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1. Introduction

The concepts of Fuzzy sets were introduced by L.A.Zadeh in 1965 [18]. Then the fuzzy set
theory is extension by many researchers. The important concept of fuzzy topological space
was offered by C. L. Chang [6] and from that point forward different ideas in topology have
been reached out to fuzzy topological space. Since then much attention has been paid to
generalize the basic concepts of general topology in fuzzy setting and thus a modern theory of
fuzzy topology has been developed.

In 1899, Rene Louis Baire [2] introduced the concepts of first and second category sets in
his doctoral thesis. In classical topology, Baire space, named in honor of Rene Louis Baire,
was first introduced in Bourbaki’s [4] Topological generale Chapter IX. The concepts of Baire

spaces have been studied extensively in fuzzy topology in [10].
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In this paper, we introduce the concept of fuzzy directly Baire space and fuzzy weakly
directed Baire spaces. Also, we discuss several characterizations and inter-relations between
fuzzy P- space and fuzzy hyperconnected space. Several examples are given to these concepts

introduced in this paper.

2. Preliminaries

In order to make the exposition self-contained, we give some basic notions and results used
in the sequel. In this work by (X, T) or simply by X, we will denote a fuzzy topological space
due to Chang (1968). Let X be a non-empty set and / the unit interval [0,1]. A fuzzy set A in
X is a mapping from X into | [18].

Definition 2.1. [6] Let A and u be any two fuzzy sets in a fuzzy topological space (X, T).
Then

W . . w
(i)A  pu:X — [0, 1] is defined as follows : (A u)(x) = Max {A(x), u(x)} .
\/ \Y/
(ii)A  u:X —[0, 1] is defined as follows : (A  u)(x) = Min{A(x), u(x)}.
(iii)u = A° = u(x) = 1 - A(x).
. . . w \Y/

More generally, for a family {A;: i € 1} of fuzzy setsin (X, T), ¢ = iA;and &= iA; are
defined respectively as /(x) = supf{Ai(x) : x € X} and 6(x) = infi{Ai(x) : x € X}.

Definition 2.2. [6] Let (X, T) be a fuzzy topological space and A be any fuzzy set in (X, T).

The interior int(A) and the closure cl(A) are defined respectively as follows:
(i). intA) = {wu<AueT}.

(ii). cl(A) = V{/.t/A <ul—uerT}

Lemma 2.3. [1] For a fuzzy set A of a fuzzy topological space X,

(i). 1-int(A)=cl(1-A),

(ii). 1 -cl(A) =int(1-A).

Definition 2.4. [12] A fuzzy set A in a fuzzy topological space (X, T) is called fuzzy dense
if there exists no fuzzy closed set i in (X, T) such that A<u<1.

Definition 2.5. [12] A fuzzy set A in a fuzzy topological space (X, T) is called fuzzy nowhere
dense if there exists no non-zero fuzzy open set u in (X, T) such that u<cl/ (A). That is,,
int[cl(A)] =0, in (X, T).

Definition 2.6. [3] A fuzzy set A in a fuzzy topological space (X, T) is called a fuzzy Gs -set
V.,
in (X, T)ifA=,_{A) where A; € T.

Definition 2.7. [3] A fuzzy set A in a fuzzy topological space (X, T) is called a fuzzy F, -set
W.,
in(X, T)ifA= ,_;(A), wherel-A;€T.
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Definition 2.8. [12] A fuzzy set A in a fuzzy topological space (X, T) is called a fuzzy first
category set if A = Zl(/\i), where (A;)’s are fuzzy nowhere dense sets in (X, T). Any other

fuzzy set in (X, T) is said to be of fuzzy second category.

Definition 2.9. [15] Let A be a fuzzy first category set in a fuzzy topological space (X, T).
Then 1 - A is called a fuzzy residual set in (X, T).

