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Abstract 

The degree of approximation for functions in generalized Lipschitz classes can be established 

using deferred Voronoi–Nörlund and deferred Riesz transforms applied to the partial sums of 

their trigonometric Fourier series in weighted Lebesgue spaces. 
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Introduction 

Xhevat Z. Krasniqi [17] introduced deferred Voronoi–Nörlund and Riesz means, enhancing 

classical summability methods by incorporating additional sequences. These advanced 

means provide greater flexibility and control over the convergence of sequences and series. 

The deferred Voronoi–Nörlund means use a double sequence of weights, refining the 

summability process, while the deferred Riesz means add a component to consider more 

factors in summation. 

The degree of approximation of an integrable 2𝜋 − periodic function 

𝑓(𝑥) ∈ 𝐿𝑖𝑝(𝛿, 𝑞) by  𝑛 − 𝑡ℎ partial sum 

𝑆𝑛(𝑓; 𝑦) =
𝑢0

2
+ ∑(𝑢𝑘𝑐𝑜𝑠𝑘𝑦 + 𝑣𝑘𝑠𝑖𝑛𝑘𝑦)

𝑛

𝑘=1

 

of its Fourier series (at the point y) 

𝑓(𝑦) ~ 
𝑢0

2
+ ∑(𝑢𝑘𝑐𝑜𝑠𝑘𝑦 + 𝑣𝑘𝑠𝑖𝑛𝑘𝑦)

∞

𝑘=1
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The study of 𝐿𝑞-norms (𝑞 ∈ [1, ∞) has been significantly advanced by E. S. Quade [6], who 

analyzed the values of 𝛿 and 𝑞 that determine when the degree of approximation is of order 

𝑂(𝑛−𝛿). His results serve as an excellent foundation for the continued publication of numerous 

generalizations that have recently been achieved by other researchers. For example, presented 

by Xh. Z. Krasniqi in [16, 17, 18], S. Z. Jafarov in [12, 13] and U. D𝑒̃ger in [14, 15]. Later on, 

more systematic results gives by Chandra in [10] by using Approximation by trigonometric 

polynomials, weighted norm [4], Cesàro means [15], Trigonometric approximation [3], [6] and 

[7]. In the same spirit, Guven [1] and [2] results. 

We must recall the concept of the weighted Lebesgue space 𝐿𝑤
𝑞

. A measurable 2𝜋-2periodic 

function 𝑤: [0,2𝜋] → [0, ∞] is defined as a weight function if the Collection w−1(0, ∞) has 

then the Lebesgue measure zero. The space 𝐿𝑤
𝑞 = 𝐿𝑤

𝑞 [0,2𝜋], where 𝑞 ∈ [1, ∞) and 𝑤 is a 

weighted function, contains all measurable functions 𝑓 that are with  2𝜋-2periodic. 

‖𝑓‖𝑞,𝑤 = (∫ |𝑓(𝑦)|𝑞
2π

0

𝑤(𝑦)𝑑𝑥)

1
𝑞

< ∞ 

Let 𝑞 ∈ (1, ∞). a weight function 𝑤 belongs to class 𝒜𝓆 if there exists a contain 𝐶 > 0, such 

that for every ball 𝛾 ⊂ 𝑅𝑛. 

(
1

|γ|
∫𝑤(𝑦)𝑑𝑦

γ

) (
1

|γ|
∫|𝑤(𝑦)|1−𝑞′

γ

𝑑𝑦) < ∞ 

Where 𝑞′ denotes the 𝐻ölder conjugate of q, defined 
1

𝑞
+

1

𝑞′
= 1. 

Assuming 𝑞 ∈ (1, ∞), 𝑤 ∈ 𝐴𝑞 and 𝑓 ∈ 𝐿𝑤
𝑞

 the modulus of continuity 𝑤(𝑓, 𝑡) of the 𝑓 can be 

Identified in terms of the weighted 𝐿𝑞 norm. It measures how much the function 𝑓 can change 

over small distance, for 𝐿𝑤
𝑞

 the modulus of continuity 𝑤(𝑓, 𝑡) is defined by 

𝑤(𝑓, 𝑡) = ∑ ‖𝑓(. +ℎ) − 𝑓(. )‖
𝐿𝑤

𝑞  

|ℎ|≤𝑡

, 

Where  ‖. ‖
𝐿𝑤

𝑞   is the weighted 𝐿𝑞 norm, Identified by 
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 ‖𝑔‖
𝐿𝑤

𝑞 = (∫ |𝑔(𝑦)|𝑞

𝑅

𝑤(𝑦)𝑑𝑦)

1
𝑞

 

show that the Lipschitz class Lip(𝛿, 𝑞, 𝑤), where 0 < 𝛿 < 1, can be defined as 

𝐿𝑖𝑝(δ, 𝑞, 𝑤) = {𝑓 ∈ 𝐿𝑤
𝑞 : |𝑓(. +ℎ) − 𝑓(. )|𝐿𝑤

𝑞 ≤ 𝐶|ℎ|δ∀|ℎ| ≤ ν, 𝑤ℎ𝑒𝑛 𝐶 > 0 𝑎𝑛𝑑 ν > 0} 

Before recalling Güven's [1] results, we need to first establish some preliminary concepts. 

Whenever necessary, we utilize the n − th partial sums of the Fourier series of f(y) evaluated 

at the point x, expressed as follows: 

𝑆𝑛(𝑓; 𝑦) = ∑ 𝐴𝑘(𝑓; 𝑦)

𝑛

𝑘=0

, 

Where 

𝐴0(𝑓; 𝑦) =
𝑢0

2
, 𝐴𝑘(𝑓; 𝑦) = 𝑢𝑘𝑐𝑜𝑠𝑘𝑦 + 𝑣𝑘𝑠𝑖𝑛𝑘𝑦, (𝑘 = 1,2, … ). 

