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Abstract
The degree of approximation for functions in generalized Lipschitz classes can be established
using deferred Voronoi—Norlund and deferred Riesz transforms applied to the partial sums of
their trigonometric Fourier series in weighted Lebesgue spaces.
Keywords: Fourier series; Deferred Voronoi—Norlund transformation; Degree of
approximation; Modulus of continuity; Lipschitz class.
Introduction
Xhevat Z. Krasniqi [17] introduced deferred Voronoi—Norlund and Riesz means, enhancing
classical summability methods by incorporating additional sequences. These advanced
means provide greater flexibility and control over the convergence of sequences and series.
The deferred Voronoi—Norlund means use a double sequence of weights, refining the
summability process, while the deferred Riesz means add a component to consider more
factors in summation.
The degree of approximation of an integrable 2m — periodic function

f(x) € Lip(6,q) by n — th partial sum

n
u
Sa(f;y) = ?0 + Z(ukcosky + vy sinky)
k=1

of its Fourier series (at the point y)

u
fy) ~ 70 + Z(ukcosky + vy sinky)
k=1
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The study of L7-norms (g € [1, o) has been significantly advanced by E. S. Quade [6], who
analyzed the values of § and g that determine when the degree of approximation is of order
O(n_‘s). His results serve as an excellent foundation for the continued publication of numerous
generalizations that have recently been achieved by other researchers. For example, presented
by Xh. Z. Krasniqi in [16, 17, 18], S. Z. Jafarov in [12, 13] and U. Déger in [14, 15]. Later on,
more systematic results gives by Chandra in [10] by using Approximation by trigonometric
polynomials, weighted norm [4], Cesaro means [15], Trigonometric approximation [3], [6] and
[7]. In the same spirit, Guven [1] and [2] results.

We must recall the concept of the weighted Lebesgue space L. A measurable 2m-2periodic
function w: [0,27r] — [0, o] is defined as a weight function if the Collection w~1(0, o) has
then the Lebesgue measure zero. The space LI, = L1 [0,2r], where q € [1,00) and w is a

weighted function, contains all measurable functions f that are with 2m-2periodic.

2T %
Ifllgw = <f If()J)I"W(y)dx) <
0
Let g € (1, ). a weight function w belongs to class A, if there exists a contain C > 0, such

that for every ball y € R™.

1 1 1-g'
(m jy w(y)dy) (w_| jv w ()| dy) <o

Where q’ denotes the Holder conjugate of q, defined i + % =1.

Assuming q € (1,0),w € A, and f € L, the modulus of continuity w(f,t) of the f can be
Identified in terms of the weighted L norm. It measures how much the function f can change

over small distance, for L}, the modulus of continuity w(f, t) is defined by

w(f,0) = Y IFCH) = FOlg,

|h|st

Where ||. || 5 is the weighted L9 norm, Identified by

681



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025
1
q
lallg = ( [ 191wy
R

show that the Lipschitz class Lip(8, g, w), where 0 < § < 1, can be defined as
Lip(8,q,w) = {f € LL:|f(.+h) —fl < C|h|3V|h| < v, when C > 0 and v > 0}
Before recalling Giiven's [1] results, we need to first establish some preliminary concepts.
Whenever necessary, we utilize the n — th partial sums of the Fourier series of f(y) evaluated

at the point x, expressed as follows:

Sa(fi9) = ) A(fy),
k=0

Where

Uy

Ao(f3y) = >

A (f; v) = ugcosky + vsinky, (k = 1,2, ...).

Let (gn)n=o be a sequence of positive real numbers. We investigate two transformations, the

so-called Norlund and Riesz transforms, of the sums S,,(f; y) specified by:
1 n
Nn(f; y) = Q_Z Qn—p.Su(f; y)
n =0
and
1 n
Ru(fiy) = 5= ) 4uSu(f3)
n =0

where, @, = Y=o g, As established by Krasniqi [17],we utilize the same results for the case

where p,, = q,, as follows:
Theorem-1.1: Considerl < q <oo,w € 4;,0<d < 1and let (gy)n=o be a monotonic

sequence of positive real numbers such that

(n+ gy = 0(Qn)

then for any f € Lip(6, g, w), the evaluation
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“f - Nn(f)”q,w = O(n(S)’n = 1I2I
holds.
Theorem-1.1: Considerl < q <oo,w € 4;,0<d < 1land let (gy)n=o be a monotonic

sequence of positive real numbers such that

(n+ g, = 0(Qn)

then for any f € Lip(6, q, w), the evaluation

”f - Nn(f)”q,w = O(na)'n = 1I2I
holds.