Definition 2.10. [12] A fuzzy topological space (X, T) is called fuzzy first category if the
fuzzy set 1x is a fuzzy first category set in (X, T). That is, 1x = “;zfA,-) where (A;)’s are
fuzzy nowhere dense sets in (X, T). Otherwise (X, T) will be called a fuzzy second category

space

Lemma 2.11. [1] For a family A = {A4} of fuzzy sets of a fuzzy space X,W (cl (A2))
cl (W (Aa)). In case A is a finite set, (cl (A)) = cl ( (Aa)). Also (int (Ag)) <
int (W (Aa)).

IA

Definition 2.12. [14] A fuzzy set A in a fuzzy topological space (X, T) is called a fuzzy o-

nowhere dense set, if A is a fuzzy F ,-set in (X, T) such that int(A) = 0.

Definition 2.13. [15] Let (X, T) be a fuzzy topological space. Then (X, T) is called a fuzzy

Baire space if int [ ,:1()\,-)] =0, where (A;)’s are fuzzy nowhere dense sets in (X, T).

Definition 2.14. [5] A fuzzy topological space (X, T) is said to be fuzzy hyper-connected
if every non-null fuzzy open subset of (X, T) is fuzzy dense set in (X, T). That is a fuzzy

topological space (X, T) is hyper-connected if cl(u;)) = 1, forallyu; € T

Definition 2.15. [17] A fuzzy topological space (X, T) is called a fuzzy P- space if each fuzzy
Gs - setin (X, T) is fuzzy open set in (X, T).

3. Fuzzy Directed and Weakly Directed Baire Spaces

Definition 3.1. Let (X, T) be a fuzzy topological space. Then (X, T) is called a fuzzy directed
Baire space if ( ,:1 int(A;)) = 0, where (A;)’s are fuzzy Gs - sets and fuzzy nowhere dense

setsin (X, T).

Example 3.2. Let X={a, b, c} and the fuzzy sets o, 8, y, 3, A and u defined on X as follows
a: X — [0,1] is defined by a(a)=0.3, a(b)=0.6, a(c)=0.5
B6: X — [0,1] is defined by 8(a)=0.4, 8(b)=0.7, 8(c)=0.3
y: X — [0,1] is defined by y(a)=0.8, y(b)=0.5, y(c)=0.4
3 X — [0,1] is defined by $(a)=0.6, $(b)=0.7, 9(c)=0.8
A: X — [0,1] is defined by A(a)=0.7, A(b)=0.6, A(c)=0.7
u: X — [0,1] is defined by u(a)=0.8, u(b)=0.6, u(c)=0.7

1981



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

Then

T={0, 0,8, y,AVB,8VyaVyaAB8B8AyaAyaAB Ay 1} and

T={0,A, u, 3V A9V u T AA 1} is a fuzzy topology on X. Then intcl(1 — u) = int(1 — u) =
0, intcl(1—08VA) = int(1-—9VA) = 0. Therefore the fuzzy nowhere dense sets are 1—u, 1—(9VA).
There fuzzy sets are ( ,Zl(a A@AB)A(axAy))=aABAyisa fuzzy Gs -set in (X,T). This
implies that int[(W?zl(a ABAY)V((1—u)V(1—3VA)]=0. Hence (X,T) is a fuzzy directed
Baire Space.

Definition 3.3. Let (X, T) be a fuzzy topological space. Then (X, T) is called a fuzzy weakly

directed Baire space if ( ,-:1 (A)) £ 0, where (Aj)’s are fuzzy Gs - sets and fuzzy nowhere

dense sets in (X, T).

Example 3.4. Let X={q, b, c} and the fuzzy sets A, 1, y, a, BandS defined on X as follows
A: X — [0,1] is defined by A(a)=0.6, A(b)=0.7, A(c)=0.5

u: X — [0,1] is defined by u(a)=0.6, u(b)=0.6, u(c)=0.8

y: X — [0,1] is defined by y(a)=0.7, y(b)=0.7, y(c)=0.6

a: X — [0,1] is defined by a(a)=0.6, a(b)=0.7, a(c)=0.6

B8: X — [0,1] is defined by 8(a)=0.6, 8(b)=0.5, 8(c)=0.6

3 X — [0,1] is defined by $(a)=0.7, $(b)=0.6, J(c)=0.7

Then T={0, A, i, y, AV L, AA 1} and T={0, 0,8, 3, a VB8, 8V S aV G aAnB,8AU 1}
Then intcl(1 — a) =int(l —a)=0

intcl(1— 8) =int(1 — 8) = 0. The fuzzy sets are V°I°={(/\ AU)A(UAY)]=AApuisafuzzy Gs-
setsin (X, T).