Let (𝑞𝑛)𝑛=0
∞  be a sequence of positive real numbers. We investigate two transformations, the 

so-called Nörlund and Riesz transforms, of the sums 𝑆𝑛(𝑓; 𝑦) specified by: 

𝑁𝑛(𝑓; 𝑦) =
1

𝑄𝑛
∑ 𝑞𝑛−μ

𝑛

μ=0

𝑆μ(𝑓; 𝑦) 

and 

𝑅𝑛(𝑓; 𝑦) =
1

𝑄𝑛
∑ 𝑞μ

𝑛

μ=0

𝑆μ(𝑓; 𝑦), 

where, 𝑄𝑛 = ∑ 𝑞𝜇
𝑛
𝜇=0  As established by Krasniqi [17],we utilize the same results for the case 

where 𝑝𝑛 = 𝑞𝑛 as follows: 

Theorem-1.1: Consider1 < 𝑞 < ∞, 𝑤 ∈ 𝐴𝑞,0 < 𝛿 ≤ 1 and let (𝑞𝑛)𝑛=0
∞  be a monotonic 

sequence of positive real numbers such that 

(𝑛 + 1)𝑞𝑛 = 𝑂(𝑄𝑛) 

then for any 𝑓 ∈ 𝐿𝑖𝑝(𝛿, 𝑞, 𝑤), the evaluation 
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‖𝑓 − 𝑁𝑛(𝑓)‖𝑞,𝑤 = 𝑂(𝑛δ), 𝑛 = 1,2, … 

holds. 

Theorem-1.1: Consider1 < 𝑞 < ∞, 𝑤 ∈ 𝐴𝑞,0 < 𝛿 ≤ 1 and let (𝑞𝑛)𝑛=0
∞  be a monotonic 

sequence of positive real numbers such that 

(𝑛 + 1)𝑞𝑛 = 𝑂(𝑄𝑛) 

then for any 𝑓 ∈ 𝐿𝑖𝑝(𝛿, 𝑞, 𝑤), the evaluation 

‖𝑓 − 𝑁𝑛(𝑓)‖𝑞,𝑤 = 𝑂(𝑛𝛿), 𝑛 = 1,2, … 

holds. 

Theorem-1.2: Consider1 < 𝑞 < ∞, 𝑤 ∈ 𝐴𝑞,0 < 𝛿 ≤ 1 and let (𝑞𝑛)𝑛=0
∞  be a sequence of the 

positive real numbers adheres relation 

∑ |
𝑄𝜇

𝜇 + 1
−

𝑄𝜇+1

𝜇 + 2
|

𝑛−1

μ=0

= 𝑂 (
𝑄𝑛

𝑛 + 1
) 

Then for every f ∈ Lip(δ, q, w), the assessment 

|𝑓 − 𝑅𝑛(𝑓)|𝑞,𝑤 = 𝑂(𝑛−δ),    𝑛 = 1,2, … 

is achieved. To clarify our intention, let's recall some notations and concepts. 

Let 𝑢 = (𝑢𝑛) and 𝑣 = (𝑣𝑛) be sequences of non-negative integers that satisfy the following 

conditions: 

Given 

𝑢𝑛 ≤ 𝑣𝑛, 𝑛 = 1,2, …    (1.1) 

And 

lim
𝑛→∞

𝑢𝑛 ≤ lim
𝑛→∞

𝑣𝑛 = +∞   (1.2) 

  

The deferred Ces𝑎́ro mean, established by sequences a and b, is specified as 

𝐷𝑛 = 𝐷𝑢
𝑏𝑣 =

𝑆𝑢𝑛+1
+ 𝑆𝑢𝑛+2

+ ⋯ + 𝑆𝑣𝑛

𝑣𝑛 − 𝑢𝑛
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When (𝑆𝜇) denotes a sequence of real or complex numbers. Given that each 𝐷𝑢
𝑣 with conditions 

(1.1) and (1.2) meets the Silverman–Toeplitz criteria, every 𝐷𝑢
𝑣 is regular. 

𝐷𝑢
𝑣𝑁𝑛(𝑓; 𝑦) =

1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑ 𝑞𝑣𝑛−μ

𝑣𝑛

μ=𝑢𝑛+1

𝑆μ(𝑓; 𝑦) 

And 

𝐷𝑢
𝑣𝑅𝑛(𝑓; 𝑦) =

1

𝑄𝑢𝑛+1
𝑣𝑛

∑ 𝑞μ

𝑣𝑛

μ=𝑢𝑛+1

𝑆μ(𝑓; 𝑦), 

Where 

𝑄0
𝑣𝑛−𝑢𝑛−1

= ∑ 𝑞μ

𝑣𝑛−𝑢𝑛−1

μ=0

≠ 0, 𝑄𝑢𝑛+1
𝑣𝑛 = ∑ 𝑞μ

𝑣𝑛

μ=𝑢𝑛+1

≠ 0 

These two methods are referred to as the deferred Voronoi–Norlund means, (𝐷𝑢
𝑣𝑁, 𝑞), and the 

deferred Riesz means, (𝐷𝑢
𝑣𝑅, 𝑞), respectively. 

𝐷𝑢
𝑣(𝑓; 𝑦) =

1

𝑣𝑛 − 𝑢𝑛
∑ 𝑆μ(𝑓; 𝑦)

𝑣𝑛

μ=𝑢𝑛+1

 

Lemmas 

The following statements are required for the proof of our results. 

Lemma-2.1: [17] Let 1 < 𝑞 < ∞, 0 < 𝛿 ≤ 1 and 𝑤 ∈ 𝐴𝑞. Thus, for each 𝑓 ∈

𝐿𝑖𝑝(𝛿, 𝑞, 𝑤) the evaluation 

‖𝑓 − 𝑆𝑛(𝑓)‖𝑞,𝑤 = 𝑂(𝑛−δ),    𝑛 = 1,2, … 

hold. 

Lemma-2.2: [17] Let 1 < 𝑞 < ∞, 0 < 𝛿 ≤ 1 and 𝑤 ∈ 𝐴𝑞. Thus, for every 𝑓 ∈

𝐿𝑖𝑝(1, 𝑞, 𝑤) the evaluation 

‖𝑆𝑛(𝑓) − 𝜎𝑛(𝑓)‖𝑞,𝑤 = 𝑂(𝑛−1),    𝑛 = 1,2, … 

hold. 
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To denote these classes, we use 𝑐 ∈ 𝐴𝑀𝐷𝑆 and 𝑐 ∈ 𝐴𝑀𝐼𝑆 for almost monotone decreasing 

and increasing sequences, respectively. The following lemma is crucial in establishing our 

main results. 