Theorem-1.2: Considerl < g < oo,w € 4,,0 < & < 1and let (g,);~o be a sequence of the

positive real numbers adheres relation

S
=

| Qu _ Qu+1

0,u+1 u+2

=0 (n%l)

=
1l

Then for every f € Lip(8, g, w), the assessment

|f — Rn(f)lq,w = O(n_s); n=12,..
is achieved. To clarify our intention, let's recall some notations and concepts.

Let u = (u,) and v = (v,,) be sequences of non-negative integers that satisfy the following

conditions:
Given
U, <vp,n=12,.. (1.1)
And
lim u, < lim v, = +o (1.2)
n—oo n—oo

The deferred Cesaro mean, established by sequences a and b, is specified as

Dn — DLZZV — Sun+1 + Sun+2 +ot Svn

Un — Up
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When (S”) denotes a sequence of real or complex numbers. Given that each D;; with conditions

(1.1) and (1.2) meets the Silverman—Toeplitz criteria, every D, is regular.

Un
1
DyNn(f;¥) = == 2 g S, (f;y)

0 u=up+1
And
Un
DR, (f;y) = Qvn qHSu(f; ¥),
Untl =y, +1
Where
Vp—uUp—1
Ununl Z quthQu_H un;tO

w=un+1
These two methods are referred to as the deferred Voronoi—Norlund means, (DZN, q), and the

deferred Riesz means, (DJR, q), respectively.

Lemmas
The following statements are required for the proof of our results.
Lemma-2.1: [17] Let 1 < q < 0,0 <§ < 1l andw € 4. Thus, for each f €
Lip(8, q, w) the evaluation
If = Su(Pllgw =0(n7%), n=12,..
hold.

Lemma-2.2: [17] Let 1 < q < 0,0 <§ < 1 and w € A,. Thus, for every f €

Lip(1, g, w) the evaluation
1S,(f) = 0, (Pllgw = 0™, n=12,..

hold.
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To denote these classes, we use ¢ € AMDS and ¢ € AMIS for almost monotone decreasing
and increasing sequences, respectively. The following lemma is crucial in establishing our

main results.

vnqvn—un—l — O(an_un_l) (2.1)
Then
Vn—uUp—1
D@ R+ 14070 = 0 — )00
u=0
for0<a<1.

Proof: Consider the sum
Vp—uUp—1
S g 140
u=0
Let analyze the general term gV»~“n=1"R(y,, + 1 + p)~°.
Since (q,) € AMDS,

We have, gUn " Un~1 < KqVnUn~1

Using this in the sum,

Vp—uUnp—1 Vp—unp—1
D T+ 1) < Y K+ 1407
u=0 u=0

Next, observe that the term (u,, + 1 + u) ¢ decreases as u increases. Hence, we can bound

the sum by integrating

Up—uUp—1
Un—Un

2 (un+1+u)‘ssf (un +1+y)"dy.
H=0 0

Substituting, n =u, +1+y,dn =dy
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ni=9 vp+l

n= [1—6]un+1' 2.2)

+1)t°8

1-6

For 0 < § < 1, the dominant term is (v,, + 1)*79, so

n

Up+1

1-6

1 1-68
J-v -5 dn ~ (Un + 1) .

Thus,
e (v + )10
#Z; (un+1+,u)‘5San.
Using this bound,
e (v + DI

Z qvn—un—l—u(un +1+ H)_S < qvn—un—lK.

n=0

Recall that, vnq”n_un—l < Can_u”_l_

1-6

Vp—uUnp—1
vp—up—1 < 0
q = o
Substituting,
vn_Un—1 Vn—up—1 (U + 1)1—8
z qvn_un_l—ll(un + 1 + u)—S S 0 K n
s Uy, 1-6

u:

Simplifying, we get
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Up—uUnp—1

