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Abstract : In this paper, we introduce a new subclass of uniformly convex functions with
negative coefficients defined by error function. We obtain the coefficient bounds, growth
distortion properties, extreme points and radii of close-to-convexity and starlikeness for

functions belonging to the class TS(v, ). Furthermore, we obtained modified Hardamard product,

convolution and integral operators for this class.
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Let 4 denote the class of all functions u of the form

u(z) =z + z a, z" (1.1)
n=2

964


mailto:pranathi.sailaja@gmail.com
mailto:reddypt2@gmail.com

Utilitas Mathematica
ISSN: 0315-3681 Volume 122, 2025

in the open unit disc E = {z € C: |z| < 1}. Let S be a subclass of A with univalent and
normalized by u(0) = u'(0) — 1 = 0. A function u € A is starlike function of the order é

(0 <& < 1), if it satisfies

% zu'(z) 5
{u(z)}>5, Z€E (1.2)

and convex function of the order ¢ (0 < & < 1), if it satisfies

{ Zu”(z)}
Ri1+ >¢ z€E. (1.3)

u'(z)

Also, the classes of starlike and convex functions are denoted by S*(§) and K (&) respectively.

Foru € A given by (1.1) and g(z) given by
g(z)=z+ z b, z™
n=2
their convolution (or Hadamard product), denoted by (u * g), is defined as
(uxg)z) =z+ Z an bpz™ = (g *u)(z), (z € E). (1.4)
n=2

Note thatu * g € A.

Let T denotes the class of functions analytic in E that are of the form

u(z) =z - Z a,z" a,=>0 (z€E) (1.5)
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and let T*(§) =T NS*(&), C(&) =T NnK(&). The class T*(¢) and allied classes possess some

interesting properties and have been extensively studied by Silverman [16].

One of the most widely applied functions studied in recent years is the error function which is
used in partial differential equations physics as well as in probability science, statistics and
applied mathematics. Properties and a series of inequalities related to this function can be seen in
[3]. The error function can appears in most cases due to the normal curve. The inverse of this
function was also introduced by Carlitz [4]. Also, because researchers have been able to define
the Taylor series of this function as the series form of a normalized analytic function, they paved
the way for this function based on analytic univalent functions. The motivation for introducing a

certain subclass was based on the error function and its properties.

2 [
E,u(z) =;J et dt (1.6)
0

2 had (—1)ng2n+1

r ] (2n + Dn!
n=
2 z3 N z>  z’ N
Y\ 3 10 42 ’
was introduced in [1] and was studied in [3, 5] and [7](See also [2]). After modification of (1.1),

Ramachandran et al [13]. introduced the error function as

Eu(z) =z + Z o (__11));_1_ i7" EeCld<D (1.7)
Now, we consider the functions
M@ = [(2z = B = 2z - Eu) (1.8)
P LT e
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and
Lou(z) = (M xu)(z) = z — Z ¢ (n)a,z" (1.9)
n=2

1
where ¢(n) = DD -

We now, define a new subclass of functions belonging to the class A.

Definition 3. For —1 < v < 1 and ¢ = 0, we let TS(v, 0) be the subclass of A consisting of

functions of the form (1.5) and satisfying the analytic criterion

2 (Lyu@)’ ) z(Lyu(@)’

o) 2el— oy (1.10)

forz € E.

The main object of the paper is to study some usual properties of the geometric function theory
such as coefficient bounds, distortion properties, extreme points, radii of close-to-convex,

starlike, Hardmard product, convolution and integral operators for the class.
2. Coefficient bounds

In this section, we obtain a necessary and sufficient condition for function u(z) is in the class

0.
Theorem 2.1. The function u defined by (1.5) is in the class TS(v, o) iff
Yoon(l+0)—wW+o)]lopM|a,l <1-v, (2.1)

where —1 <v < 1,0 = 0.
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The result is sharp.
Proof. We have u € TS(v, o) if and only if the condition (2.1) satisfied. Upon the fact that
Rw) > olw — 1| +v & Rw(1+ 0e’?) —gef} >v, -t <O <.

Equation (1.10) may be written as

Z(Lgu(z))’ ; l_
R LguT(1+Qe9)—Qee
L "1+ 0e®) — el
- R 7 (1) 1 + 02'%) — e PLyu) > . (2.2)

Lyu(z)

Now, we let

A(z) =z (Lgu(z)) "1+ 0e®) — pe®Lyu(2)
B(z) = Lju(2).

Then,
|[A(z) + (1 —v)B(2)| > |A(z) — (1 +v)B(2)|, for0 <v < 1.

For A(z) and B(z) as above, we have
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oo

4@ + (1= 0B = @ =v)lzl = Y [n+1-v+o(n = D] $(mlayllz"

n=2
and similarly

[o0)

|A(z) = (1 +v)B(2)| <vlz| - Z[n —1-v+om—D]pMlanllz"|.

Therefore "
|A(z) + (1 —v)B(2)| — |A(2) — (1 + v)B(2)|

> 2(1—v) — 22[71 —v+o(n—1]pn)la,

or Y [n-v+en—DlpMmla,l <1 -0),

n=2
which yields (2.1).