𝑣𝑛𝑞𝑣𝑛−𝑢𝑛−1 = 𝑂(𝑄0
𝑣𝑛−𝑢𝑛−1

)    (2.1) 

Then 

∑ 𝑞𝑣𝑛−𝑢𝑛−1−μ(𝑢𝑛 + 1 + μ)−δ

𝑣𝑛−𝑢𝑛−1

μ=0

= 𝑂((𝑣𝑛 − 𝑢𝑛)−δ𝑄0
𝑣𝑛−𝑢𝑛−1

) 

𝑓𝑜𝑟 0 < 𝛼 < 1. 

Proof: Consider the sum 

∑ 𝑞𝑣𝑛−𝑢𝑛−1−μ(𝑢𝑛 + 1 + μ)−δ

𝑣𝑛−𝑢𝑛−1

μ=0

 

Let analyze the general term 𝑞𝑣𝑛−𝑢𝑛−1−μ(𝑢𝑛 + 1 + μ)−δ. 

Since (𝑞𝑛) ∈ 𝐴𝑀𝐷𝑆, 

We have, 𝑞𝑣𝑛−𝑢𝑛−1 ≤ 𝐾𝑞𝑣𝑛−𝑢𝑛−1  

Using this in the sum,  

∑ 𝑞𝑣𝑛−𝑢𝑛−1−μ(𝑢𝑛 + 1 + μ)−δ

𝑣𝑛−𝑢𝑛−1

μ=0

≤ 𝑞𝑣𝑛−𝑢𝑛−1 ∑ 𝐾(𝑢𝑛 + 1 + 𝜇)−𝛿

𝑣𝑛−𝑢𝑛−1

𝜇=0

 

Next, observe that the term (𝑢𝑛 + 1 + 𝜇)−𝛿 decreases as 𝜇 increases. Hence, we can bound 

the sum by integrating 

∑ (𝑢𝑛 + 1 + μ)−δ

𝑣𝑛−𝑢𝑛−1

μ=0

≤ ∫ (𝑢𝑛 + 1 + 𝑦)−δ
𝑣𝑛−𝑢𝑛

0

𝑑𝑦. 

Substituting, 𝜂 = 𝑢𝑛 + 1 + 𝑦 , 𝑑𝜂 = 𝑑𝑦 
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∫ (𝑢𝑛 + 1 + 𝑦)−𝛿𝑣𝑛−𝑢𝑛

0
𝑑𝑦 = ∫ 𝜂−𝛿𝑣𝑛+1

𝑢𝑛+1
𝑑𝜂 = [

𝜂1−𝛿

1−𝛿
]

𝑢𝑛+1

𝑣𝑛+1

.              (2.2) 

Evaluating the integral 

(𝑣𝑛 + 1)1−δ − (𝑢𝑛 + 1)1−δ

1 − δ
 

For 0 < 𝛿 < 1, the dominant term is (𝑣𝑛 + 1)1−𝛿, so 

∫ 𝜂−𝛿
𝑣𝑛+1

𝑢𝑛+1

𝑑𝜂 ≈
(𝑣𝑛 + 1)1−𝛿

1 − 𝛿
. 

Thus, 

∑ (𝑢𝑛 + 1 + 𝜇)−𝛿

𝑣𝑛−𝑢𝑛−1

𝜇=0

≤
(𝑣𝑛 + 1)1−𝛿

1 − 𝛿
. 

Using this bound, 

∑ 𝑞𝑣𝑛−𝑢𝑛−1−μ(𝑢𝑛 + 1 + μ)−δ

𝑣𝑛−𝑢𝑛−1

μ=0

≤ 𝑞𝑣𝑛−𝑢𝑛−1𝐾.
(𝑣𝑛 + 1)1−δ

1 − δ
 

Recall that,  𝑣𝑛𝑞𝑣𝑛−𝑢𝑛−1 ≤ 𝐶𝑄0
𝑣𝑛−𝑢𝑛−1

. 

𝑞𝑣𝑛−𝑢𝑛−1 ≤
𝑄0

𝑣𝑛−𝑢𝑛−1

𝑣𝑛
 

Substituting, 

∑ 𝑞𝑣𝑛−𝑢𝑛−1−μ(𝑢𝑛 + 1 + μ)−δ

𝑣𝑛−𝑢𝑛−1

μ=0

≤
𝑄0

𝑣𝑛−𝑢𝑛−1

𝑣𝑛
𝐾.

(𝑣𝑛 + 1)1−δ

1 − δ
. 

Simplifying, we get 
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∑ 𝑞𝑣𝑛−𝑢𝑛−1−μ(𝑢𝑛 + 1 + μ)−δ

𝑣𝑛−𝑢𝑛−1

μ=0

= 𝑂((𝑣𝑛 − 𝑢𝑛)−δ𝑄0
𝑣𝑛−𝑢𝑛−1

) 

Main Theorems:  

Theorem-3.1: Let 𝑞 ∈ (1, ∞), 𝑤 ∈ 𝐴𝑞 and 𝑓 ∈ 𝐿𝑖𝑝(𝛿, 𝑞, 𝑤). If at least one of the conditions 

i. 0 < 𝛿 < 1, 𝑎𝑛𝑑(𝑞𝑛) ∈ 𝐴𝑀𝐷𝑆 

ii. 0 < 𝛿 < 1, (𝑞𝑛) ∈ 𝐴𝑀𝐼𝑆  𝑎𝑛𝑑 (2.1) ℎ𝑜𝑙𝑑𝑠 

iii. δ = 1, ∑ |Δ(𝑞𝑗)|
𝑣𝑛−𝑢𝑛−1
𝑗=1 = 𝑂(1), 𝑎𝑛𝑑 (2.1) ℎ𝑜𝑙𝑑𝑠 

iv. δ = 1, ∑ 𝑗|Δ(𝑞𝑗)|
𝑣𝑛−𝑢𝑛−1
𝑗=1 = 𝑂(1). 

