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 Abstract: 

The purpose of this paper is to study the (p,q)-Laplace equation under the 
Robin boundary condition in a bounded region of  ℝ𝑁 through the following 

problem   
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u u u u u u
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− −

− −

− − = + 



+ + 

  

. 

The principal results of this article concerns the existence and not existence of 

positive solution. For this we will discuss all the possible cases depending on the 

parameters  𝛾, 𝜇 and the first eigenvalue of p-Laplacian (respectively q-

Laplacian).  Using various amount of methods mostly the Min-Max theory wich 

include the Palais-Smale condition, the global and local minimizer and the Col 

theorem,  We will also use the notion of super solution. Adding to that we will 
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give a definition for the curve witch separates between the regions of existence 

and not existence of positive solution in (𝛾, 𝜇) plane and we will make sur that 

this curve wich we will be noted 𝐶 is continuous and locally finite. Moreover we 

are going to explor the existence of positive solution in the region where the curve 

𝐶 is included. We have chosen to put our attention on the study of (p,q)-Laplace 

equation under the Robin boundary condition because of its importance for 

modeling nonlinear phenomena in physics, biology, ecology, and other fields. We 

can take as an example in ecology it can be used to modeling the phenomena of 

population dynamics or in physics to modeling the nonlinear heat conduction. 

Keywords in English: 

positive solution, Robin boundary condition, eigenvalue, (p,q)-Laplacian, Min-

Max theory. 

2000MSC: 35J20, 35J65, 35P30. 

 

 

1. Introduction 

In this article, we are interested with non-existence and existence of positive 

solutions for the following problem involving the (p,q)-Laplacian operator 

2 2
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| | | |   in ¨

,
| | | |        on 

p q

p q

p q

pq

u u u u u u
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− −

− −
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(1) 

where ( 1)N N R  is a bounded region with smooth boundary    and ,   are 

two real parameters, 1 2, 0    and 1 p q    . 

We define the operator m by the usual m Laplacian−  such that 

2: (| | )m

mu div u u− =   , 

with  1,(1, ). ( )mm W +   denote the standard Sobolev space equipped with the 

quantity 

( )
1

1, , ,|| || : || || || ||m m m
m m mu u u = +  , 

where  ( )
1

,|| || : | |m m

mu u dx


=   and  ( )
1

,|| || : | |
m m

mu u d





=   , with   is the ( 1)N − −

Hausdorlf surface  mesure of 1.N−R   

We say that 1, ( )pu W    is a weak solution of problem (1) if  
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2 2
2 2

1 2| | | | | | | |
p q

p qu u vdx u u vdx u uvd u uvd   
− −

− −

   
   +    + +     

2 2 1,, ( )
p q pu uvdx u uvdx v W 
− −

 
= +                              (2) 

Then the functional associated with problem (1) is given by 

1 2
, , , , , , ,

1 1
( ) : || || || || || || || || || || || ||p q p q p q

p q p q p qI u u u u u u u
p q p q p q



 

  
    +  + =  +  + + − −  . 

The interst in studying nonlinear partial differential equations with the (p,q)-

Laplacian operator has increased in the last decade because numerous problems 

arising in plasma physics [1], reaction-diffusion equations ([2],[3]), biophysics 

[4] and elementary particles ([5], [6], [7], [8]) may be stated in this form. 

The study of equation (1) begin where Motreanu and all in [9] introduced the 

following eigenvalue problem  

 
2 2( ( ) | | ( ) | | )  in 

0                                                                    on 

p q

p q p qu u m x u u m x u u

u

 − −− − = + 


= 
 , 

Where weights , ( )p qm m L    

In [10] , provides five typical examples of the bifurcation of positive solutions 

for the one-dimensional ( , )p q Laplace−  equation on the interval ( , )L L−   by using 

the time maps 

2 2 2 2(| ' | ) ' (| ' | ) ' (| | | | ) 0

( ) ( ) 0

p q p qu u u u u u u u

u L u L

− − − − + + + =


− = =
 , 

They proved that the bifurcation curve change depending on ,p q  and L . 

All the results of this paper are valid for the problem (1) with non-negative 

weights 

2 2

2 2

1 2

( ) | | ( ) | |   in ¨

,
| | | |                        on 

p q

p q

p q

pq

u u P x u u Q x u u

u
u u u u

 

 


− −

− −

− − = + 



+ +   

where  ,P Q  are positive weights , ( )P Q L  . 

In this paper we employ an appropriate min-max approach and super and sub-

solution method to show the existence and non-existence of positive solutions for 

(1) problem, and construction of continuous curve in ( , )  . 