On the other hand, we must have

z (Lgu(z)) !

1 i0) — pelfl > .
Lyu(z) (+Qe ) e’ 2V

Upon choosing the values of z on the positive real axis where 0 < |z| = r < 1, the above

inequality reduces to

2~ Yo, () [an] 7

Since iR(—eie) = —|ei9| = —1, the above inequality reduces to

m{(l — ) = 32, — v+ o(n — D] p()]ay| rn} o

zZ =Y, (M) la,| rm

Letting r — 17, we get the desired result. Finally the result is sharp with the extremal function u

given by
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1—-v
(1 +0) - w+o)ldm) "~

u(z) =z — n (2.3)

3 Growth and Distortion Theorems
Theorem 3.1. Let the function u defined by (1.5) be in the class TS(v, ¢). Then for |z| =7,

we have

1-v

p——"y 1-v 2
(2-v+0)9(2)

2 - - -
rfsu@lsr+ oot (3.1)

1-v 2

Equality holds for the function u(z) =z — rroe (3.2)

Proof. We only prove the right hand side inequality in (3.1), since the other inequality can be

justified using similar arguments. In view of Theorem 2.1, we have

0 1-v
Ln=2lan| < (2-v+0)p(2)’

Since ,

n=
[ee]
< r+Z|an|r”

=2
(o]

<r+r? Zlanl
n=2

o)

1-v
S”;(Z—vw)qb(mrz
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which yields the right hand side inequality of (3.1).

Next, by using the same technique as in proof of Theorem 3.1, we give the distortion result.

Theorem 3.2. Let the function u defined by (1.5) be in the class TS(v, @). Then for |z| = r

_ 2(1-v)
(2-v+o)p(2)r

2(1-v)

, ———————————————
<hW@| <1+ ot oD

Equality holds for the function given by (3.2).

Theorem 3.3. Ifu € TS(v, @) then u € TS(y), where

(n-1)(1-v)
[n-v+e(n-1)]e(2)-(1-v)

y=1-
Equality holds for the function given by (3.2).

Proof. It is sufficient to show that (2.1) implies

[00]

Y @-plal<i-y,

n=2

that is
n—y _[n-v+eln-Dip®
1-y~ (1-v) '
then
<1 n—-1A-v)

T In—v+oln-D]pMm) — (1 —v)

The above inequality holds true forn € Ng,n > 2,p > 0and 0 <v < 1.

971



Utilitas Mathematica
ISSN: 0315-3681 Volume 122, 2025

4 Extreme points

Theorem 4.1. Let u;(z) = z and

. 1-v n
un(2) =z — e 2 (4.1)

forn = 2,3,---. Then u(z) € TS(v, o) if and only if u(z) can be expressed in the form u(z) =

Z%:l (n un(z): where {;, = 0 and Z?Lo=1 (n =1

Proof. Suppose u(z) can be expressed as in (4.1). Then

oo

PRANCEIANOLD AN
n=2

n=1

= Guy(2) + Z n {Z T+ D - @+l }

n=2

Gzt Z $nz - Z n {[n(Q gy iEvv+ 1@ }

n=2 =2

‘T Z én {[n@ +1D 1—Euv+ ) }

n=2

u(2)

Thus

¢ < 1-v ) [n(e+1)— (+0)]pn)
"\[n(e+1) — (v + 0)l¢p(n) 1-v

2
Yo=Y a-t=1-G <1,
n=2 n=1

So, by Theorem 2.1, u € TS(v, 9).

ANk

Conversely, we suppose u € TS(v, 0). Since

1-v
= D - oo "2
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We may set

[n(e+1) — (w+0)]lpn)

n= 1—v |an|, n=?2
and {; =1 — Y5 {n. Then
C 1-v
uD =z- ) o= EEWM+D—@+MMMZ
= 2= Gz = un(2)] —z—chz+Zznun(z>
n=2

[o0)

= Quy(2) + Z (hun(2) = z {nun(2).
n=2 n=1

Corollary 4.2. The extreme points of TS (v, o) are the functions

v nn>2.

ul(Z) =z and un(z) =Z- [n(g+1)_(v+9)]¢(n)z T

5 Radii of Close-to-convexity, Starlikeness and Convexity
Theorem 5.1. Letu € TS(v, 0). Then u is close-to-convex of order &§ in |z| < R, where

1
(1-8)[n-v+o(n-1)lp(n)|n-1
n(1-v) ’

R, = 1nf[

nz2

The result is sharp with the extremal function u is given by (2.3).

Proof. It is sufficient to show that |u'(z) — 1] < 1 — §, for |z| < R;. We have

(o]
— Z na,z" !

n=2

o

< Z na,|z|" .

n=2

W(z) - 1] =

Thus [u'(z) —1| < 1-6if
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n n-1
> izt <1 (5.1)

n=2

But Theorem 2.1, confirms that

la,| < 1. (5.2)

i [n(e + 1) — (v + 0)]p(n)
- 1—-v

n=2

Hence (5.1) will be true if

nlz|"? - [n(e +1) — (+ 0)]lp(n)
1-6 = 1—v '

We obtain

2] < (1-8)[n—v+en—Dlpm|-1
- n(l —v)

as required.