is true, where 𝛥(𝑞𝑗) = 𝑞𝑗 − 𝑞(𝑗+1), the 

‖𝑓 − 𝐷𝑢
𝑣𝑁𝑛(𝑓)‖𝑞,𝑤   = 𝑂((𝑣𝑛 − 𝑢𝑛)1−δ),             (  𝑛 = 1,2, … ) 

Proof: Let 0 < 𝛿 < 1, Using Lemma 2.1 and Lemma 2.3, the cases (i) and (ii) can be proved 

simultaneously. Namely, since 

𝑓(𝑦) =
1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑ 𝑞𝑣𝑛−𝑢𝑛−1−μ

𝑣𝑛−𝑢𝑛−1

μ=0

𝑓(𝑦) 

we can write 

𝑓(𝑦) − 𝐷𝑢
𝑣𝑁𝑛(𝑓; 𝑦) =

1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑ 𝑞𝑣𝑛−𝑢𝑛−1−μ[𝑓(𝑦) − 𝑆𝑢𝑛+1+μ(𝑓; 𝑦)]

𝑣𝑛−𝑢𝑛−1

μ=0

, 

Therefore, by utilizing Lemma 2.1 and Lemma 2.3, we derive 

‖𝑓 − 𝐷𝑢
𝑣𝑁𝑛(𝑓)‖𝑞,𝑤 ≤

1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑ 𝑞𝑣𝑛−𝑢𝑛−1−μ

𝑣𝑛−𝑢𝑛−1

μ=0

|𝑓 − 𝑆𝑢𝑛+1+μ(𝑓)|𝑞,𝑤 

≤
1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑ 𝑞𝑣𝑛−𝑢𝑛−1−μ

𝑣𝑛−𝑢𝑛−1

μ=0

|𝑓 − 𝑆𝑢𝑛+1+μ(𝑓)|𝑞,𝑤(𝑢𝑛 + 1 + 𝜇)−𝛿 

=
1

𝑄0
𝑣𝑛−𝑢𝑛−1 𝑂 ( ∑ 𝑞𝑣𝑛−𝑢𝑛−1−μ(𝑢𝑛 + 1 + μ)−δ

𝑣𝑛−𝑢𝑛−1

μ=0

) 

=
1

𝑄0
𝑣𝑛−𝑢𝑛−1 𝑂(𝑄0

𝑣𝑛−𝑢𝑛−1(𝑣𝑛 − 𝑢𝑛)1−δ) 

= 𝑂((𝑣𝑛 − 𝑢𝑛)1−δ) 

We need to specifically address the case where 𝛿 = 1. Applying Abel’s transformation results 

in the following, 
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𝐷𝑢
𝑣𝑁𝑛(𝑓; 𝑦) = ∑ 𝑞𝑣𝑛−𝑢𝑛−1−μ

𝑣𝑛−𝑢𝑛−2

μ=0

𝑆𝑢𝑛+μ+1(𝑓; 𝑦) 

=
1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑ 𝑄0

𝑣𝑛−𝑢𝑛−1

𝑣𝑛−𝑢𝑛−1

μ=0

𝑞𝑣𝑛−𝑢𝑛−1−μ𝑆𝑢𝑛+μ+1(𝑓; 𝑦) 

=
1

𝑄0
𝑣𝑛−𝑢𝑛−1 { ∑ 𝑄0

𝑣𝑛−𝑢𝑛−1
(𝑠𝑢𝑛+𝜇+1(𝑓; 𝑦) − 𝑆𝑢𝑛

(𝑓; 𝑦))

𝑣𝑛−𝑢𝑛−1

𝜇=0

∑ 𝑄0
𝑣𝑛−𝑢𝑛−1

𝑣𝑛−𝑢𝑛−1

𝜇=0

𝑆𝑢𝑛
(𝑓; 𝑦)} 

=
1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑ 𝑄0

𝑣𝑛−𝑢𝑛−1
(𝑠𝑢𝑛+𝜇+1(𝑓; 𝑦) − 𝑆𝑢𝑛

(𝑓; 𝑦)) +

𝑣𝑛−𝑢𝑛−1

𝜇=0

𝑆𝑢𝑛
(𝑓; 𝑦) 

=
1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑ 𝑄0

𝑣𝑛−𝑢𝑛−1

𝑣𝑛−𝑢𝑛−1

μ=0

𝐴𝑢𝑛+μ+1(𝑓; 𝑦) + 𝑆𝑢𝑛
(𝑓; 𝑦). 

We utilize the evident equality 

𝑆𝑣𝑛
(𝑓; 𝑦) =

1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑ 𝑄0

𝑣𝑛−𝑢𝑛−1

𝑣𝑛−𝑢𝑛−1

μ=0

𝐴𝑢𝑛+μ+1(𝑓; 𝑦) + ∑ 𝐴μ(𝑓; 𝑦)

𝑢𝑛

μ=0

 

and Abel's transformation to derive 

𝑆𝑣𝑛
(𝑓; 𝑦) − 𝐷𝑢

𝑣𝑁𝑛(𝑓; 𝑦) =
1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑

𝑄0
𝑣𝑛−𝑢𝑛−1

− 𝑄0
𝑣𝑛−𝑢𝑛−1−𝜇

𝜇

𝑣𝑛−𝑢𝑛−1

𝜇=0

𝜇𝐴𝑢𝑛+1+𝜇(𝑓; 𝑦) 

=
1

𝑄0
𝑣𝑛−𝑢𝑛−1 {∆ (

𝑄0
𝑣𝑛−𝑢𝑛−1

− 𝑄0
𝑣𝑛−𝑢𝑛−1−𝜇

𝜇
) ∑ 𝑗𝐴𝑢𝑛+1+𝜇(𝑓; 𝑦)

𝜇

𝑗=1

+
𝑄0

𝑣𝑛−𝑢𝑛−1
− 𝑄0

0

𝑣𝑛 − 𝑢𝑛 − 1
∑ 𝑗𝐴𝑢𝑛+1+𝜇(𝑓; 𝑦)