V.
Thisimpliesthatint( _{AAu)A(1—a)V (1—8))=a A 8+ 0. Hence (X,T) is a fuzzy
directed Baire Space.

Proposition 3.5. Let (X,T) be a fuzzy topological space. Then the following are equivalent.
(i) (X, T) is a fuzzy directed Baire space.
(ii) int(A) = O, for every fuzzy first category set A in (X, T).
(iii) cl(u ) = 1,for each fuzzy residual set uin (X, T).

Proof. (i) == (ii) W

Let A be a fuzzy first category set in (X,T). T\P)\t;:n A= ( 74/\,-)), where (A;)’s are fuzzy
nowhere dense s\t/a\';s in (X,T). Then int(A) = int( i:l (A7) = 0. Since (X,T) is a fuzzy directed
Baire space, int( I.:i (Aj)) =0. Hence int(A) = O for fuzzy first category set A in (X,T).

(ii) == (iii)

Let u be a fuzzy residual set. Then (1 - u) is a fuzzy first category set in (X,T). By hypothesis,
int(1-u) = 0. Then by Lemma (2.3) 1 - cl(u) = 0. Hence cl(u) = 1, for fuzzy residual set u in
(X,T).
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(iii) == (i)

Let A be a fuzzy first category set in (X,T). Then A = (Wl{)\f)), where (A))’s are fuzzy
nowhere dense sets in (X,T). Now A is a fuzzy first category set implies that (1 - A) is a fuzzy
residual set in (X,T). By hypothesis, we have cl(1 - A) = 1 then by Lemma(2.3), 1 - int(A) =
1. Hence int(A) = 0. That is, int ( °°I.=({\,-)) =0, where (A))’s are fuzzy nowhere dense sets in

(X,T). Hence (X,T) is a fuzzy directed Baire space.

Proposition 3.6. If the fuzzy topological space (X,T) is a fuzzy directed Baire space. Then

(X, T) is a fuzzy second category space.

Wco
Proof. Let (X,T) be a fuzzy directed Baire space. Then int( I__l(A,-)) = 0, where (A))’s are
G s - sets and fuzzy nowhere dense set in (X,T). Then I__°°1 (A) £ 1 (otherwise I__“; A)=1
W, - -
implies that int (._, (A)) =int(1) =1 and hence 0 = 1, a contradiction). Hence (X,T) is

fuzzy second category space.

Proposition 3.7. If the fuzzy P - space (X,T) is a fuzzy hyperconnected space, then (X,T) is

a fuzzy directed Baire space.

Proof. Let A be a fuzzy Gs - set in a fuzzy P- space (X,T). Since (X,T) is a fuzzy P- space is
a fuzzy open set in (X,T). Since the fuzzy P- space (X,T) is a fuzzy hyper connected space,
then fuzzy open set A in (X,T) is a fuzzy dense set in (X,T).That is cl(A) = 1. Hence A is a
fuzzy Gs- set and fuzzy nowhere dense set in (X, T). Then by the proposition[3.5], (1-A)isa

fuzzy first category set in (X, T). Therefore (1-A) = ;:1(/\,-), where (A;)’s are fuzzy nowhere
dense setsin (X,T). Then, int ( i:l (A?))=int(1—A)=1—cl(A) =1 —1 =0. Hence we have

int ( If:l()li)) =0, where (A;)’s are fuzzy nowhere dense sets in (X, T). Also, A is a fuzzy Gs -

sets in (X,T). Therefore (X,T) is a fuzzy directed Baire space.

