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Abstract : In this paper, we introduce a new subclass of uniformly convex functions with 

negative coefficients defined by error function. We obtain the coefficient bounds, growth 

distortion properties, extreme points and radii of close-to-convexity and starlikeness for 

functions belonging to the class 𝑇𝑆(𝜐, 𝜚). Furthermore, we obtained modified Hardamard product, 

convolution and integral operators for this class. 
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Let 𝐴 denote the class of all functions 𝑢 of the form 

𝑢(𝑧) = 𝑧 + ∑ 𝑎𝑛

∞

𝑛=2

𝑧𝑛                                                                     (1.1) 
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in the open unit disc 𝐸 = {𝑧 ∈ ℂ: |𝑧| < 1}. Let 𝑆 be a subclass of 𝐴 with univalent and 

normalized by 𝑢(0) = 𝑢′(0) − 1 = 0. A function 𝑢 ∈ 𝐴 is starlike function of the order 𝜉 

(0 ≤ 𝜉 < 1), if it satisfies 

ℜ {
𝑧𝑢′(𝑧)

𝑢(𝑧)
} > 𝜉,  𝑧 ∈ 𝐸                                                                  (1.2) 

and convex function of the order 𝜉 (0 ≤ 𝜉 < 1), if it satisfies 

ℜ {1 +
𝑧𝑢′′(𝑧)

𝑢′(𝑧)
} > 𝜉,  𝑧 ∈ 𝐸.                                                            (1.3) 

Also, the classes of starlike and convex functions are denoted by 𝑆∗(𝜉) and 𝐾(𝜉) respectively. 

For 𝑢 ∈ 𝐴 given by (1.1)  and 𝑔(𝑧) given by 

𝑔(𝑧) = 𝑧 + ∑ 𝑏𝑛

∞

𝑛=2

𝑧𝑛 

their convolution (or Hadamard product), denoted by (𝑢 ∗ 𝑔), is defined as 

(𝑢 ∗ 𝑔)(𝑧) = 𝑧 + ∑ 𝑎𝑛

∞

𝑛=2

𝑏𝑛𝑧𝑛 = (𝑔 ∗ 𝑢)(𝑧),   (𝑧 ∈ 𝐸).                 (1.4) 

Note that 𝑢 ∗ 𝑔 ∈ 𝐴.  

Let 𝑇 denotes the class of functions analytic in 𝐸 that are of the form 

𝑢(𝑧) = 𝑧 − ∑ 𝑎𝑛

∞

𝑛=2

𝑧𝑛,    𝑎𝑛 ≥ 0  (𝑧 ∈ 𝐸)                                           (1.5) 
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and let 𝑇∗(𝜉) = 𝑇 ∩ 𝑆∗(𝜉),  𝐶(𝜉) = 𝑇 ∩ 𝐾(𝜉). The class 𝑇∗(𝜉) and allied classes possess some 

interesting properties and have been extensively studied by Silverman [16]. 

One of the most widely applied functions studied in recent years is the error function which is 

used in partial differential equations physics as well as in probability science, statistics and 

applied mathematics. Properties and a series of inequalities related to this function can be seen in 

[3]. The error function can appears in most cases due to the normal curve. The inverse of this 

function was also introduced by Carlitz [4]. Also, because researchers have been able to define 

the Taylor series of this function as the series form of a normalized analytic function, they paved 

the way for this function based on analytic univalent functions. The motivation for introducing a 

certain subclass was based on the error function and its properties. 

𝐸𝑟𝑢(𝑧) =
2

𝜋
∫ 𝑒−𝑡2

𝑧

0

𝑑𝑡                                                                                    (1.6)

=
2

√𝜋
∑

(−1)𝑛𝑧2𝑛+1

(2𝑛 + 1)𝑛!

∞

𝑛=0

=
2

√𝜋
(−

𝑧3

3
+

𝑧5

10
−

𝑧7

42
+ ⋯ ) ,

 

was introduced in [1] and was studied in [3, 5] and [7](See also [2]). After modification of (1.1), 

Ramachandran et al [13]. introduced the error function as 

𝐸𝑟𝑢(𝑧) = 𝑧 + ∑
(−1)𝑛−1

(2𝑛 − 1)(𝑛 − 1)!