𝑣𝑛−𝑢𝑛−1

𝑗=1

} 

=
1

𝑄0
𝑣𝑛−𝑢𝑛−1 {∆ (

𝑄0
𝑣𝑛−𝑢𝑛−1

− 𝑄0
𝑣𝑛−𝑢𝑛−1−𝜇

𝜇
) ∑ 𝑗𝐴𝑢𝑛+1+𝜇(𝑓; 𝑦)

𝜇

𝑗=1

+
𝑄0

𝑣𝑛−𝑢𝑛−1
− 1

𝑣𝑛 − 𝑢𝑛 − 1
𝐴𝑢𝑛+1+𝜇(𝑓; 𝑦)} 

Thus, Lemma 2.3 gives 

‖∑ 𝑗𝐴𝑢𝑛+1+𝜇(𝑓; 𝑦)

𝜇

𝑗=1

‖ ≤
1

μ(μ + 1)
= 𝑂(1) 
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and therefore 

‖𝑆𝑣𝑛
(𝑓) − 𝐷𝑢

𝑣𝑁𝑛(𝑓)‖
𝑞,𝑤

 ≤ 𝑂 (
1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑ |∆ (

𝑄0
𝑣𝑛−𝑢𝑛−1

− 𝑄0
𝑣𝑛−𝑢𝑛−1−𝜇

𝜇
)|

𝑣𝑛−𝑢𝑛−1

𝜇=0

) 

Moreover, the equality 

Δ (
𝑄0

𝑣𝑛−𝑢𝑛−1
− 𝑄0

𝑣𝑛−𝑢𝑛−1−μ

μ
) = −𝑄0

𝑣𝑛−𝑢𝑛−1
(

1

𝜇(𝜇 + 1)
) − (

𝑄0
𝑣𝑛−𝑢𝑛−1−(𝜇+1)

𝜇 + 1
−

𝑄0
𝑣𝑛−𝑢𝑛−1

𝜇
) 

= −
𝑄0

𝑣𝑛−𝑢𝑛−2−μ
− 𝑄0

𝑣𝑛−𝑢𝑛−1

μ + 1
 

holds true 

we obtain 

‖𝑆𝑣𝑛
(𝑓) − 𝐷𝑢

𝑣𝑁𝑛(𝑓)‖
𝑞,𝑤

= 𝑂 (
1

𝑄
0

𝑣𝑛−𝑢𝑛−1 ∑ |Δ (
𝑄

0

𝑣𝑛−𝑢𝑛−1
− 𝑄

0

𝑣𝑛−𝑢𝑛−1−μ

μ
)|

𝑣𝑛−𝑢𝑛−1

μ=1

) 

= 𝑂 (
1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑ |

𝑄0
𝑣𝑛−𝑢𝑛−1

μ(μ + 1)
−

𝑄0
𝑣𝑛−𝑢𝑛−1−μ

μ
|

𝑣𝑛−𝑢𝑛−1

μ=1

) 

= 𝑂 (
1

𝑄0
𝑣𝑛−𝑢𝑛−1 ∑ |

𝑄0
𝑣𝑛−𝑢𝑛−1

μ + 1
−

𝑄0
𝑣𝑛−𝑢𝑛−1

− 𝑄0
𝑣𝑛−𝑢𝑛−1−μ

μ
|

𝑣𝑛−𝑢𝑛−1

𝑚=1

) 

= 𝑂 (
1

𝑄0
𝑣𝑛−𝑢𝑛−1 . (1 −

1

𝑣𝑛 − 𝑢𝑛
)) 

= 𝑂 (
1

𝑄0
𝑣𝑛−𝑢𝑛−1) 

= 𝑂(1) 

To finalize the proof of our theorem, we need to address the remaining case (iv). First, we 

demonstrate that, under the assumption 

∑ 𝑗|Δ(𝑞𝑗)|

𝑣𝑛−𝑢𝑛−1

𝑗=1

= 𝑂(𝑄0
𝑣𝑛−𝑢𝑛−1

) 

the inequality 

𝐾𝑢𝑛,𝑣𝑛
= ∑ |Δ (

𝑄0
𝑣𝑛−𝑢𝑛−1

−𝑄0
𝑣𝑛−𝑢𝑛−1−μ

μ
)|

𝑣𝑛−𝑢𝑛−1
μ=1 = 𝑂(1)  (3.1) 

holds true. 
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So, we have proved that 

‖𝑆𝑣𝑛
(𝑓) − 𝐷𝑢

𝑣𝑁𝑛(𝑓)‖
𝑞,𝑤

= 𝑂(1) 

and using Lemma 2.1, we obtain 

‖𝑓 − 𝐷𝑢
𝑣𝑁𝑛(𝑓)‖𝑞,𝑤 = ‖𝑓 − 𝑆𝑣𝑛

(𝑓)‖
𝑞,𝑤

+ ‖𝑆𝑣𝑛
(𝑓) − 𝐷𝑢

𝑣𝑁𝑛(𝑓)‖
𝑞,𝑤

= 𝑂(1) 

The proof is completed. 

Theorem-3.2: Let 1 < 𝑞 < ∞, 𝑤 ∈ 𝐴𝑞 , 0 < δ ≤ 1. Also, let (𝑞𝑛)𝑛=0
∞  be a sequence of the 

positive real numbers that fulfills the relation  

∑ |
𝑄𝑢𝑛+1

𝜇+𝑢𝑛+1

𝑢𝑛+2+𝜇
−

𝑄𝑢𝑛+1
𝜇+𝑢𝑛+2

𝑢𝑛+3+𝜇
|𝑛−1

𝑚=0 = 𝑂 (
𝑄𝑢𝑛+1

𝑣𝑛−1

𝑣𝑛
)   (3.2) 

Then for every 𝑓 ∈ 𝐿𝑖𝑝(𝛿, 𝑞, 𝑤), the estimate  

‖𝑓 − 𝑅𝑛(𝑓)‖𝑞,𝑤 = 𝑂(𝑛−δ),           𝑛 = 1,2, … 

is satisfied. 