The following arrow diagram shows the relation between the four spaces namely, fuzzy Baire

space, fuzzy second category, fuzzy directed Baire space, fuzzy weakly directed Baire space.

fuzzy Baire space ———— fuzzy second category space

| ]

fuzzy directed Baire space —— fuzzy weakly directed Baire space

Proposition 3.8. If the fuzzy first category set A in a fuzzy directed Baire space (X,T) is a
fuzzy closed set, Then int(cl(A)) = 0 in (X,T).
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Proof. Let A be a fuzzy first category in a fuzzy topological space (X,T).

Since (X,T) fuzzy directed Baire space, by Proposition 3.5, int(A)=0. Now A is a fuzzy closed
set int (X,T), implies that cl(A)=A. Hence int cl(A) = int(A) = 0. Therefore int(cl(A) = 0) in
(X,T). o

Proposition 3.9. IfAis any fuzzy first category set and Gs - set in a fuzzy Baire space (X, T).
Such that cl(A) = A, then (X,T) is a fuzzy directed Baire Space.

Proof: The proof follows from the above.

Proposition 3.10. If A be a fuzzy set in a fuzzy directed Baire space (X,T) then 1-A is fuzzy
first category set in (X, T).

Proof. Let A be a fuzzy set in a fuzzy directed Baire space (X,T). Since A is a intersection of
fuzzy Gs - sets in (X,T), A = °°,,=9/\,~), where (A;)) € T and siQ}:e A is a fuzzy dense set in
(X,T), cl(A) = 1. Then cI(" = (A) = 1. Butcl(" = (A) < (= _cl(A)).

Hencel < \/:1 cl(A). Thatis, 7.;cl(A) =1. Then we have cl(A)) = 1, for each A; € T and
hence cl(int(A;))=1, which implies that 1 - cl(int(A;))=0 and hence intcl(1 —A;))=0. Therefore
1-A; is a fuzzy nowhere dense set in (X,T). Now 1-A = 1- ,:1 (A) = 11(1 — Aj). Therefore

1-A= _{1—Aj) where (1-A;)’s are fuzzy nowhere dense sets in (X, T). Hence 1-A is a first

category set in (X,T).

Proposition 3.11. If A be a fuzzy set in a fuzzy directed Baire space (X,T) then A is fuzzy
residual set in (X,T).

Proof. Let A be a fuzzy set in a fuzzy directed Baire space (X,T), since intersection of fuzzy
G 6 - sets is fuzzy dense set in (X,T). By Prop 3.5, we have 1-A is a fuzzy first category set in

(X,T) and hence A is fuzzy residual set in (X,T)g

Proposition 3.12. /f the fuzzy topological space (X,T) is a fuzzy Directed Baire space, then

(X, T) is a fuzzy Baire space.

Proof. Let A be a fuzzy set in a fuzzy directed Baire space (X,T), then A is a intersection of
fuzzy Gs- sets is fuzzy dense set in (X, T). By Prop [3.5], 1-A is a fuzzy first category set in (X,T)
and 1—A = ( :1 (1—A3)), where (1—A))’s are fuzzy nowhere d\(/e\;we set in (X,T). But int(1—A)
= 1-cl(A) =1-1=0. (Since A is fuzzy dense),cl(A)=1. Then int( ,(1—A))=int(1—A)=0

and hence (X,T) is a fuzzy Baire space.
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Proposition 3.13. If the fuzzy topological space (X,T) is a fuzzy Directed Baire space, then

A= :1 (Aj), where (A))’s are fuzzy dense and fuzzy open sets in (X,T).

Vo,

Proof. Let A be a fuzzy set in a fuzzy directed Baire space (X,T). Then A = - (A7), where
(A))’s are fuzzy open sets in (X,T). Now, c/(A) = cl[ ,_j (A)] in (X,T). But /[ :l(Ai)] <
- V., . o N .
[V,=1 cl(A)], implies that 1 < [ 7_; c/(A)]. Thatis, . c/(A) = 1 and then cl(A}) = 1 in

(X,T). Hence A = A"_(A), where (A;)’s are fuzzy dense and fuzzy open sets in (X,T).

Proposition 3.14. If A is a fuzzy set in a fuzzy Directed Baire space (X, T) such that u < 1—A,

where u is a fuzzy Fs - set in (X, T), then u is a fuzzy o - nowhere dense set in (X, T).