∞

𝑛=2

𝑧𝑛      (𝑧 ∈ 𝐶:  |𝑧| < 1)                    (1.7) 

Now, we consider the functions 

𝑀(𝑧) = [(2𝑧 − 𝐸𝑟𝑢) ∗ (2𝑧 − 𝐸𝑟𝑢)]                                                             (1.8)

= 𝑧 − ∑
1

[(2𝑛 − 1)(𝑛 − 1)!]2

∞

𝑛=2

𝑧𝑛  
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and 

𝐿𝑔𝑢(𝑧) = (𝑀 ∗ 𝑢)(𝑧) = 𝑧 − ∑ 𝜙

∞

𝑛=2

(𝑛)𝑎𝑛𝑧𝑛                                                (1.9) 

where  𝜙(𝑛) =
1

[(2𝑛−1)(𝑛−1)!]2 . 

We  now, define a new subclass of functions belonging to the class 𝐴. 

Definition 3.  For −1 ≤ 𝜐 < 1 and 𝜚 ≥ 0, we let 𝑇𝑆(𝜐, 𝜚) be the subclass of 𝐴 consisting of 

functions of the form (1.5) and satisfying the analytic criterion 

ℜ {
𝑧 (𝐿𝑔𝑢(𝑧)) ′

𝐿𝑔𝑢(𝑧)
− 𝜐} ≥ 𝜚 |

𝑧 (𝐿𝑔𝑢(𝑧)) ′

𝐿𝑔𝑢(𝑧)
− 1|,                              (1.10) 

for 𝑧 ∈ 𝐸. 

The main object of the paper is to study some usual properties of the geometric function theory 

such as coefficient bounds, distortion properties, extreme points, radii of close-to-convex, 

starlike, Hardmard product,  convolution and integral operators for the class. 

  2. Coefficient bounds   

In this section, we obtain a necessary and sufficient condition for function 𝑢(𝑧) is in the class 

(𝜐, 𝜚) . 

Theorem 2.1.  The function 𝑢 defined by (1.5) is in the class 𝑇𝑆(𝜐, 𝜚)  iff 

 ∑ [𝑛(1 + 𝜚) − (𝜐 + 𝜚)]∞
𝑛=2 𝜙(𝑛)|𝑎𝑛| ≤ 1 − 𝜐,                              (2.1) 

where −1 ≤ 𝜐 < 1, 𝜚 ≥ 0. 
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The result is sharp. 

Proof. We have 𝑢 ∈ 𝑇𝑆(𝜐, 𝜚) if and only if the condition (2.1) satisfied. Upon the fact that 

ℜ(𝑤) > 𝜚|𝑤 − 1| + 𝜐 ⇔ ℜ{𝑤(1 + 𝜚𝑒𝑖𝜃) − 𝜚𝑒𝑖𝜃} > 𝜐,  −𝜋 ≤ 𝜃 ≤ 𝜋. 

Equation (1.10) may be written as 

ℜ {
𝑧 (𝐿𝑔𝑢(𝑧)) ′

𝐿𝑔𝑢(𝑧)
(1 + 𝜚𝑒𝑖𝜃) − 𝜚𝑒𝑖𝜃}  

= ℜ {
𝑧 (𝐿𝑔𝑢(𝑧)) ′1 + 𝜚𝑒𝑖𝜃) − 𝜚𝑒𝑖𝜃𝐿𝑔𝑢(𝑧)

𝐿𝑔𝑢(𝑧)
} >  𝜐.                        (2.2)

 

Now, we let 

𝐴(𝑧) = 𝑧 (𝐿𝑔𝑢(𝑧)) ′1 + 𝜚𝑒𝑖𝜃) − 𝜚𝑒𝑖𝜃𝐿𝑔𝑢(𝑧)

𝐵(𝑧) = 𝐿𝑔𝑢(𝑧).
 

Then, 

|𝐴(𝑧) + (1 − 𝜐)𝐵(𝑧)| > |𝐴(𝑧) − (1 + 𝜐)𝐵(𝑧)|,  for 0 ≤ 𝜐 < 1. 

For 𝐴(𝑧) and 𝐵(𝑧) as above, we have 
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|𝐴(𝑧) + (1 − 𝜐)𝐵(𝑧)| ≥ (2 − 𝜐)|𝑧| − ∑[𝑛 + 1 − 𝜐 + 𝜚(𝑛 − 1)]

∞

𝑛=2

𝜙(𝑛)|𝑎𝑛||𝑧𝑛|

and similarly

|𝐴(𝑧) − (1 + 𝜐)𝐵(𝑧)| ≤ 𝜐|𝑧| − ∑[𝑛 − 1 − 𝜐 + 𝜚(𝑛 − 1)]

∞

𝑛=2

𝜙(𝑛)|𝑎𝑛||𝑧𝑛|.