Proof: Let 0 < δ < 1, First 𝑓 all, we write  

𝑓(𝑦) − 𝐷𝑢
𝑣𝑅𝑛(𝑓; 𝑦) =

1

𝑄𝑢𝑛+1
𝑣𝑛

∑ 𝑞𝑢𝑛+1+𝜇[𝑓(𝑦) − 𝑆𝑢𝑛+1+𝜇(𝑓; 𝑦)]

𝑣𝑛−𝑢𝑛−1

𝜇=0

 

Using Lemma 2.1, 

‖𝑓(𝑦) − 𝐷𝑢
𝑣𝑅𝑛(𝑓; 𝑦)‖𝑞,𝑤 ≤

1

𝑄𝑢𝑛+1
𝑣𝑛

∑ 𝑞𝑢𝑛+1+𝜇

𝑣𝑛−𝑢𝑛−1

𝜇=0

|𝑓 − 𝑆𝑢𝑛+1+𝜇(𝑓)|𝑞,𝑤 

≤
1

𝑄𝑢𝑛+1
𝑣𝑛 ∑ 𝑞𝑢𝑛+1+μ

𝑣𝑛−𝑢𝑛−1
μ=0 𝑂((𝑢𝑛 + 1 + μ)−δ)    (3.3) 

We utilize the method of summation by parts to achieve (𝑄𝑢𝑛+1
0 = 0): 

∑ 𝑞𝑢𝑛+1+μ(𝑢𝑛 + 1 + μ)−δ = ∑ [(𝑢𝑛 + 1 + 𝜇)−𝛿 − (𝑢𝑛 + 2 + 𝜇)−𝛿]𝑄𝑢𝑛+1
𝜇+𝑢𝑛+1

𝛿=0

𝑣𝑛−𝑢𝑛−2

𝑣𝑛−𝑢𝑛−1

μ=0

+ 𝑣𝑛
−𝛿𝑄𝑢𝑛+1

𝑣𝑛  

= 𝑂(1) ∑ (𝑢𝑛 + 2 + μ)−1−δ𝑣𝑛−𝑢𝑛−2
μ=0 𝑄𝑢𝑛+1

μ+𝑢𝑛+1
+

𝑄𝑢𝑛+1
𝑣𝑛

(𝑣𝑛−𝑢𝑛)δ
  (3.4) 

By using summation by parts again and invoking condition (3.2), we derive 
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∑ (𝑢𝑛 + 2 + μ)−δ
𝑄𝑢𝑛+1

μ+𝑢𝑛+1

𝑢𝑛 + 2 + μ

𝑣𝑛−𝑢𝑛−2

μ=0

≤ ∑ |
𝑄𝑢𝑛+1

𝜇+𝑢𝑛+1

𝑢𝑛 + 2 + 𝜇
−

𝑄𝑢𝑛+1
𝜇+𝑢𝑛+2

𝑢𝑛 + 3 + 𝜇
| ∑(𝑢𝑛 + 2 + 𝑗)−𝛿

𝜇

𝑗=0

𝑣𝑛−𝑢𝑛−3

𝜇=0

+
𝑄𝑢𝑛+1

𝑣𝑛−1

𝑣𝑛
∑ (𝑢𝑛 + 2 + 𝑗)−𝛿

𝑣𝑛−𝑢𝑛−2

𝑗=0

 

= ∑ |
𝑄𝑢𝑛+1

μ+𝑢𝑛+1

𝑢𝑛 + 2 + μ
−

𝑄𝑢𝑛+1
μ+𝑢𝑛+2

𝑢𝑛 + 3 + μ
| 𝑂((𝑢𝑛 + 2 + μ)1−δ) +

𝑄𝑢𝑛+1
𝑣𝑛−1

𝑣𝑛
𝑂(𝑣𝑛

1−𝛿)

𝑣𝑛−𝑢𝑛−3

μ=0

 

= 𝑂 (
𝑄𝑢𝑛+1

𝑣𝑛−1

𝑣𝑛

(𝑣𝑛 − 1)1−δ) + 𝑂 (
𝑄𝑢𝑛+1

𝑣𝑛−1

𝑣𝑛
) 

= 𝑂 (
𝑄𝑢𝑛+1

𝑣𝑛−1

(𝑣𝑛−𝑢𝑛)δ
)        (3.5) 

Thus, from equations (3.3), (3.4), and (3.5), it follows that 

‖𝑓(𝑦) − 𝐷𝑢
𝑣𝑅𝑛(𝑓; 𝑦)‖𝑞,𝑤 = 𝑂 (

1

(𝑣𝑛 − 𝑢𝑛)𝛿
) 

Now, let's consider the case where 𝛿 = 1. Using summation by part, we obtain 

𝐷𝑢
𝑣𝑅𝑛(𝑓; 𝑦) =

1

𝑄𝑢𝑛+1
𝑣𝑛

∑ 𝑞𝑢𝑛+1+μ

𝑣𝑛−𝑢𝑛−1

μ=0

𝑆𝑢𝑛+1+μ(𝑓; 𝑦) 

=
1

𝑄𝑢𝑛+1
𝑣𝑛

[ ∑ (𝑆𝑢𝑛+1+𝜇(𝑓; 𝑦) − 𝑆𝑢𝑛+2+𝜇(𝑓; 𝑦))

𝑣𝑛−𝑢𝑛−2

𝜇=0

∑ 𝑞𝑢𝑛+1+𝑗

𝜇

𝑗=0

+ 𝑆
𝑣𝑛(𝑓;𝑦) ∑ 𝑞𝑢𝑛+1+𝑗

𝑣𝑛−𝑢𝑛−1
𝑗=0

] 

= −
1

𝑄𝑢𝑛+1
𝑣𝑛

[ ∑ 𝐴𝑢𝑛+2+𝜇(𝑓; 𝑦)𝑄𝑢𝑛+1
𝑢𝑛+1+𝜇

𝑣𝑛−𝑢𝑛−2

𝜇=0

− 𝑆𝑣𝑛
(𝑓; 𝑦)𝑄𝑢𝑛+1

𝑣𝑛 ] 

𝐷𝑢
𝑣𝑅𝑛(𝑓; 𝑦) − 𝑆𝑣𝑛

(𝑓; 𝑦) = −
1

𝑄𝑢𝑛+1
𝑣𝑛

∑ 𝑄𝑢𝑛+1
𝑢𝑛+1+𝜇

𝑣𝑛−𝑢𝑛−2

𝜇=0

𝐴𝑢𝑛+2+𝜇(𝑓; 𝑦). 