Proof. Let A be a fuzzy set in a fuzzy directed Baire space. Since intersection fuzzy Gs- sets in
(X,T), is fuzzy dense set, This implies that A is a fuzzy dense setin (X, T) suchthatuy <1 —A.
Now u < (1 —A) == int(u) < int(l —A)=1—cl(A) =1 —1 = 0 and hence int(u) = 0.

Therefore u is a fuzzy o - nowhere setin (X, T). g

Proposition 3.15. If A is a fuzzy set in a fuzzy Directed Baire space (X, T) such that u < 1—A,
where u is a fuzzy F, - set in (X,T), then u is a fuzzy o - nowhere dense set in (X, T). (X,

T) is a fuzzy o - Baire space.

Proof. The above Prof 3.14, Let u is a fuzzy o0 nowhere dense set in (X, T). Hence (X,T) is a

fuzzy o - Baire space.

Theorem 3.16. [10] In a fuzzy topological space (X,T), a fuzzy set A is nowhere dense set if
and only if 1 — A is a fuzzy dense and fuzzy Gs- set in (X, T).

Proposition 3.17. If a fuzzy topological space (X,T) is a fuzzy Volterra space, then

int( i’il(/\,-)) =0, where (A;)’s are fuzzy nowhere dense sets in (X, T).

Proof. Let (A))’s [i=1 to N] be fuzzy nowhere dense sets in (X,T). Then by Theorem 3.16
(1-Aj)’s are fuzzy dense and Gs- sets in (X,T).

Since (X,T) is a fuzzy Volterra space, cl( I_fl(l —Aj)) =V\}' Now c/(VI_’\=/1(1 —A)) =1
implies that c/(1 — I_le (A)) = 1. Then we have 1 —int( " (1 —A;)) = 1. This implies

) WN =1
int( i (A1) =0.

Proposition 3.18. If a fuzzy topological space (X,T) is a fuzzy Directed Baire space, then

(X, T) is a fuzzy Volterra space.
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Proof. Let (X,T) be a fuzzy directed Baire Space. then int(W’,V (A))) = 0 where (A))’s are fuzzy
Gs- Setsvavnd fuzzy nowhere densevs\,/ets in (X,T). Now int( I_='\1’ (A)) < int( i°° (A})) implies
that int( I_’il()l,-)) = 0. Then 1—int( ’)_’21(;\,-)) =1—0 = 1. Then we have c/(1— ,-51 (A)) = 1.
This implies that c/( I\,{=1(’\")) = 1. Since (Aj)’s [i=1 to N] are fuzzy Gs - sets and fuzzy nowhere
dense sets in (X,T) by Theorem 3.16 (1-A;)’s are fuzzy dense and fuzzy Gs - sets in (X,T).

Hence c/( ,-’;'1(1 — Aj)) =, where (1-A))’s are fuzzy dense and fuzzy Gs - sets in (X, T) implies

that (X,T) is a fuzzy Volterra space.

Remark 3.19. A fuzzy Baire space need not be a fuzzy Directed Baire space. For consider,
the following example:

A: X — [0,1] is defined by A(a)=0.8, A(b)=0.6, A(c)=0.7

u: X — [0,1] is defined by u(a)=0.6, u(b)=0.9, u(c)=0.8

y: X — [0,1] is defined by y(a)=0.7, y(b)=0.5, y(c)=0.9

a: X — [0,1] is defined by a(a)=0.6, a(b)=0.5, a(c)=0.5

B8: X — [0,1] is defined by 8(a)=0.5, 8(b)=0.4, 6(c)=0.4

9 X — [0,1] is defined by $(a)=0.4, 9(b)=0.5, J(c)=0.4

ThenT={0, A, i, v, AV 1), AA ), AAY), AVY), WAYLAAWMNVYLAV (LAY, UARAVY),
UV AAV)L,YAAV LU, vAAL, AAULAY), AV uVy),1tis a fuzzy topology on X. Then
T={0, @, 6,6, (a V B), (B V), (a AB),(BAI),T A (aV 8),1} Now, (1-A), (1-u), (1-y),(1-4 V p)
are fuzzy nowhere dense sets and a Vv 8, 8 V § are fuzzy Gs- sets in (X,T).
Thend={1—A)V{A—u)V{@A—py V(aVvB)}#0andn=int[(1—A) V(1—u)Vv(1—y)V
(1 —A Vv u)] = 0. Hence (X,T) is not a fuzzy directed Baire space whereas (X,T) is a fuzzy
Baire space.