 Therefore
|𝐴(𝑧) + (1 − 𝜐)𝐵(𝑧)| − |𝐴(𝑧) − (1 + 𝜐)𝐵(𝑧)|

≥  2(1 − 𝜐) − 2 ∑[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]

∞

𝑛=2

𝜙(𝑛)|𝑎𝑛|

or  ∑[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]

∞

𝑛=2

𝜙(𝑛)|𝑎𝑛| ≤ (1 − 𝜐),

 

which yields (2.1). 

On the other hand, we must have 

ℜ {
𝑧 (𝐿𝑔𝑢(𝑧)) ′

𝐿𝑔𝑢(𝑧)
(1 + 𝜚𝑒𝑖𝜃) − 𝜚𝑒𝑖𝜃} ≥ 𝜐. 

Upon choosing the values of 𝑧 on the positive real axis where 0 < |𝑧| = 𝑟 < 1, the above 

inequality reduces to 

ℜ {
(1 − 𝜐)𝑟 − ∑ [𝑛 − 𝜐 + 𝜚𝑒𝑖𝜃(𝑛 − 1)]∞

𝑛=2 𝜙(𝑛)|𝑎𝑛| 𝑟𝑛

𝑧 − ∑ 𝜙(𝑛)∞
𝑛=2 |𝑎𝑛| 𝑟𝑛

} ≥ 0. 

Since ℜ(−𝑒𝑖𝜃) ≥ −|𝑒𝑖𝜃| = −1, the above inequality reduces to 

ℜ {
(1 − 𝜐)𝑟 − ∑ [𝑛 − 𝜐 + 𝜚(𝑛 − 1)]∞

𝑛=2 𝜙(𝑛)|𝑎𝑛| 𝑟𝑛

𝑧 − ∑ 𝜙(𝑛)∞
𝑛=2 |𝑎𝑛| 𝑟𝑛

} ≥ 0. 

Letting 𝑟 → 1−, we get the desired result. Finally the result is sharp with the extremal function 𝑢 

given by 
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𝑢(𝑧) = 𝑧 −
1 − 𝜐

[𝑛(1 + 𝜚) − (𝜐 + 𝜚)]𝜙(𝑛)
𝑧𝑛                            (2.3) 

  

  3 Growth and Distortion Theorems 

Theorem 3.1.  Let the function 𝑢 defined by (1.5) be in the class 𝑇𝑆(𝜐, 𝜚). Then for |𝑧| = 𝑟,  

we have 

𝑟 −
1−𝜐

(2−𝜐+𝜚)𝜙(2)
𝑟2 ≤ |𝑢(𝑧)| ≤ 𝑟 +

1−𝜐

(2−𝜐+𝜚)𝜙(2)
𝑟2.                                               (3.1)  

Equality holds for the function   𝑢(𝑧) = 𝑧 −
1−𝜐

(2−𝜐+𝜚)𝜙(2)
𝑧2                              (3.2) 

Proof. We only prove the right hand side inequality in (3.1), since the other inequality can be 

justified using similar arguments. In view of Theorem 2.1, we have 

∑ |𝑎𝑛|∞
𝑛=2 ≤

1−𝜐

(2−𝜐+𝜚)𝜙(2)
.              

Since , 

𝑢(𝑧) = 𝑧 − ∑ 𝑎𝑛

∞

𝑛=2

𝑧𝑛

|𝑢(𝑧)| = |𝑧 − ∑ 𝑎𝑛

∞

𝑛=2

𝑧𝑛|

≤ 𝑟 + ∑|𝑎𝑛|

∞

𝑛=2

𝑟𝑛

≤ 𝑟 + 𝑟2 ∑|𝑎𝑛|

∞

𝑛=2

≤ 𝑟 + ∑
1 − 𝜐

(2 − 𝜐 + 𝜚)𝜙(2)𝑟2

∞

𝑛=2
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which yields the right hand side inequality of (3.1).  

Next, by using the same technique as in proof of Theorem 3.1, we give the distortion result. 

