay 2> L, ”VIG-(n_q) ||2} 26)

We obtain the following using the induction method:
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n 2s
2
lptnsa 1% < Np—g 1% + Z Zdj {(ZFIQ'—F 2hfB + ho — 21 + hg},zﬁz)”v‘?(ﬂ }
i=17=1
-2 25
5 @[>
23S afone vl
i=—mj=1
mn 2s i
< llpqli? +2 Z Z d; {h(af +B+o+ay?p®—D|w®| }
i=1j=1
—2 25 N
+ Z Zd-{(f:ﬁ+;:ay2ﬁ2)||w(“| }
1 ]
i=—mj=1

2

—m—1l=i=—2

25
< llp—1lI* + mhz d; (B + oy?p®) max ”1'13'-“}|
j=1

2s
2
< liwoll? + llw_1 > + mh > d; (8 +0y?*p?)_ max _[[w®|

—m-—1=<i=—-2

j=1

< (2+ (B + oy*PNITE, d;) maxee_rg)ll@ (1) — Y@II? (27)

Hence, ||pn4ll < C tg[ﬂaxo]lltp(t) — Y()|l,where C = JZ +1(B +oy?p?) X3, d; .
1ax

Hence the proof of Theorem 2is completed.

Theorem 3.3: If a two side RK method of order 4(7) is (k,1)-algebraically stable with 0
then (9), (12), and (14) must satisfy the following condition to be asymptotically stable.

11,
h(a+ﬁ+§a+§ay2p2)<l. (28)

Proof: Letu = 2a+ B +0) h— 21,

(29)

whenh (a + B+ (%) o+ (%) ayzﬁz) < l,wehaveu < —(B + oy?p?*)hand 0<k < 1.
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Theorem 3.2 yields the following:

1117 < Kllpn|l1?

2
+ S d;{ (2ha + hp + ho — 21) | W ||2 + hg|[w; |
j=1

2s 5
+ hayzﬁzz w2
=
25 ) 2s ,
R O I e T PRy
=1 =
(30)

By induction method,

el < RP* 2y 12 4+ B R0 x T35, s (uem + 1B + hoy?5?) - | w | +
z ?ildj FmE2 (g + ho.yzﬁz)”m(i)uz (1)
< {2k 4 kn e gl dy (B + oy 2P0} + max [lo(0) —yp(OIF  (32)
The following consequence of the inequality and the knowledge that 0
lim [l = 0 (33)

Becauseu,, = wWI,wl_)T, we can get from (33) that
lim ||lw,|| =0 (34)
n—-oco

Hence the proof.

Example 3.4:Consider the following non-linear integro-differential Volterra delay

equations:

894



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

B
- h )
Yj(n) = §| sin(tn + C]-h) yj(n) + 42 sin(tn_2q+1 + th)yj(n 2q+1)
q=1
(mz—z) ‘l

q=1 J

y'(t) =—(6+sint)y(t) +y (t — g) — ftt_g sin(v) y(v)dv + 5exp(cost) , t = 0, y(t) =

exp(cost),— % =t=0 (35)

And its perturbed problem

z'(t) = —(6 +sint)z(t) +z (t —%) — f:_zSill(l?) z(v)dv + b exp(cost) , t =0, z(t) = 2,
T
—z =t=<0
It can be verified that this system has solutiony(t) = exp(cost)anda = —4,f =
%, =%, y = 1, and hence we conclude that the system (35) satisfies the

properties of stability and convergence.

4. Conclusion

Several aspects of stability, effectiveness, and high accuracy were the main focus
of this work. According to the constant time, the nonlinear solver first converges for
large dynamical problems. Additionally, the adjustments should be quite stable when
applied to Volterra Integro-Differential Equations and Discrete Fourier Transform
(DFT) with RK techniques of order 4. This chapter's primary goal is to examine the
Volterra Integro-Differential Equations’ nonlinear stability and convergence
characteristics using RK techniques of order 4. The development of iterative techniques
for comprehending and resolving nonlinear systems for circuit modeling frameworks
has received a lot of attention. However, these techniques have been limited when
handling both transient and consistent state problems, such as oscillatory behavior,
error analysis, and stability analysis.