Proposition 3.20. If the fuzzy topological space (X,T) is a fuzzy first category space, Then

(X, T) is not a fuzzy directed Baire space.

W,
Proof. Let (X, T) is a fuzzy first category space. Then ( ,_; (Aj)) = 1., where (A)’s are fuzzy
nowhere dense sets in (X,T). Now for the fuzzy first category set 1, we have intcl/(1,) £ O.

Hence (X,T) is not a fuzzy directed Baire space.

Theorem 3.21. [9] If A be a fuzzy dense and fuzzy Gs- set in a fuzzy topological space (X,T),
then (1 — A) is a fuzzy first category set in (X, T).

Proposition 3.22. If a fuzzy topological space(X, T) has a fuzzy dense and fuzzy Gs- set,
then (X, T) is not a fuzzy directed Baire space.
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Proof. Let A be a fuzzy dense and fuzzy Gs- set in (X, T). Then by Theorem 3.21,1-Aisa
first category set in (X, T). Now intc/(1 —A) = 1 — clint(A) > 1 — c/(A) > 1 — 1 = 0 (Since
cl(A) = 1). Hence we have intcl(1 — A) # 0O, for a fuzzy first category set (1 — A) in (X,T).

Therefore (X,T) is not a fuzzy directed Baire space

Proposition 3.23. If every fuzzy residual set in a fuzzy P-space (X,T) contains a non-zero

fuzzy dense and fuzzy Gs - set in (X,T), then (X,T) is a fuzzy Directed Baire space.

Proof. Let A be a fuzzy first category in (X,T). Then (1 — A) is a fuzzy residual set in (X,T).
Then there exists a fuzzy Gs - set u in (X,T) such that u < (1 —A). Then A < (1 — ).
Now intcl(A) < intcl(1 — u), implies that intc/(A) < 1 — clint(u). Since (X,T) is a fuzzy
P- space, the fuzzy Gs- set, u is fuzzy open in (X,T) and int(u) = u. Therefore we have
intclA) < 1—cl(u) =1—1=0. (Since u is a fuzzy dense). Then we have intcl/(A) = 0 and

hence A is a fuzzy nowhere dense set and fuzzy Gs- set in (X,T). Hence int( I.:i (A)) =0

Theorem 3.24. [16] If(X, T) is a fuzzy open hereditarily irresolvable space, any fuzzy o-

nowhere dense set in (X, T) is a fuzzy nowhere dense set in (X, T).

Proposition 3.25. /f the fuzzy topological space (X, T) is a fuzzy directed Baire space and
fuzzy open hereditarily irresolvable space (X,T), then (X, T) is a fuzzy Baire Space.

Proof. Let (X, T)be a fuzzy directed Baire Space and fuzzy open hereditarily irresolvable
space. Then, int( Zl(/\,-)) = 0, where (A;)’s are fuzzy Gs- sets and fuzzy nowhere dense
sets in (X,T). Hence int( :.11(/\,-)) = 0, where (A;)’s are fuzzy nowhere dense sets in (X,T).

Therefore (X,T) is a fuzzy Baire space.

4. Conclusion

In this study, we explored the structural and topological properties of fuzzy directed Baire
spaces, extending classical Baire space theory into the fuzzy and directed setting. By integrat-
ing the concepts of fuzzy topology and directed sets, we were able to generalize key properties
such as completeness and category in a more flexible, graded context. Our findings demon-
strate that fuzzy directed Baire spaces retain many essential characteristics of traditional Baire

spaces while offering a richer framework for handling uncertainty and gradation.
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