Theorem 3.2.  Let the function 𝑢 defined by (1.5) be in the class 𝑇𝑆(𝜐, 𝜚). Then for |𝑧| = 𝑟 

 1 −
2(1−𝜐)

(2−𝜐+𝜚)𝜙(2)𝑟
≤ |𝑢′(𝑧)| ≤ 1 +

2(1−𝜐)

(2−𝜐+𝜚)𝜙(2)𝑟
.  

Equality holds for the function given by (3.2). 

Theorem 3.3.  If 𝑢 ∈ 𝑇𝑆(𝜐, 𝜚) then 𝑢 ∈ 𝑇𝑆(𝛾), where  

𝛾 = 1 −
(𝑛−1)(1−𝜐)

[𝑛−𝜐+𝜚(𝑛−1)]𝜙(2)−(1−𝜐)
  

Equality holds for the function given by (3.2). 

Proof. It is sufficient to show that (2.1) implies 

∑(𝑛 − 𝛾)

∞

𝑛=2

|𝑎𝑛| ≤ 1 − 𝛾, 

that is 

𝑛 − 𝛾

1 − 𝛾
≤

[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]𝜙(𝑛)

(1 − 𝜐)
, 

then 

𝛾 ≤ 1 −
(𝑛 − 1)(1 − 𝜐)

[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]𝜙(𝑛) − (1 − 𝜐)
. 

The above inequality holds true for 𝑛 ∈ ℕ0, 𝑛 ≥ 2, 𝜚 ≥ 0 and 0 ≤ 𝜐 < 1.  
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 4  Extreme points 

Theorem 4.1.  Let 𝑢1(𝑧) = 𝑧 and 

 𝑢𝑛(𝑧) = 𝑧 −
1−𝜐

[𝑛(𝜚+1)−(𝜐+𝜚)]𝜙(𝑛)
𝑧𝑛,                                                                                      (4.1)  

 for 𝑛 = 2,3, ⋯. Then 𝑢(𝑧) ∈ 𝑇𝑆(𝜐, 𝜚) if and only if 𝑢(𝑧) can be expressed in the form 𝑢(𝑧) =

∑ 𝜁𝑛
∞
𝑛=1 𝑢𝑛(𝑧), where 𝜁𝑛 ≥ 0 and ∑ 𝜁𝑛

∞
𝑛=1 = 1. 

Proof. Suppose 𝑢(𝑧) can be expressed as in (4.1). Then 

𝑢(𝑧) = ∑ 𝜁𝑛

∞

𝑛=1

𝑢𝑛(𝑧) = 𝜁1𝑢1(𝑧) + ∑ 𝜁𝑛

∞

𝑛=2

𝑢𝑛(𝑧)

= 𝜁1𝑢1(𝑧) + ∑ 𝜁𝑛

∞

𝑛=2

{𝑧 −
1 − 𝜐

[𝑛(𝜚 + 1) − (𝜐 + 𝜚)]𝜙(𝑛)
𝑧𝑛}

= 𝜁1𝑧 + ∑ 𝜁𝑛

∞

𝑛=2

𝑧 − ∑ 𝜁𝑛

∞

𝑛=2

{
1 − 𝜐

[𝑛(𝜚 + 1) − (𝜐 + 𝜚)]𝜙(𝑛)
𝑧𝑛}

= 𝑧 − ∑ 𝜁𝑛

∞

𝑛=2

{
1 − 𝜐

[𝑛(𝜚 + 1) − (𝜐 + 𝜚)]𝜙(𝑛)
𝑧𝑛} .

Thus

∑ 𝜁𝑛

∞

𝑛=2

(
1 − 𝜐

[𝑛(𝜚 + 1) − (𝜐 + 𝜚)]𝜙(𝑛)
) (

[𝑛(𝜚 + 1) − (𝜐 + 𝜚)]𝜙(𝑛)

1 − 𝜐
)

= ∑ 𝜁𝑛

∞

𝑛=2

= ∑ 𝜁𝑛

∞

𝑛=1

− 𝜁1 = 1 − 𝜁1 ≤ 1.

 

So, by Theorem 2.1, 𝑢 ∈ 𝑇𝑆(𝜐, 𝜚). 