D gy + 14 )7 = 0((v — )00 )
u=0

Main Theorems:
Theorem-3.1: Let g € (1,0),w € A; and f € Lip(6, q,w). If at least one of the conditions

i. 0<é6<1,and(q,) € AMDS
ii. 0<46<1,(q,) € AMIS and (2.1) holds

ii.  §=1,%"""""a(q,)| = 0(1), and (2.1) holds

j=1

iv.  8=1,37"""j|A(q)| = 0(D).
is true, where 4(q;) = q; — q(j+1), the

If = DENy(Ollgw = O((vn —u)' ™), (n=12..)
Proof: Let 0 < § < 1, Using Lemma 2.1 and Lemma 2.3, the cases (i) and (ii) can be proved
simultaneously. Namely, since
Vp—un—1

1
fO) === z qrn TR E(y)
Q =

we can write

1 Vp—unp—1
f) = DNy (f5y) = Qrn Z q ) = Suyraen (9],
0 |_1=O

Therefore, by utilizing Lemma 2.1 and Lemma 2.3, we derive

Vp—uUp—1
1
I = DNl < oz ), 41 = S Dl
0 u_:O

Vp—up—1

D @ = Sy (Pl + 1+ 1)
n=0

1

= an—un—l

Vnp—uUnp—1
1 1 8
u=0

an—un—l

1 e
= ‘Un—un—lo(an o 1(vn_un)1_8)
0

= 0((1771 - un)l_S)

We need to specifically address the case where § = 1. Applying Abel’s transformation results
in the following,
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Up—Un—2

DINJ(Fi) = ) @RS ()
=0

Vp—uUnp—1

Vp—uUn—1 — —
= vn—un—1 Z Q" " gt - USrnr1 (F5 )

Un—Up—1 Vp—uUnp—1

- g Z Q0 ™ (St (3 ) = Sun (F39)) 2 QU S, (F39)

Up—Unp—1

= g Z Q™ ™ (Surrer1 (19 = Sun (F570) + S ()

Vp—uUp—1

= vn Un—up—1 Z Qvn—un—l un+u+1(f;y)+5un(f;)0-

We utilize the evident equality
Vp—Up—1

2 (19) = Z 0 A (F53) + D Au(£5)
u=0

and Abel's transformation to derive

Vn—Un— 1Qvn Uup—1 _ vn up—1—u
Sv, (f3¥) — DyNp(f5y) = vn_un_l z HA w1405 Y)
Vp—unp—1 Up—uUun—1—-u K
= Up—Up—1 Z]Aun+1+u(f; y)
0 ‘Ll j:l
Vp—tn—1 _ Q o V= Up—1
0
L Z g1l )
Vp—uUp—1 Up—uUn—1—-u K
= T ] Z A en(f39)
0 H =1

Vp—Up—1 _
0 1

_|_—
v, —u, —1

un+1+y(f y)

Thus, Lemma 2.3 gives

= 0(1)

u
leAun+1+u(f; NI < —H(H 1)
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and therefore

Vp—uUnp—1

v 1 gn—un—l — an—un—l—#
”SUn(f) - DuNn(f)”q'W SO ——— 2 A P

Vp—uUnp—1

Moreover, the equality

Up—Un—1  AUp—Up—1-U 1 vp—Up—1-(u+1) Un—Up—1
A < 0 0 > — _Qvn_un_l ( ) _ 0 _ 0
m 0 p(u+1) u+1 I

Vp—Upn—2—H Vp—uUnp—1
_ _ X0 — Yo
p+1
holds true
we obtain
Vn~Un =1 v, —u,—1 Vp—Uy—1—p
1 Q n n — Q n n
”Svn(f) - D&]Nn(f)” w =0 Uty —1 A( 2 : )
q, Q() I,l
u=1
_y 1 vn_il_l gn_un_1 _ an—un—l—u
- Vp—Up—1 1
Qq =t u(p+1) u
_0 1 vn_il_l gn_un_1 _ gn_un_1 _ an—un—l—u
- Un—Unp—1 1
0 — H+ B

1
=0 Vp—uUnp—1
0

=0(1)

To finalize the proof of our theorem, we need to address the remaining case (iv). First, we
demonstrate that, under the assumption

Up—uUnp—1

. Al =o@ )

j=1

the inequality

vp—Un—1_ Un-uUp—-1—H
A(Q" %o ) =0(1) (3.1)

1!

