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Abstract

Let G be a graph of order n. A dominating set S is said to be a radius dominating set if for
each vertex u not in S there exists a vertex v in S such that d(u,v) = rad(G). The
cardinality of the minimum radius dominating set is called the radius domination
number; y,.4(G). The energy of a graph is closely related to the energy of the chemical
structure whose graphical representation is isomorphic to G. In this article, we shall
consider a new energy parameter is defined and studied for standard families of graphs,
also established some bounds.
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1. Introduction

Consider a connected graph G of order n. The concept of graph-energy was
introduced by I. Gutman in 1978 [4]. This concept did not gain the attention of many
scholars in the beginning but later many researchers in graph theory did realize its
importance and world-wide mathematical research of graph-energy started. The
idea of set energy in fact boosted the research in graph-energy parameter. In this
article, we define a matrix called the minimum radius dominating matrix, de- noted
by A,4(G) and we study its Eigen values and the energy. Further, we study the
mathematical aspects of the minimum radius dominating energy of a graph. It may be
possible that the minimum radius dominating energy which we are considering inthis
paper have applications in other areas of science such as chemistry and so on. The
graphs we are considering are assumed to be finite, simple, un-directed having no
isolated vertices.

Consider a simple connected graph G = (V, E). Let v be any arbitrary vertex,the
eccentricity of v denoted by e(v) denotes distance of farthest vertex from v.The
set of all vertices at a distances e(v) from v is called radius set of v, denoted by
E(v). A subset of vertices is said to be radius point set of G if for each v inV —
S,there is at least one vertex u in E(v). A dominating set S of a graph Gis said
to be radius dominating set of G if each vertex not in S contains an radius vertex.
The least cardinality of a radius dominating set in G is called the minimum
eccentricity domination number of G, denoted by y,.4(G). Any radius dominating set
of cardinality y,.4(G) is called the y,; — set. For more details on the terms used in
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this paper refer [5].

1.1. Definition. The crown graph SJ, (n > 2) on 2n vertices is a graph
with vertex setV = {u;,v;/1 < i, j < n} with an edge from u; to v; wheneveri #

J-

Figure 1: A tree on seven vertices

Definition 1.2. The double star denoted as S(n,m) withn = m > 0, is the
graph consisting of the union of two starsK,and K,,, together with a line
joining their centers.

2. The Minimum Radius dominating energy of a
Graph

In this section, we define the minimum radius dominating energy of a graph
andstudy some basic properties of the minimum radius dominating energy.

The minimum radius dominating matrix of G is an n-square matrix defined by
Arq(G) = (ajj), where

1 if v;and v; are adjacent,
aij =11 if i =j and v;eD,
0 otherwise

The characteristic polynomial of Ar(G) is denoted by f,,(G,{) and is defined
by f.(G,{) = det({l — A,4(G)). The minimum radius dominating Eigen
values of the graph G are the Eigen values of the matrix Ar4(G). We note that
these Eigen values are real numbers since A-4(G) is real and symmetric. So,
we can label them in the non-increasing order {; > {, >:-> {,. The
minimum radius dominating energy of G is then defined to be the sum of the
absolute values of the Eigen values of 4,;(G). In symbols, we write
n

Eyq(G) = Z'“'

Example 2.1. Consider a tree G of order seven as shown in figure 1, with the
vertex set V ={v,V,, ..,v,}and let S = {v,, v,, v¢}
be a minimum radius dominating set. Then

The minimum radius dominating energy of a graph
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0 1 0 0 0 0 O
1 111 00 0
01 0 0 0 0O
Aeas(G)=]0 1 0 1 1 1 0
0 001 0 0O
0 001 011
0 0 0 0 0 1 O

So, f,(G,)) = T7 — 37— 37> + 9¢* + 473 — 502 — 2T = 0.
Using Maple, we are able to find that E.q(G) = 8.412.

Now, suppose if we choose another radius dominating set S = {v,,v,,v;} Then
0 1 0 0 0 0 O
1 111 0 0 O
0 1.0 0 0 0O
Aegs/(G)=]0 1 0 1 1 1 O
0 001 0 0O
0 001 0 0 1
0 0 0 0 0 1 1

Clearly, f,(G,{) = {7 — 37%— 3¢°> + 10¢* + 33 — 772 — 2{ = 0.
Using Maple, we are able to find thatE.,;p,(G) = 8.2732.

Therefore, it is clear from the above example that the minimum radius
dominating energy of a graph G depends on the minimum radius dominating
set we choose. Hence, this energy is not the graph invariant.

Theorem 2.1. Consider a connected graph G of order n with an edge set E(G).
Lety-q(G) be the radius domination number of G and
f,(G) = o™+ c;¢" 1+ "2 + -+ cy. Then

1.C0 = 1.
2. ¢; = —Yra(G).

3. ¢, :W_“El

From the properties of Eigen values of a graph, the sum of the squares of the
Eigen values of A,4(G) will be the trace of(4,4(G))?. Thus, the following
result is obvious.