Conversely, we suppose 𝑢 ∈ 𝑇𝑆(𝜐, 𝜚). Since 

|𝑎𝑛| ≤
1 − 𝜐

[𝑛(𝜚 + 1) − (𝜐 + 𝜚)]𝜙(𝑛)
,   𝑛 ≥ 2. 
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We may set 

𝜁𝑛 =
[𝑛(𝜚 + 1) − (𝜐 + 𝜚)]𝜙(𝑛)

1 − 𝜐
|𝑎𝑛|,   𝑛 ≥ 2 

and 𝜁1 = 1 − ∑ 𝜁𝑛
∞
𝑛=2 . Then  

𝑢(𝑧) = 𝑧 − ∑ 𝑎𝑛

∞

𝑛=2

𝑧𝑛 = 𝑧 − ∑ 𝜁𝑛

∞

𝑛=2

1 − 𝜐

[𝑛(𝜚 + 1) − (𝜐 + 𝜚)]𝜙(𝑛)
𝑧𝑛

= 𝑧 − ∑ 𝜁𝑛

∞

𝑛=2

[𝑧 − 𝑢𝑛(𝑧)] = 𝑧 − ∑ 𝜁𝑛

∞

𝑛=2

𝑧 + ∑ 𝜁𝑛

∞

𝑛=2

𝑢𝑛(𝑧)

= 𝜁1𝑢1(𝑧) + ∑ 𝜁𝑛

∞

𝑛=2

𝑢𝑛(𝑧) = ∑ 𝜁𝑛

∞

𝑛=1

𝑢𝑛(𝑧).

 

Corollary 4.2.  The extreme points of 𝑇𝑆(𝜐, 𝜚) are the functions 

𝑢1(𝑧) = 𝑧 and 𝑢𝑛(𝑧) = 𝑧 −
1−𝜐

[𝑛(𝜚+1)−(𝜐+𝜚)]𝜙(𝑛)
𝑧𝑛,  𝑛 ≥ 2. 

 5  Radii of Close-to-convexity, Starlikeness and Convexity 

Theorem 5.1.  Let 𝑢 ∈ 𝑇𝑆(𝜐, 𝜚). Then 𝑢 is close-to-convex of order 𝛿 in |𝑧| < 𝑅1, where 

 𝑅1 = inf
𝑛≥2

[
(1−𝛿)[𝑛−𝜐+𝜚(𝑛−1)]𝜙(𝑛)

𝑛(1−𝜐)
]

1

𝑛−1
.  

The result is sharp with the extremal function u is given by  (2.3). 

Proof. It is sufficient to show that |𝑢′(𝑧) − 1| ≤ 1 − 𝛿, for |𝑧| < 𝑅1. We have 

|𝑢′(𝑧) − 1| = |− ∑ 𝑛

∞

𝑛=2

𝑎𝑛𝑧𝑛−1| ≤ ∑ 𝑛

∞

𝑛=2

𝑎𝑛|𝑧|𝑛−1.               

Thus |𝑢′(𝑧) − 1| ≤ 1 − 𝛿 if 
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∑
𝑛

1 − 𝛿

∞

𝑛=2

|𝑎𝑛||𝑧|𝑛−1 ≤ 1.                                                            (5.1) 

But Theorem 2.1, confirms that 

∑
[𝑛(𝜚 + 1) − (𝜐 + 𝜚)]𝜙(𝑛)

1 − 𝜐

∞

𝑛=2

|𝑎𝑛| ≤ 1.                                     (5.2) 

Hence (5.1) will be true if 

𝑛|𝑧|𝑛−1

1 − 𝛿
≤

[𝑛(𝜚 + 1) − (𝜐 + 𝜚)]𝜙(𝑛)

1 − 𝜐
. 

We obtain 

|𝑧| ≤ [
(1 − 𝛿)[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]𝜙(𝑛)

𝑛(1 − 𝜐)
]

1
𝑛−1

, 𝑛 ≥ 2 

as required.  

Theorem 5.2.  Let 𝑢 ∈ 𝑇𝑆(𝜐, 𝜚). Then 𝑢 is starlike of order 𝛿 in |𝑧| < 𝑅2, where 

 𝑅2 = inf
𝑛≥2

[
(1−𝛿)[𝑛−𝜐+𝜚(𝑛−1)]𝜙(𝑛)

(𝑛−𝛿)(1−𝜐)
]

1

𝑛−1
.  

The result is sharp with the extremal function 𝑢 is given by (2.3). 