Applying summation by parts once more, we obtain 

∑ 𝑄𝑢𝑛+1
𝑢𝑛+1+μ

𝑣𝑛−𝑢𝑛−2

μ=0

𝐴𝑢𝑛+2+μ(𝑓; 𝑦)  = ∑
𝑄𝑢𝑛+1

𝑢𝑛+1+𝜇

𝑢𝑛 + 2 + 𝜇
(𝑢𝑛 + 2 + 𝜇)𝐴𝑢𝑛+2+𝜇(𝑓; 𝑦)

𝑣𝑛−𝑢𝑛−2

𝜇=0
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= ∑ (
𝑄𝑢𝑛+1

𝑢𝑛+1+μ

𝑢𝑛 + 2 + μ
−

𝑄𝑢𝑛+1
𝑢𝑛+2+μ

𝑢𝑛 + 3 + μ
) ∑(𝑢𝑛 + 2 + μ)𝐴𝑢𝑛+2+𝜇(𝑓; 𝑦)

μ

𝑗=0

𝑣𝑛−𝑢𝑛−2

μ=0

+
𝑄𝑢𝑛+1

𝑣𝑛−1

𝑣𝑛
∑ (𝑢𝑛 + 2 + 𝑗)𝐴𝑢𝑛+2+𝜇(𝑓; 𝑦)

𝑣𝑛−𝑢𝑛−2

𝑗=0

 

Hence, using the equality 

∑(𝑢𝑛 + 2 + 𝑗)𝐴𝑢𝑛+2+μ(𝑓; 𝑦)

μ

𝑗=0

= ∑ 𝑗𝐴𝑗(𝑓; 𝑦)

μ+𝑢𝑛+2

𝑗=𝑢𝑛+2

 

= ∑ 𝑗𝐴𝑗(𝑓; 𝑦)

μ+𝑢𝑛+2

𝑗=0

− ∑ 𝑗𝐴𝑗(𝑓; 𝑦)

𝑢𝑛+1

𝑗=0

 

= (μ + 𝑢𝑛 + 3) (𝑆μ+𝑢𝑛+2(𝑓; 𝑦) − χμ+𝑢𝑛+2(𝑓; 𝑦)) − (𝑢𝑛 + 2) (𝑆𝑢𝑛+1(𝑓; 𝑦) − χ𝑢𝑛+1(𝑓; 𝑦)) 

we get, 

‖ ∑ 𝑄𝑢𝑛+1
𝑢𝑛+1+𝜇

𝑣𝑛−𝑢𝑛−2

𝜇=0

𝐴𝑢𝑛+2+𝜇(𝑓; 𝑦)‖

𝑞,𝑤

≤ ∑ |
𝑄

𝑢𝑛+1

𝑢𝑛+1+μ

𝑢𝑛 + 2 + μ
−

𝑄
𝑢𝑛+1

𝑢𝑛+2+μ

𝑢𝑛 + 3 + μ
|

𝑣𝑛−𝑢𝑛−3

μ=0

‖∑(𝑢𝑛 + 2 + 𝜇)𝐴𝑢𝑛+2+𝜇(𝑓)

𝜇

𝑗=0

‖

𝑞,𝑤

+
𝑄

𝑢𝑛+1

𝑣𝑛−1

𝑣𝑛

‖ ∑ (𝑢𝑛 + 2 + 𝑗)𝐴𝑢𝑛+2+𝜇(𝑓)

𝑣𝑛−𝑢𝑛−2

𝑗=0

‖

𝑞′𝑤

 

≤ ∑ (μ + 𝑢𝑛 + 3) |
𝑄𝑢𝑛+1

𝑢𝑛+1+μ

𝑢𝑛 + 2 + μ
−

𝑄𝑢𝑛+1
𝑢𝑛+2+μ

𝑢𝑛 + 3 + μ
|

𝑣𝑛−𝑢𝑛−3

μ=0

‖𝑆𝜇+𝑢𝑛+2(𝑓) − 𝜒𝜇+𝑢𝑛+2(𝑓)‖
𝑞,𝑤

+ ∑ (𝑢𝑛 + 2) |
𝑄𝑢𝑛+1

𝑢𝑛+1+𝜇

𝑢𝑛 + 2 + 𝜇
−

𝑄𝑢𝑛+1
𝑢𝑛+2+𝜇

𝑢𝑛 + 3 + 𝜇
|

𝑣𝑛−𝑢𝑛−3

𝜇=0

 

‖𝑆𝑢𝑛+1(𝑓) − 𝜒𝑢𝑛+1(𝑓)‖
𝑞,𝑤

+
𝑄𝑢𝑛+1

𝑣𝑛−1

𝑣𝑛
[(𝑣𝑛 + 1)‖𝑆𝑣𝑛

(𝑓) − 𝜒𝑣𝑛
(𝑓)‖

𝑞,𝑤

+ (𝑢𝑛 + 2)‖𝑆𝑢𝑛+1(𝑓) − 𝜒𝑢𝑛+1(𝑓)‖
𝑞,𝑤

] 

 

Therefore, by applying Lemma 2.2 and condition (3.2), we obtain 

‖𝐷𝑢
𝑣𝑅𝑛(𝑓) − 𝑆𝑣𝑛

(𝑓)‖
𝑞,𝑤

=
1

𝑄𝑢𝑛+1
𝑣𝑛

𝑂 ( ∑ |
𝑄𝑢𝑛+1

𝑢𝑛+1+𝜇

𝑢𝑛 + 2 + 𝜇
−

𝑄𝑢𝑛+1
𝑢𝑛+2+𝜇

𝑢𝑛 + 3 + 𝜇
|

𝑣𝑛−𝑢𝑛−3

𝜇=0

+
𝑄𝑢𝑛+1

𝑣𝑛−1

𝑣𝑛

) 
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= 𝑂 (
1

𝑣𝑛
) = 𝑂 (

1

𝑣𝑛 − 𝑢𝑛
). 