Theorem 2.2. Let G be any graph and {,,{,,-,{, be the Eigen values of A,4(G).
Then

n
Y gt =2m+r,,©)
j=1

3 The Minimum radius dominating energy of
Graphs

In this section, we shall compute the minimum radius dominating energy of
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somestandard families of graphs. We first define the spectrum of the graph G
as follows.

Definition 3.1. Let G be any graph and suppose {;,%,, -, are the be distinct
Eigen values of G with the multiplicities m;, m,, ... my respectively. Then the
minimum radius dominating spectrum of the graph G is given by

MRDS @) = (O G )

my; m, .. My
Theorem 3.1. Let G=K, be a complete graph of order n > 2. Then
E.q(G) = —2)++Vn? —2n + 5.

Proof. Let G = K, be a complete graph of order n. Let the vertex set bel/(G) =
{v1,V2,...,Un}. By the definition of a complete graph, each vertex is adjacent to
every vertex in G. Therefore each vertex of K,, will have eccentricity one and hence

any singleton subset leads to minimum radius dominating set in K,,. Let us take

S = {v,}. Then the minimum radius domination matrix be
0 1 1 1 1
1 01 1 1
1 1 0 1 1
Arg(Ky) =
1 1 1 0 1
1 1 1 1 1

The characteristic polynomial be

(G = C+D2P-(—1DJ—-1)

The minimum radius dominating spectrum of G be then given by

MRDS,..(G)
nmn—1)+vn2—-2n+5 (n—1)—vn2—-2n+5
= 2 2
n—2 1 1

Therefore E,4(K,) = (n—2) +Vn2 —2n+5.

Theorem 3.2. Let G =SY be a crown graph of order n > 3. Then E,4(G) =
2(n—2)++Vn2—-2n+5++Vn2 + 2n — 3.

Proof. Let G = S2 be a crown graph of ordern = 3. Let the vertex set be V(S9) =
{uqy, uy, us, ... Uy, V4, V3, V3, ..., v, } By construction of crown graph, it follows that each
vertex will be at a maximum distance of two from any other vertex. Thus e(v) =
2, for each vertex v. Thus, any dominating set will be a radius dominating set.
Choose S = {u,,v,}. Then the minimum radius dominating matrix will be
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0 00 0 0 1 1 1
0 0 0 01 0 1 1
110 0110 1

1
1

Ag(SH=10 0 0 .. 1 1 1 1 0
0 1 1 10 00 0
1 0 1 1 0 00 0

0
0
0
1 11 .. 00 00 14

The characteristic polynomial of the matrix will be

(G = @-D" 2@+ D22+ (n—-1DI—-1).

Hence, the minimum radius dominating spectrum of the crown graph is

< 1 1 m—-1+/n?—-2n+5) n—1D+,/(n?*—-2n+5) B—n)+/(n?>*+2n-3) (3—n)—1/(n2+2n—3)>

n—-2 n-2 1 1 1 1

ThereforeE.4(G) = (n—2)+ (n—2)++vVn2—2n+5 ++vVn2+2n—3.

E.q(S82)=2n—-2)++Vn2—-2n+5 ++vVn2+2n-—3.

Theorem 3.3. Let G = K ;,_; be a star graph of ordern = 2. Then E,.q(G) < 2 +
2,/ (n — 2). Equality holds if and only if n = 2.
Proof. Let G=K;,_; be a star graph of order n = 2. Let the vertex set be V (¢) =

{vy, vy, ..., v} with deg(v,) = n— 1. Obviously, the set S = {v,} itself form a radius
dominating set of G. Then, the minimum radius dominating matrix will be

0 0 O 0 1

0 0 O 0 1

0 0 O 0 1
Arq (Kl,n—l) =

0O 0 0 .. 0 1

1 1 1 .. 1 1

fa(Kin-1,0) = "3 (P -2 -(n—-2)D)+ (n—2).

By using simple analysis, we obtain that

fa(Kin-1,8) = {"73[¢> —2¢* — (n— 2){ + (n — 2)].
" =202 —(m—2){+2(n—2) — (n— 2)].
{"3[¢% =282 = (n—2){ +2(n — 2)].

4 3[(Z ) —2IH—
Hence, MRDSpec (K1 1) 6 g 4" n—2 —J/( n—2 )

-3 1

Therefore, E,-4 (Kl,n—l) <2+2/(n-— 2 .

Corollary 3.1. The minimum radius dominating energy of L(K;,_;) is
equal to(n—3)+VvVn2 —4n+ 8

IIA -l
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Proof. We first note that the line graph of K; ,,_; is the complete graph K;,_;. Now, it
follows easily that E;.;(L(K; n—1)) = Erq(L(Ky-1)). Hence from theorem 3.1 (on

replacing n by n-1), we obtain that, Erd(Kl,n—l) =n—-3)+Vn2—4n+8 .

Theorem 3.4. For n 2 3, the minimum radius dominating energy of K, , is (2n — 4) +
Vvn2 —2n+5++vn2+2n—3 .