Proof. We must show that |
𝑧𝑢′(𝑧)

𝑢(𝑧)
− 1| ≤ 1 − 𝛿, for |𝑧| < 𝑅2. We have 
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|
𝑧𝑢′(𝑧)

𝑢(𝑧)
− 1| = |

− ∑ (𝑛 − 1)∞
𝑛=2 𝑎𝑛𝑧𝑛−1

1 − ∑ 𝑎𝑛
∞
𝑛=2 𝑧𝑛−1

|

≤
∑ (𝑛 − 1)∞

𝑛=2 |𝑎𝑛||𝑧|𝑛−1

1 − ∑ |𝑎𝑛|∞
𝑛=2 |𝑧|𝑛−1

≤ 1 − 𝛿.                                                                                     (5.3)

 

Hence (5.2) holds true if 

∑(𝑛 − 1)

∞

𝑛=2

|𝑎𝑛||𝑧|𝑛−1 ≤ (1 − 𝛿) (1 − ∑|𝑎𝑛|

∞

𝑛=2

|𝑧|𝑛−1) 

or equivalently, 

∑
𝑛 − 𝛿

1 − 𝛿

∞

𝑛=2

|𝑎𝑛||𝑧|𝑛−1 ≤ 1.                                           (5.4) 

Hence, by using (5.2) and (5.4) will be true if 

𝑛 − 𝛿

1 − 𝛿
|𝑧|𝑛−1 ≤

[𝑛(𝜚 + 1) − (𝜐 + 𝜚)]𝜙(𝑛)

1 − 𝜐
 

⇒ |𝑧| ≤ [
(1 − 𝛿)[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]𝜙(𝑛)

(𝑛 − 𝛿)(1 − 𝜐)
]

1
𝑛−1

, 𝑛 ≥ 2 

which completes the proof.  

By using the same technique in the proof of Theorem 5.2. Then we have the assertion of the 

following Theorem 5.3. 

Theorem 5.3.  Let 𝑢 ∈ 𝑇𝑆(𝜐, 𝜚). Then 𝑢 is convex of order 𝛿 in |𝑧| < 𝑅3, where 

 𝑅3 = inf
𝑘≥2

[
(1−𝛿)[𝑛−𝜐+𝜚(𝑛−1)]𝜙(𝑛)

𝑛(𝑛−𝛿)(1−𝜐)
]

1

𝑛−1
.  
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The result is sharp with the extremal function 𝑢 is given by (2.3). 

 6  Inclusion theorem involving modified Hadamard products. For functions 

𝑢𝑗(𝑧) = 𝑧 − ∑|𝑎𝑛,𝑗|

∞

𝑛=2

𝑧𝑛,  𝑗 = 1,2                                                            (6.1) 

in the class 𝐴, we define the modified Hadamard product 𝑢1 ∗ 𝑢2(𝑧) of 𝑢1(𝑧) and 𝑢2(𝑧) given 

by 

𝑢1 ∗ 𝑢2(𝑧) = 𝑧 − ∑|𝑎𝑛,1|

∞

𝑛=2

|𝑎𝑛,2|𝑧𝑛. 

We can prove the following. 

Theorem 6.1.  Let the function 𝑢𝑗 ,  𝑗 = 1,2, given by (6.1) be in the class 𝑇𝑆(𝜐, 𝜚) respectively. 

Then 𝑢1 ∗ 𝑢2(𝑧) ∈ 𝑇𝑆(𝜐, 𝜚, 𝜉), where  

𝜉 ≤ 1 −
(𝑛 − 1)(1 + 𝜚)(1 − 𝜐)2

[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]2𝜙(𝑛) − (1 − 𝜐)2
,  𝑛 ≥ 2. 

Proof. Employing the technique used earlier by Schild and Silverman [15], we need to find the 

largest 𝜉 such that 

∑
[𝑛 − 𝜉 + 𝜚(𝑛 − 1)]𝜙(𝑛)

1 − 𝜉

∞

𝑛=2

|𝑎𝑛,1||𝑎𝑛,2| ≤ 1. 

Since 𝑢𝑗 ∈ 𝑇𝑆(𝜐, 𝜚),  𝑗 = 1,2 then we have 
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∑
[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]𝜙(𝑛)

1 − 𝜐

∞

𝑛=2

|𝑎𝑛,1| ≤ 1

and ∑
[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]𝜙(𝑛)

1 − 𝜐

∞

𝑛=2

|𝑎𝑛,2| ≤ 1,

 

by the Cauchy-Schwartz inequality, we have 

∑
[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]𝜙(𝑛)

1 − 𝜐

∞

𝑛=2

√|𝑎𝑛,1||𝑎𝑛,2| ≤ 1. 