References

895



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

[1] Research Article Nonlinear Stability and Convergence of Two-Step Runge-Kutta Methods
for Volterra Delay Integro-Differential Equations , https://scispace.com/pdf/nonlinear-
stability-and-convergence-of-two-step-runge-kutta-5ju19paoml.pdf, Haiyan Yuan1 and
Cheng Song?2

[2] Numerical Method for a Linear Volterra Integro-differential Equation with Cash-
KarpMethod, https://www.ajouronline.com/index.php/AJFAM /article/view/782 /453,
Ali Filiz1

[3] , A Numerical Solutions Of Initial Value Problems (Ivp) For Ordinary Differential
Equations (Ode) With Euler And Higher Order Of Runge Kutta Methods Using Matlab
https://www.ijesi.org/papers/Vol(7)i4/Version-
3/D0704032531.pdfC.Senthilnathan1

[4]https://www.researchgate.net/publication/347945870_Fractional_RLC_circuit_in_tr

ansient_and_steady_state_regimes

[5] https://www.inderscienceonline.com/doi/pdf/10.1504/1JCSM.2021.114199 Shruti
Tiwari and Ram K. Pandey, Updated exponentially fitted pseudo-Runge-Kutta method,
International Journal of Computing Science and Mathematics, Vol.13 No.2, pp.116-125,
2021, DOI: 10.1504/1JCSM.2021.114199.

[6] COMPARISON OF NUMERICAL TECHNIQUES IN SOLVING TRANSIENT ANALYSIS OF
ELECTRICAL CIRCUITS Teoh Ai Kee and Rahifa Ranom,
https://www.arpnjournals.org/jeas/research papers/rp 2018/jeas 0118 6671.pdf

[7] Numerical study for the fractional RL, RC and RLC electric circuits using legendre
pseudo - spectral method , M. M. Khader, ]. F. Gémez-Aguilar, M. Adel ,
https://onlinelibrary.wiley.com/doi/abs/10.1002/cta.3103

[8] "RLC-circuit reduction algorithm changes," 14th International Conference The
Experience of Designing and Application of CAD Systems in Microelectronics (CADSM),
pp. 13-15,DOI: 10.1109/CADSM.2017.7916073, 2017; Chkalov O, O. Beznosyk, O.
Finogenov, and T. Ladogubets.

[9] Ayodele V. 1. and Falade K. I. Current and voltage flow in electrical circuits (RLC) can

be numerically solved using this method. 7(3), 28-50, 2019 International Journal of
Mathematics and Statistics Studies.

896


https://scispace.com/pdf/nonlinear-stability-and-convergence-of-two-step-runge-kutta-5ju19paoml.pdf
https://scispace.com/pdf/nonlinear-stability-and-convergence-of-two-step-runge-kutta-5ju19paoml.pdf
https://www.ajouronline.com/index.php/AJFAM/article/view/782/453
https://www.ijesi.org/papers/Vol(7)i4/Version-3/D0704032531.pdfC.Senthilnathan1
https://www.ijesi.org/papers/Vol(7)i4/Version-3/D0704032531.pdfC.Senthilnathan1
https://www.inderscienceonline.com/doi/pdf/10.1504/IJCSM.2021.114199
https://www.arpnjournals.org/jeas/research_papers/rp_2018/jeas_0118_6671.pdf
https://onlinelibrary.wiley.com/authored-by/Khader/M.+M.
https://onlinelibrary.wiley.com/authored-by/G%C3%B3mez%E2%80%90Aguilar/J.+F.
https://onlinelibrary.wiley.com/authored-by/Adel/M.