Proof. Consider a complete bipartite graph K, , having the vertexsetV = {u;,v; /1 <

i < m,1 < j < n}. Since each vertex will have common eccentricity 2, any dominating
set will be a radius dominating set. Let the minimum radius dominating set be S :=
{uy,v1}. Hence

0 0 0 01 1 1 17
0 0 0 011 1 1
0 0 0 01 1 1 1
1

1

AgKm)=[0 0 0 .. 0 1 1 1 1
11 1 110 0 0
11 1 100 0 0
0

0

0
1 11 .. 100 0 0.

So, the characteristic polynomial is K, ,, is given by
fm,n(Km,n'Z) = {m+n—4[(4 - 263 - (mn - 1)52 + (Zmn -—m-— n)( - (m - 1)(” - 1)]

In particular, form = n we have,
fan(Knn )= @ =D 2@+ D" 2%+ (n—3){ — (2n—3))(¢* — (n — )¢ — 1)).
Hence, The minimum radius dominating spectrum of K, ,is given by

<_1 1 B—n+,/n*+2n-3) B—n—-—J/n?*+2n—-3) n—1)+,/(n>*—2n+5) (n—l)—wl(n2—2n+5)>
2 2 2 2

n—-2 n-2 1 1 1 1

Hence, the radius dominating energy of K, ,will be

E,q(Kn)=@n — 4+ Vn2 —2n+5+vVn2+2n—3 .

4 Bounds for y,4(G)

Theorem 4.1. Let G be a connected graph of order n and size m. Then E,4(G) is at most
VYn2m + y;a(G))-

Proof. Consider a connected graph of order n and size m. Let{; > {, >:--> {,. beEigen
values of the minimum radius dominating matrix A,;(G) arranged in the non-increasing
order.

We have by Cauchy-Schwarz’s inequality that,
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n 2 n
San) =[S0t ) (5o
j=1 '

=

Ifwe take a; = 1,b; = | ;| then

A il >

j=1 J=1 j=1

Now, by theorem 2.2, we have,

(Era(©))? < n(Z zﬁ) =n(2m + ¥,4(6))

j=1

Era(G) < yn2m + v,q(6)).

Theorem 4.2. Let G be a connected graph of size m. Then

jm+ Vrd(G)(V;d(G) D Ena(G) < 2\/% 2m + yra(6)).

Proof. Let G be a connected graph of size m. Then from the definition of minimum radius
dominating energy we have,

(Bra(6))? = D 161 +2 ) 16451

j j<i
Now, from Theorem 2.2, we have

(Bra(G)? = @m + ¥ra(6) +2 ) 1455 |
j<i
Also, we have from Theorem 2.1 that

() ya(G) — 1
Siaig 1z [Yag |- @QUu®-0

2
j<i j<i

Therefore, we have
V@@ =1

(Erd(G))z =2m + yrd(G) + 2

Hence, we have

E.q4(G) =2 \/m + yrd(G)(Yer(G) +1)

On the other hand, the maximum number of vertices of in a connected graph of size m is
2m. Hence, from Theorem 4.1, we have

E.4(G) <2 \/m (m + MZ(G) ) (4.2)

Now, from equation 4.1 and 4.2, we have

(4.1)
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<EqG) < 2\/m<m+ >

j Yra(6) Fra(6) + 1)
m + >

Theorem 4.3. Let G be a connected graph of size m. Then E,;(G) = +/2m + y,.4(G).
Proof. Let G be a connected graph of size m. For any positive real numbers ay,a;as ..., a,
we have by the consequence of triangle inequality that

n 2 n

2
Y] =D lal
j=1 j=1

Leta; =|{;| for eachj.Then

n

Z(,-Z < i|(,-|2 (4.3)
=1

j=1
Hence,

Era(6)? 2 ) 5% | = 2m+7,a(6) (44
j=1

Therefore,

Erd (G) = vV 2m + yrd(G)

Theorem 4.4. Let G be a connected graph having n vertices and m edges. Then

2
Era(G) =2 y2m +v,q(G) + n(n — 1)|A4;4(G) .
Proof. Let G be a connected graph having n vertices and m edges. By the definition of
radius dominating energy of a graph, we have

2
Era@)? = D151 ]
j=1

=i|<j|2+2|a-|lz,-|.
j=1

J#i
Now, by using arithmetic and geometric mean inequality, we get
1

1 n(n—1)
n(n— 1)2 | Gill¢; | = 1_[| al|¢; |
i#j i#j
n n(nl—l)
TT 2(n-1)

=] [I5]
j=1

2

- "
=1

2
= (|4rq(G)Dn
Hence,
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> 14llg | 2 ntn - D(4a(@ D

i#j

[Era(@F = D 18+ > 141G |
j=1

JE

Now consider,

> 314124 100 = DA (@)D
j=1

i.e., E.;(G = \/Zm + ¥-q(G) + n(n — 1)(|Ard(G)|)%
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