We say that  is an eigenvalue of m−  with weight ( )mP L   if the problem 



UtilitasMathematica 

ISSN 0315-3681 Volume 122, 2025  

1797 

2

2

( ) | |   in 

| | 0     on 

m

m m

m

u P x u u

u
u u






−

−

− = 



+ = 

             (3) 

possesses a non-trivial solution. 

If the Lebesgue mesure of  , ( ) 0mx P x   is positive, we can characterize the 

first positive eigenvalue 

1,

1

| |
( , ) : inf | | : ( ), | | 0

| |

m

m m m

m mm

m

u dx
m P u d u W P u dx

P u dx
  

 



 
= +   




 


, 

 is simple and isolated and the corresponding eigenfunction  
1,

1( , ) ( ); (0,1).m

m mm P C
     We will use the notation 1( )m  for m  with 1.mP    

We remind that a function 
1, ( )pu W   is called a super-solution (respectively a 

sub-solution) of the problem (1) if 0u   (respectively 0u   ) on   and for any 
1, ( )pW    satisfying ( ) 0 a.e.x x    we have   

2 2
2 2

1 2| | | | | | | |
p q

p qu u dx u u dx u u d u u d       
− −

− −

   
   +    − −      

    

2 2
0,  (respectively 0)

p q
u u dx u u dx   

− −

 
− −     

For more details, see [11]. 

In what follows, we will stipulate that 
1( )p  and 1( )q  possesses a different 

eigenspaces if the corresponding 
p  and 

q  are linearly independent which 

means that the following supposition is verified 

0,  it holds ,  in p qt t                  (4) 

2.  Results and Discussion 

the main results of our paper and their In this section proofs are given. 

We start by the following theorem. 

Theorem 1 : If (  (  1 1 1 1( , ) , ( ) , ( ) \ ( ), ( )p q p q      −  −  holds, then the 

problem (1) has no a non trivial solution. Moreover , for 
1( )p =  and 

1( )q =  

(1) has a non-trivial solution if and only if 
1( )p  and 1( )q  have the same 

eigenspace which means that (4) is not satisfy. 

Proof of Theorem 1 : Let 
1( )p   and 

1( )q  . Suppose that 1, ( )pu W   is a 

non-trivial solution of (1). Taking v u=  into relation (2) and by Poincare 

inequality we get 

( )1 1, , , , , 1 1,0 ( ) || || || || || || || || || || ( ( )) || || 0p p p q q q

p p p q q qp u u u u u q u         −   − = −   −  . 
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Previous inequalities are satisfied if and only if 
1( )p =  and 

1( )q =   which is a 

contradiction. 

We put now 
1( )p =  and 

1( )q = . If 1, ( )pu W   is a solution of (1) then we have  

, 1 , 1 , ,0 || || ( ) || || ( ) || || || || 0p p q q

p p q qu p u q u u      − = −    which give that (4) is not 

verified. 

Suppose that 
p  and

q  have the same eigenspaces i.e (4) is violated. 

Hence, the functions 
p  and

q are both non-trivial solutions of (1)  with 
1( )p =  

and 
1( )q =   and this finishes the proof. ■ 

Therem  2 : If we have ( ) ( ) ( ) ( ) ( )1 1 1 1, ( ), , ( ) , ( ) ( ),p q p q      +  − −  +   

then (1) has at least one positive solution. 

Following the same arguments of theorem 1.2 in [9] we get the next Lemma 

Lemma 1 : Let , ( ) P Q L   positive weights. 

Assume that ( ) ( )1 1( ), ( ), ,p P q Q   hold. If   is such that  

( ) ( )  ( ) ( ) 1 1 1 1min ( ), ( ) , ( ), ( ) max ( ), ( ) , ( ), ( )p P x q Q x p P x q Q x        

then the following problem has at least one positive solution. 

2 2

2 2

1 2

( ( ) | | ( ) | | )  in 

,
| | | |                         on 

p q

p q

p q

pq

u u P x u u Q x u u

u
u u u u



 


− −

− −

− − = + 



+ +                            (5) 

Proof of Theorem 2: We split the proof into several cases: 

Case I: If we have 
1( )p   and 

10 ( )q    or 
10 ( )p    and 

1( )q    

For the first situation, it yields that  

1
1 1 1

( )
, ( ) ( ,1)

p
p q q

 
   

 

 
=   = 

 
. 

Now, setting ,  P=


 


=  and 1Q =  in lemma 1 we get the result. 