Theorem 5.2. Letu € TS(v, 0). Then u is starlike of order & in |z| < R,, where

1
. (1-8)[n-v+e(n-1)]pn)|n-1
R = inf [F=50 '

The result is sharp with the extremal function u is given by (2.3).

zur(z)

u(z) -

Proof. We must show that 1| <1 -6, for |z| < R,. We have
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al@) | |- Eialn = 1 ape?
u(z) ’ | 1-3¥%,a,z"1!
< Yme2(n = 1) lay||z|*!
= T1- 3 lal |z
< 1-4. (5.3)

Hence (5.2) holds true if

o

D =Dyl < (1-6) (1 - lal |z|n-1)
n=2 n=2

or equivalently,

C n—2~o et
Z iz <1 (5.4)
n=2

Hence, by using (5.2) and (5.4) will be true if

n—2§ 2|1 < [n(e +1) — W+ )l
1-6 1-v

(1-8[n—-v+en—-D]pm|+-1

= lzl = -0 —v) "=

which completes the proof.

By using the same technique in the proof of Theorem 5.2. Then we have the assertion of the

following Theorem 5.3.
Theorem 5.3. Let u € TS(v, 0). Then u is convex of order 6 in |z| < R3, where

1
[(1—8)[n—v+9(n—1)]¢(n)]ﬁ

Rs = inf n(n—8)(1-v)

k=2
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The result is sharp with the extremal function u is given by (2.3).

6 Inclusion theorem involving modified Hadamard products. For functions

uj(z) =z - Z|an,j|zn, j=1.2 (6.1)
n=2

in the class A, we define the modified Hadamard product u; * u,(z) of u,(z) and u,(z) given

by

(o]
Uy *uy(2) =z — Z|an,1| |an,2|2™.
n=2

We can prove the following.

Theorem 6.1. Let the function u;, j = 1,2, given by (6.1) be in the class TS(v, @) respectively.
Then uq * u,(z) € TS, 0,§), where

(n—11+0)(1 —v)?
Sl T e DPem — - "2

Proof. Employing the technique used earlier by Schild and Silverman [15], we need to find the

largest ¢ such that

o]

Zn §+g(n Dig(®)

lan1||anz| < 1.

n=2

Since u; € TS(v, @), j = 1,2 then we have
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i [n—v+o(n—1]g(n)

1—o lan.] <1
n=2
—~ -1
ond z [n-v+ ci(fv Mg @] <1,
n=2

by the Cauchy-Schwartz inequality, we have

& [n— v+ o(n — D]p(n)
Z — i:lv pin |an,1||an,2|S1.

n=2

Thus it is sufficient to show that

[n—¢+on—D]p(n)

1 _f |an,1||an,2|

—v+o(n—-1
[n—v i(ilv Np(n) ,lan,1||an,2|' n>2

that is
|a ||a |< (1—5)[n—v+9(n—1)]
T -yl -d+e - DI
Note that
(1-v)
|an,1||an,2| <

[n—v+on—1]pMn)

Consequently, we  need only to prove that
(1-v) _A-9Dn—v+el—1]
[n-v+e(n—Dlp(m) ~ 1-v)[n—-¢&+em—1)]

, n =2,

or, equivalently, that

(n= D +0)(1 = v)? -

Sl - DPem -2 2

Since

(n-—1DA+0)1—-v)? -

A = et = Dl — (A=)’ "2
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is an increasing function of n,n = 2, letting n = 2 in last equation, we obtain

(1+0)(1—-v)?

$= A = e — A=)

Finally, by taking the function given by (2.3), we can see that the result is sharp.

7 Convolution and Integral Operators

Let u(z) be defined by (1.5) and suppose that

9(2) = z—Y7_,|b,| z™ Then,the Hadamard product of u(z) and g(z) defined here by
u(D) * g(@) =ux gD =z~ ) |agl Ibyl2"
n=2

Theorem 7.1. Letu € TS(v,0) and g(z) = z — Yoy|by| 2™, 0 < |b,| < 1. Thenu x g €

TS(v,0).

Proof. In view of Theorem 2.1, we have

[n —v+ Q(Tl - 1)] (pn(#: b, a)lan”bnl

[n—v+on—1)]®,(ub, a)la,l

s HMs

N

< 1(1;—11).

Theorem 7.2. Let u € TS(v, 0, u, b, @) and a be real number such that @ > —1. Then the

function F(z) = atl fOZ t* T u(t)dt also belongs to the class TS (v, o).

za
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Proof. From the representation of F(z), it follows that

S a+1
£ == Fal e = ().
(2) = 2= ) |An 2", where Ay = (———) lay|

n=2
Since @ > —1, than 0 < A, < |a,|. Which in view of Theorem 2.1, F € TS(v, ).
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