 

Finally, the latest estimate and Lemma 2.1 imply 

‖𝑓 − 𝐷𝑢
𝑣(𝑓)‖𝑞,𝑤 ≤ ‖𝑓 − 𝑆𝑣𝑛

(𝑓)‖
𝑞,𝑤

+ ‖𝑆𝑣𝑛
(𝑓) − 𝐷𝑢

𝑣𝑅𝑛(𝑓)‖
𝑞,𝑤

 

= 𝑂 (
1

𝑣𝑛 − 𝑢𝑛
). 

The proof is completed. 

Remark-3.1: If we take 𝑢𝑛 = 0 and vn = n, (n = 1,2, … ). in our theorems, then we obtain the 

results proved in [1]. 

Assume that F is a subset of N and represented as the range of a strictly increasing sequence of 

positive integers, denoted by 𝐹 = (𝜆(𝑛))
1

∞
 

The polynomials 

𝑁𝑛
λ(𝑓; 𝑦) =

1

𝑄λ(𝑛)
∑ 𝑞λ(𝑛)−𝑘

λ(𝑛)

𝑘=0

𝑠𝑘(𝑓; 𝑦), 

and 

𝑅𝑛
λ(𝑓; 𝑦) =

1

𝑄λ(𝑛)
∑ 𝑞𝑘

λ(𝑛)

𝑘=0

𝑠𝑘(𝑓; 𝑦), 

introduced in [15], are the particular case (for 𝑢𝑛 = 0 and 𝑣𝑛 = 𝜆((𝑛))) of the means 

𝐷𝑢
𝑣𝑁𝑛(𝑓; 𝑦) and 𝐷𝑢

𝑣𝑅𝑛(𝑓; 𝑦), respectively. Therefore Theorem 3.1 implies. 

Corollaries 

[13] Let 𝑞 ∈ (1, ∞), 𝑤 ∈ 𝐴𝑞, and 𝑓 ∈ 𝐿𝑖𝑝(𝛿, 𝑞, 𝑤). if any one of the conditions 

i. 𝟎 < 𝛅 < 𝟏, and (𝒒𝒏) ∈ 𝑨𝑴𝑫𝑺 

ii. 𝟎 < 𝛅 < 𝟏, (𝒒𝒏) ∈ 𝑨𝑴𝑰𝑺 𝒂𝒏𝒅   (𝛌(𝒏) + 𝟏)𝒒𝛌(𝒚) = 𝑸𝛌(𝒏) holds 

iii. 𝛅 = 𝟏, ∑ |𝚫(𝒒𝒋)|
𝒗𝒏−𝒖𝒏−𝟏
𝒋=𝟏 = 𝑶(𝟏), and (2.1) holds 

iv. 𝛅 = 𝟏, ∑ 𝒋|𝚫(𝒒𝒋)|
𝒗𝒏−𝒖𝒏−𝟏
𝒋=𝟏 = 𝑶(𝟏) 
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is true, where 𝛥(𝑞𝑗) = 𝑞𝑗 − 𝑞𝑗+1, then 

‖𝑓 − 𝑁𝑛
𝜆(𝑓)‖

𝑞,𝑤
= 𝑂 ((λ(𝑛))

1−δ
),      (𝑛 = 1,2, … ). 

Additionally, for 𝑞𝑘 = 1,         𝑘 = 0,1, … , 𝜆(𝑛), we derive the polynomials 

𝐶𝑛
λ(𝑓; 𝑦) =

1

λ(𝑛) + 1
∑ 𝑠𝑘(𝑓; 𝑦)

λ(𝑛)

𝑘=0

, 

which for 𝜆(𝑛) = 𝑛, reduce to the ordinary Cesàro mean. Thus, under suitable conditions, the 

deviation 

‖𝑓 − 𝐶𝑛
𝜆(𝑓)‖

𝑞,𝑤
= 𝑂 ((λ(𝑛))

1−δ
) , (𝑛 = 1,2, … ). 

is also implied from our results. 

Finally, Theorem 3.2 implies the following. 

Corollary 4.2: Let 1 < 𝑞 < ∞, 𝑤 ∈ 𝐴𝑞 , 0 < 𝛿 ≤ 1.Also, Let (𝑞𝑛)𝑛=0
∞  be a sequence of the 

positive real numbers that satisfies the relation 

∑ |
𝑄1

𝜇+1

𝜇 + 2
−

𝑄1
𝜇+2

𝜇 + 3
|

λ(𝑛)−3

μ=0

= 𝑂 (
𝑄1

λ(𝑛)−1

λ(𝑛)
) 

Then for every 𝑓 ∈ 𝐿𝑖𝑝(𝛿, 𝑞, 𝑤), the estimate 

‖𝑓 − 𝑅𝑛
𝜆(𝑓)‖

𝑞,𝑤
= 𝑂 ((λ(𝑛))

−δ
) ,     𝑛 = 1,2, … 

is satisfied. 

Application 

a) The importance of Summability and Approximation Theory has been clearly 

illustrated in numerous fields, such as Fourier Analysis, Analytic Continuation, 

Quantum Mechanics, Probability Theory, and Signal Analysis. 
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b) Deferred methods in JavaScript are often associated with promises and 

async/await to manage asynchronous operations, such as network requests or 

file I/O. These methods delay execution until the asynchronous operation is 

complete. 

Declarations 
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Conclusions 

This paper explores the trigonometric approximation of functions using deferred Voronoi–

Nörlund and Riesz means in weighted function spaces. It presents convergence results and error 

estimates, highlighting the effectiveness of these methods within weighted norms. The findings 

enhance approximation theory and open avenues for broader applications of these techniques. 
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