The same argument show the result in the second situation with ,  Q=


 


=  and 

1P = . 

Case II : Let 
1( )p   and 0   . 

We introduce an alternative functional 
0, ,I    defined on 1, ( )pW   by  

0, , 1, 1, , ,

1 1
( ) : || || || || || || || ||p q p q

p q p qI u u u u u
p q p q



 


+  + =  +  − −
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One we easily show that the functional 
0, ,I   satisfies the Palais-Smale condition. 

Moreover, for the functional 0, , ,|| ||qqI u
q

 


+ +  there exist 0   and 0   such 

that 0, , ,|| ||qqI u
q

 


+ +   provided 

,|| || .pu =   

Since 0    then we get 
0, ,I    for 

,|| || .pu =  

For 0k   sufficiently large and 
p   a positive eigenfunction corresponding to 

1( )p  we have  

0, , 1 , , ,( ) ( ( ) ) || || (|| || || || ) 0
p q

p q q

p p p p q p q

k k
I k p

p q
          = − +  −  . 

The existence result in this case follows immediately by applying Mountain 

Pass theorem. 

Case III : Suppose now that 0   and 
1( )q  . 

It easy to proof that 
0, ,I   is bounded from below and coercive due to the fact 

q p . 

Moreover, by the compactness  embedding of the space 1, ( )pW   into ( )pL   and 

( )qL   respectively 
0, ,I   is weakly lower semi continuous then, it possess a 

global minimizer 1, ( )pu W  . 

On the other hand, for  0k    sufficiently small and 
q   the positive 

eigenfunction corresponding to 1( )q  , we have 

0, , 1 , , ,( ) ( ( ) ) || || (|| || || || ) 0
q p

q p p

q q q q p q p

k k
I k q

q p
          = − +  −  . 

Then 1, 0, ,( )
min ( ) 0pu W

I u  
  and u  is a non trivial solution of (1). ■  

Now, we  have the problem (1)  is equivalent to the following problem 

2 2

2 2

1 2

( ) | | | |   in 

,
| | | |                 on 

p q

p q

p q

pq

u u s u u u u

u
u u u u

 

 


− −

− −

− − = + + 



+ +                                                           (6) 

 

Where s  = − . To make it easier we put s = +  and  = , for each srR   

we consider, 

 *( ) : sup : (6) hase a positive solutions = R;                       (7) 

In the case where there is no  we put *( )s = − . Moreover we define  
*

1 1: ( ) ( )s p q = −  . 

In the following proposition we provide important properties of  *( )s  . 

Proposition 1 : Let   *( ),s s R  defined by (7), then we have 

1- *( ) ,   ss  +  R , 

2- * * * * *

1 1( ) ( ) and  ( ) ( ) if and only if (4) is satisfied,s s p s q   +    
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3-  * * *

1 1( ) ( ) or  ( ) ( ),  s ,s s p s q s   +     −R-  

4- * *( ) is non-increasing and ( )  is non decreasing on ,s s s  + R-  

5- *( ) is continuoud on .s R-.  

Proof of proposition 1 : We start by the first properties 

1- Let  s R- fixed and 1, ( )pu W   a positive solution of  (6) then 

( )1intu C
+

   see [12], we can choose any ( )1int C
+

   and by taken 

1 1

p

p q
v

u u


− −

=
+

  into  relation (2) we have  

2 2

1 1 1 1
| | | |

p p
p q

p q p q
u u dx u u dx

u u u u

 − −

− − − − 

   
   +      

+ +   
   

2 2

1 21 1 1 1
| | | |

p p
p q

p q p q
u u d u u d

u u u u

 
   − −

− − − − 

   
+ +   

+ +   
    

2 2

1 1 1 1
| | | |

p p
p q

p q p q
u u dx u u dx

u u u u

 
 − −

− − − − 

   
= +   

+ +   
    

         by the  properties of Picone identity of ( , )p q Laplacian−   there exist                           

such that 

   

      
/

2 2

1 1

| | | |
(| | | | )

p p p q q
p q

p q
u u u

u u

  



− −

− −

   + 
 +     

+   

Then we obtain 

    
2 2

1 1 1 1
| | | |

p p
p q

p q p q
u u dx u u dx

u u u u

 − −

− − − − 

   
   +      

+ +   
   

      

2 2

1 21 1 1 1
| | | |

p p
p q

p q p q
u u d u u d

u u u u

 
   − −

− − − − 

   
+ +   

+ +   
   

      
1

2 2

1 21 1 1 1 1 1
| | | |

p p p p
p p q

p q p q p q

u
dx s dx u u d u u d

u u u u u u

  
     