_ oVp—up—1
Kun,vn - Zu:l

holds true.
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So, we have proved that
15, = DENa (P, = 0D
and using Lemma 2.1, we obtain
If = DENw(Pllgw = If = S0, DI, + 55,0 = DENP], = O
The proof is completed.

Theorem-3.2: Let 1 < q < oo, w € A, 0 < & < 1. Also, let (g,)7~¢ be a sequence of the
positive real numbers that fulfills the relation

utun+1 nt+un+2 vp—1

n—-1 Qun+1 Qun+1 _ Qun+1

Yim=0 - =0|—— (3.2)
Un+2+u Upt+3+u Un

Then for every f € Lip(6, g, w), the estimate

If — Ra(Dllgw = 0(n™9), n=1.2,..

1s satisfied.

Proof: Let 0 < 6 < 1, First f all, we write

1 Vp—uUn—1
v Qun+1+u[f(y) - Sun+1+u(f; Y)]
— 2,

Qun+1 u=0

f) = DiRn(f;y) =

Using Lemma 2.1,

Un—Unp—1
1
”f(y) - D&]Rn(f; y)”q,w = Un Z Qup+1+u |f - Sun+1+u(f)|q,w
Qun+1 u=0
1 n—Un— _
< _Zzzou 1qun+1+u 0((un +1+ U) 8) (3-3)

Vn
Qi

We utilize the method of summation by parts to achieve (an+1 = O):

Vp—up—1 5=0
Y Gl F 10 = D [+ 1407 = (a2 4 0O
u=0 Un—Un—2
+ UTI(SQZZH
_ Un—Up—2 —-1-8§ putun+1 QZ“H
=0X L " (W t2+ W 1 Q41+ (vn—nun)a (3.4)

By using summation by parts again and invoking condition (3.2), we derive
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Un—Un—2 Qu+un+1
u. +2+ -§_CUntl
ZO (4 24+ )7
Vn—Un—3 +Up+1 ptun+2
Qll n Q n
< Z Un+1 _ Untl Z(un_l_z +]) -5
. U, +2+pu u,+3+u
I,L:

vp—1 Vn—Un—2

Q
Fm N (424 )70
n j=0
VUn—Un—3 +un+1 ttUg+2 vp—1
Qupst Qup+1 Qup+1
= . —-— O((up +2+ W' %)+ ——0(va°
;) U, +2+p u, +3+1n (C ') vy, C))
Qvn—l Qvn—l
-0 ( Lt (p, — D178 | 4+ 0 | 222
Un Un
o’n~ 1
=0 ((vnin;)ﬁ) (3-5)

Thus, from equations (3.3), (3.4), and (3.5), it follows that

1
IF) = DERu(F )l = 0 (=)

Now, let's consider the case where § = 1. Using summation by part, we obtain

1 Vp—un—1
DiR,(f;y) = Qun+1+u5un+1+p(f; y)
Qun+1 u=0
1 Vp—Un—2 u
= an_,_l ZO (Sun+1+u(f; y)— Sun+2+u(f; y))z Qup+1+j T Svn(f;y)z}{go—un—l Qup i1+
n I_L: =
Vp—Un—2
1
= - Q Z Arzsn (F5)QU T 5, (F59)Q77,,
Up+1
1 Un—Up—2
DYR,(f;¥) — S, (f3y) = — Qi ™ Auprarn (F33)-
Qun+1 u=0
Applying summation by parts once more, we obtain
Vp—Up—2 Vp—Up—2 Qun+1+u
1 +1
z Qz;lilw un+2+u(f; y) = Z ul:_l—z_l_‘u(un +2+ M)Aun+2+u(f; :V)
n
u=0
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Vp—Up—2

Qun+1+u Qun+2+u

up+1 Uunp+1

= = = +2+ A

Z (un+2+u Uy +3+ )Z(un WAy 24 (f57)

u=0

Qvn_l Un—Un—2

Unt Z (up + 2 +])Aun+2+u(f y)

Hence, using the equality

wtuny+2
Z(un+2 + DAu 4240 (f5Y) = 2 JA; (5 y)
j=un+2
wt+upn+2 Up+1
= D G- D JAFY)
j=0 j=0