Thus it is sufficient to show that 

[𝑛 − 𝜉 + 𝜚(𝑛 − 1)]𝜙(𝑛)

1 − 𝜉
|𝑎𝑛,1||𝑎𝑛,2|

≤  
[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]𝜙(𝑛)

1 − 𝜐
√|𝑎𝑛,1||𝑎𝑛,2|,   𝑛 ≥ 2,                  

that is                

√|𝑎𝑛,1||𝑎𝑛,2| ≤  
(1 − 𝜉)[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]

1 − 𝜐)[𝑛 − 𝜉 + 𝜚(𝑛 − 1)]
.

Note that             

√|𝑎𝑛,1||𝑎𝑛,2| ≤  
(1 − 𝜐)

[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]𝜙(𝑛)
.

Consequently, we  need only to prove that 

(1 − 𝜐)

[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]𝜙(𝑛)
≤

(1 − 𝜉)[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]

1 − 𝜐)[𝑛 − 𝜉 + 𝜚(𝑛 − 1)]
,  𝑛 ≥ 2,

 

or, equivalently, that 

𝜉 ≤ 1 −
(𝑛 − 1)(1 + 𝜚)(1 − 𝜐)2

[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]2𝜙(𝑛) − (1 − 𝜐)2
,  𝑛 ≥ 2. 

Since 

𝐴(𝑘) = 1 −
(𝑛 − 1)(1 + 𝜚)(1 − 𝜐)2

[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]2𝜙(𝑛) − (1 − 𝜐)2
,  𝑛 ≥ 2 
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is an increasing function of 𝑛, 𝑛 ≥ 2, letting 𝑛 = 2 in last equation, we obtain 

𝜉 ≤ 𝐴(2) = 1 −
(1 + 𝜚)(1 − 𝜐)2

[2 − 𝜐 + 𝜚]2𝜙(2) − (1 − 𝜐)2
. 

Finally, by taking the function given by (2.3), we can see that the result is sharp.  

  7 Convolution and Integral Operators  

Let 𝑢(𝑧) be defined by (1.5) and suppose that 

 𝑔(𝑧) = 𝑧 − ∑ |𝑏𝑛|∞
𝑛=2 𝑧𝑛. Then,the Hadamard product  of 𝑢(𝑧) and 𝑔(𝑧) defined here by 

𝑢(𝑧) ∗ 𝑔(𝑧) = 𝑢 ∗ 𝑔(𝑧) = 𝑧 − ∑|𝑎𝑛|

∞

𝑛=2

|𝑏𝑛|𝑧𝑛. 

Theorem 7.1.  Let 𝑢 ∈ 𝑇𝑆(𝜐, 𝜚) and 𝑔(𝑧) = 𝑧 − ∑ |𝑏𝑛|∞
𝑛=2 𝑧𝑛, 0 ≤ |𝑏𝑛| ≤ 1. Then 𝑢 ∗ 𝑔 ∈

𝑇𝑆(𝜐, 𝜚). 

Proof. In view of Theorem 2.1, we have 

∑[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]

∞

𝑛=2

𝛷𝑛(𝜇, 𝑏, 𝛼)|𝑎𝑛||𝑏𝑛|

≤ ∑[𝑛 − 𝜐 + 𝜚(𝑛 − 1)]

∞

𝑛=2

𝛷𝑛(𝜇, 𝑏, 𝛼)|𝑎𝑛|

≤ (1 − 𝜐).

 

  

Theorem 7.2.  Let 𝑢 ∈ 𝑇𝑆(𝜐, 𝜚, 𝜇, 𝑏, 𝛼) and 𝛼 be real number such that 𝛼 > −1. Then the 

function 𝐹(𝑧) =
𝛼+1

𝑧𝛼 ∫ 𝑡𝛼−1𝑧

0
𝑢(𝑡)𝑑𝑡 also belongs to the class 𝑇𝑆(𝜐, 𝜚). 
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Proof. From the representation of 𝐹(𝑧), it follows that 

𝐹(𝑧) = 𝑧 − ∑|𝐴𝑛|

∞

𝑛=2

𝑧𝑛,  where 𝐴𝑛 = (
𝛼 + 1

𝛼 + 𝑛
) |𝑎𝑛|. 

Since 𝛼 > −1, than 0 ≤ 𝐴𝑛 ≤ |𝑎𝑛|. Which in view of Theorem 2.1, 𝐹 ∈ 𝑇𝑆(𝜐, 𝜚).  
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