−
− −

− − − − − −   

   
= + + +   

+ + +   
     

/
2 2

1 21 1 1 1

| | | |
| | | |

p p q q p p
p q

p q p q
u u d u u d

u u u u

   
   



− −

− − − − 

    + 
 + +   

+ +   
    

then 

 

1 /

1 1

| | | |
.

p p p p q q
p

p q

u
dx s dx

u u

  
 



−

− − 

 + 
+ 

+    

 
Combining the last inequality with the following estimation, 

    ( )/1
min 0, | | | | .p p p p q qdx s dx dx dx    

   
+   +      

Since  
/,  | |  and | | ,

p q
p q  

 
    

 Are finites and positives then  
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*( ) ,  s .s  +  R.
 

 

2- Suppose that (4) is satisfied. 

We introduce the Nahari Manifold defined by  

  1,

, ,: ( ) \ 0 , ' ( ), 0pN u W I u u   =   =  . 

It's easy to show that if  
,u N   is a critical point of 

,'I   on 
,N  then u  is a critical 

point of 
,'I    on 1, ( )pW   . Moreover, we can easily prove that there exist * 0   

such that 

    1 2| | ( ) | | | | 0
q q q

u dx q u dx u dx    
  
 − + +      

1 1| | ( ) | | | |
p p p

u dx p u dx u dx    
  

  − + +     

for all *(0, ).   Where u  is the solution of problem 

(1) with 
1( )p  = +  and 

1( ) .q  = +  We easily show that 

,u N    with 
1( )p  = +  and 

1( )q  = +  is a minimizer of 

1 1

*

( ) , ( )  for all (0, ).p qI     + +    Since 
,I   is even , we can conclude by the Min-Max 

theorem that the problem (1) with  
1( )p  = +  and 

1( )q  = +  possess a 

positive solution for * (0, ).   

 Since ( ) ( )*

1 1 1 1( ) , ( ) ( ) , ( )p q q s q       + + = + + +  and by the definition of * *( )s   

then we have * * * * * *

1 1( ) ( )  so ( ) ( )s q s s q s      + +  + +  then * * *

1 ( ) ( ) .s s p  +  +  

Assume now that (4) is not satisfied. Suppose that 1( )u C +   is a positive weak 

solution of problem (\ref{Eq1}) then by the classical Picone inequalitie [13] we 

have  

    2 2

11 1
| | | |

p p

p pp p

p p
u u dx u u d

u u

 
 − −

− − 

   
   +      

   
    

    
1 1| | | | ( )p p p

p p pdx d p dx     
  

  + =    .             (8) 

and by the generalized Picone's inequalities  we have 

     2 2

21 1
| | | |

p p

p pq q

p p
u u dx u u d

u u

 
 − −

− − 

   
   +      

   
   

     
1 1

2 2

2| | | |

p q p q

p pq q

p p p pp q p q
dx d

u u

 
     

− + − +

− −

− − 

   
    +      

   
   

      
1( ) q q p

pq u dx  −


=   .                                                 (9) 

Then we obtain the following inequality 

    2 2

1 1
| | | |

p p

p pp q

p p
u u dx u u dx

u u

 
− −

− − 

   
   +         

   
   
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    2 2

1 21 1

p p

p pp q

p p
u u d u u d

u u

 
   − −

− − 

   
+ +      

   
   

     =
1 1( ) ( )p p q p p p q p

p p p pdx u dx p dx q u dx       − −

   
+  +      

Which is impossible in the case where
1( )p    and  

1( )q   simultaneously. 

3- If *s s  and for s = +  and  = , by  theorem 2 we have *

1( ) ( )s s p +    

or *

1( ) ( ).s q    

4-  Let 's s  we prove that * *( ) ( ')s s  . By part 3, we have *

1( ') ( )s q  .  Fix 

any 0    such that *

1( ') ( )s q  −   then by the definition of *( ')s   there 

exist  such that * *( ') ( ')s s   −     then the problem (1) with 's = +

and  =  has a positive solution 1( )u C +   . Since we have 's s  then u

is a super solution of the problem (1) with 's = +  and =  then there 

exist 1( )w C +   solution of (1) with 's = +  and  = . As   is arbitrary 

and * *( ) ( ')s s     −  then * *( ) ( ')s s  . 