= (1 + ty +3) (Surugs2(5Y) = Xprunr2(F5 ) = @+ 2) (w1 (F5 3) = Xuer (3 9)

we get,
Vp—Up—2
Un+1l+u i
Z Qu2+1 Aun+2+u(f' y)
u=0 aw
Vp—Up=3 U+ 1+p Up 4241 u
B Z Q41 Q41 2 (o +24 04 O
< - u
u,+2+p u,+3+p " HI Bz
u=0 j=0 qw
vp—1 Vp—Up—2
ntl .
S Gt 24 Do)
vn
j=0 '
qw
Vp—uUp—3 un+1+p Qun+2+u
+1 Uunp+1
+u, +3 Cuy ” S -
z (n n ) Ty 2+ H w, +3+ 1 ” u+un+2(f) Xu+un+2(f)”q’w
Vn—Un—3 un+1+u Qun+2+u
n z (u, + 2) un+1 up+1

nt2+ ,u u, +3+u
||Sun+1(f) - Xun"'l(f)”q,w

vp—1
Up+1

| @+ DS (D = 20, O,
ot 2)[Sups1 () = xunﬂ(f)nqlw]

Therefore, by applying Lemma 2.2 and condition (3.2), we obtain

1 Vpn—unp—3
18R () = S0, P, = 0| >
@ Qun+1 0

u=

Un+il+u Un+2+u
Qup+1 Qup+1

un+2+u_un+3+u

Qvn—1
n Up+1
Un
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o) -0l

Finally, the latest estimate and Lemma 2.1 imply

If = DEP)lgw < (If = So O, + 15,0 = DERO|_,

1
“o(1)
Unp — Uy

The proof is completed.
Remark-3.1: If we take u,, = 0 and v, = n, (n = 1,2, ...). in our theorems, then we obtain the
results proved in [1].

Assume that F is a subset of N and represented as the range of a strictly increasing sequence of

positive integers, denoted by F = (A(n))io

The polynomials
1 A(n)
M) = g ) daco-s (3,
D)
and
A(n)
2 1
RAFiY) = 5 ) sy,
A =0

introduced in [15], are the particular case (for u, =0 and v, = A((n))) of the means
DIN,(f;y) and DZR,,(f; y), respectively. Therefore Theorem 3.1 implies.

Corollaries

[13] Let q € (1,0),w € A, and f € Lip(8, g, w). if any one of the conditions

ii 0<86<1,and (q,) € AMDS
ii. 0<8<1,(q,) €AMIS and (A(n) + 1)q,(y) = Q) holds
iii. 8 =1,%"7"""|A(q;)| = 0(1), and (2.1) holds

iv. 8§=1,37"""j|A(q)] = 0(1)
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is true, where A(qj) = q; — qj+1, then

If =Nz oll,,, =0 ((Mn))l_s), (n=12..).

Additionally, for g, = 1, k =0,1,...,A(n), we derive the polynomials
A(n)

1
Cr(f5y) = W;Sk(f:Y),

which for A(n) = n, reduce to the ordinary Cesaro mean. Thus, under suitable conditions, the
deviation

If - cioll,,, =0 (Om)™),  n=12..).

is also implied from our results.
Finally, Theorem 3.2 implies the following.

Corollary 4.2: Let 1 < g < oo,w € 4;,0 < 6 < 1.Also, Let (q,)5=o be a sequence of the

positive real numbers that satisfies the relation

A(n)-3

Qu+1 u+2 A(n)—-1
1 1 1
x1r =0

HZ(:) u+2 u+3 ( A(n) >

Then for every f € Lip(6, q, w), the estimate

If - RO, =0 () ™), n=12,..
is satisfied.
Application

a) The importance of Summability and Approximation Theory has been clearly
illustrated in numerous fields, such as Fourier Analysis, Analytic Continuation,

Quantum Mechanics, Probability Theory, and Signal Analysis.
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b) Deferred methods in JavaScript are often associated with promises and
async/await to manage asynchronous operations, such as network requests or
file I/0O. These methods delay execution until the asynchronous operation is

complete.
Declarations
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Conclusions

This paper explores the trigonometric approximation of functions using deferred Voronoi—
Norlund and Riesz means in weighted function spaces. It presents convergence results and error
estimates, highlighting the effectiveness of these methods within weighted norms. The findings
enhance approximation theory and open avenues for broader applications of these techniques.
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