        Now, for  *s s  we show that * *( ) ( ') '.s s s s +  +  If *

1( ) ' ( ),s s s q + −   , as  

        we have *

1( ) ( ')q s    then * *

1( ) ( ) ' ( ') '.s s q s s s  +  +  +  which means that                                             
* *( ) ( ') '.s s s s +  +          

If *

1( ) ' ( ).s s s q + −  . Let 0   fixed such that *

1( ) ' ( ).s s s q  + − −   . Using the 

definition of *( )s   there exist *( ) .s   −   such that the problem (1) with s = +  

and  =  possess a positive solution 1( )u C +  . If we put 's s = + −   then u  

is a positive solution of (1) with 's = +   and 's s = + −  . Since 's s + −   

then u is a positive super solution of (1) with 's = + . As we have 
*

1( ) ' ( )s s s q    + − −   and   is arbitrary then * *( ') ( ) 's s s s  + −   then we 

obtain * *( ) ( ') '.s s s s +  +   

5- Since *( )s   is bounded and non-increasing then for all sR  we have 

          * * *

' 0 ' 0lim ( ) ( ') lim ( )s s s ss s s  → − → +               (10) 

Also, *( )s s +  is non-decreasing, then 

          * * *

' 0 ' 0lim ( ) ( ') ' lim ( )s s s ss s s s s s  → − → ++  +  +   

Then 

          * * *

' 0 ' 0lim ( ) ( ') lim ( )s s s ss s s  → − → +               (11) 

Combining relation (10) and (11) we obtain that *  is continuous.■ 

In ( ),   plane, we define de curve C  as follows 

          * *: ( ( ) , ( )),C s s s s = + R   
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By the proposition 1,  we can conclude that the curve C  is locally finite, 

continuous and  
1 1[ ( ), ) [ ( ), ).C p q  +  +   

Now we will study the existence of positive solutions for the problem (1) in the 

region where ( , )    belong to 
1 1[ ( ), ) [ ( ), ).p q +  +  So in the case where 

1( )p   

and 1( )q   have the same eigenspace we have the following theorem. 

Theorem 3 : Suppose that (4) is violated, then (1) has no solution expect for 

1( )p =   and 
1( )q = . 

Proof  of  Theorem 3 : Suppose that (4) is not satisfy and that 
1( )p   and

1( )q  . 

Assume that the problem (1) has a positive solution.   

Using both relation (8) and (9) we have 

.    2 2

11 1
| | | |

p p

p pp p

p p
u u dx u u d

u u

 
 − −

− − 

   
   +      

   
 

 

     2 2

21 1
| | | |

p p

p pq q

p p
u u dx u u d

u u

 
 − −

− − 

   
+    +      

   
 

 

      
1 1( ) ( ) .p p q p p p q p

p p p pdx u dx p dx q u dx       − −

   
= +  +     

It’s imply that 
1( )q =  and 

1( )p =  which is a contradiction. 

The proposition 1 ensure the existence of the positive solution of problem (1) 

for  
1( )p =  and 

1( )q = .■ 

In the case where 
1( )p   and 1( )q   have a different eigenspaces, we have the 

following theorem. 

Theorem 4 : Suppose that (4) is verified and that 1( )p   is fixed. If we have 
*

1( ) ( )q      −   then (1) possesses at least one positive solution. 

If *( ),    −   then (1) has not a positive solutions. 

Proof  of theorem 4 : Let's consider that *( )    −  and with the definition of 
*( )  − , (1) has no positives solution. 

Presume that *

1( ) ( )q s     with ( )s  = −  adding to that the definition of 
*( )s , there exist ( )*, ( )s    such that (1) with s = +   and  =   has a 

positive solution 1int ( )w C +    which conclude the result.■  

 

3. Conclusion 

The most important statement in this work is that the existence of positive 

solution of ( , )p q Laplacian−   under the Robin boundary condition is depending 
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of parameters ,    and the first eigenvalue 
1( )p  respectively 1( )q . For the 

existences results we have: 

1. In the case where  
1( )p    and 

10 ( )q    or 
10 ( )p    and 

1( )q  . 

The existence of positive solutions is established using the lemma 1. 

2. For 
1( )p   and 0   . Col theorem ensures the existence of positive 

solutions. 

3. If we have 0   and
1( )q   then the existence of positive solutions is 

given by the minimization theorem. 

4. If (4) is verified and *

1( ) ( )q      −  then (1) possesses at least one 

positive solution. 

Concerning the non existences results we have: 

1. In the case where 1( )p   and 1( )q   there is no non trivial solution. 

2. If (4) is not verified then there are no positive solutions except for 

1( )p =  and 
1( )q = . 

3. If *( )    −  and  (4) is satisfied then we have no positive solution. 
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