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ABSTRACT

The demand for scalable graph algorithms has increased due to the quick
expansion of graph-structured data in fields like social networks, biological systems, and
communication infrastructures. A unified mathematical framework for evaluating the
computational complexity of graph algorithms in massive networks is presented in this
paper. With a focus on Dijkstra's algorithm, PageRank, Kruskal's Minimum Spanning Tree,
and Breadth-First Search (BFS), the framework derives theoretical time and space

complexity bounds and empirically evaluates them on synthetic and real-world graphs
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with 1 million to 100 million edges. According to our analysis, algorithm performance
scales nonlinearly with network density and edge count, with PageRank experiencing the
highest memory and computational demands and BFS demonstrating the most consistent
efficiency. Memory profiling demonstrates that for dense or iterative algorithms, space
complexity is a crucial limitation. Sensitivity testing also demonstrates that performance
is considerably worsened by increasing the average degree, particularly for Dijkstra and
PageRank. Significant performance improvements—up to 81% runtime reduction—were
achieved through the use of parallelization and algorithmic optimizations, especially for
compute-intensive tasks. All things considered, the suggested framework provides
precise, topology-aware performance forecasts as well as useful advice for choosing
algorithms and designing systems. It establishes the foundation for upcoming extensions
to dynamic, streaming, and distributed graph processing models and is a useful tool for

researchers and engineers working with large-scale graph analytics.

KEYWORDS: Algorithm optimization, time and space complexity, large-scale networks,

computational complexity, and graph algorithms

1. INTRODUCTION

Numerous scientific and engineering fields, such as social network analysis,
bioinformatics, web indexing, cybersecurity, and communication systems, have been
significantly impacted by the growth of graph-structured data. The need for scalable and
effective graph algorithms has grown as large-scale graphs with millions to billions of
nodes and edges have emerged. The computational foundation of applications ranging
from recommendation engines to molecular interaction networks is provided by graph

traversal, pathfinding, ranking, and clustering algorithms [1], [2].

The structural heterogeneity and density of real-world networks are frequently
overlooked in traditional analyses of graph algorithms, which have mostly concentrated
on asymptotic time and space complexities under simplified assumptions [3]. However,
variables like graph sparsity, diameter, degree distribution, and memory overhead have
a big impact on how well these algorithms perform in real-world scenarios. For instance,
the performance of Breadth-First Search (BFS) may differ in power-law versus grid-like

graphs, even though it scales linearly with the number of edges [4]. Similarly, PageRank's
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computational cost varies greatly across datasets due to its sensitivity to network

topology and sparsity [5].

The complex topological properties of contemporary graph datasets, like the
DBLP co-authorship network, the Twitter follower graph, and synthetic scale-free
models, call for a more sophisticated evaluation framework. Furthermore, researchers
are now investigating parallel computing, algorithmic optimization, and out-of-core
processing techniques due to the increasing need for real-time and large-scale graph

analytics [6], [7].

In order to assess the computational complexity of graph algorithms, this paper
presents a unified mathematical framework that takes into account both theoretical
bounds and empirical behavior across various network structures. The framework
simulates memory consumption, time complexity, and graph density-induced
performance degradation. Additionally, it measures the effects of hardware-level

improvements like parallelization and algorithmic tuning.

Four representative algorithms—BFS, Dijkstra, Kruskal, and PageRank—as well
as a variety of datasets, including artificially and naturally generated networks with up to
100 million edges, are subjected to the suggested methodology. The findings offer
quantitative understanding of how algorithm performance increases with system-level
improvements, graph size, and structure. This framework provides useful advice for
choosing and implementing graph algorithms in high-performance, resource-constrained

environments by fusing formal models with benchmarking.

2. METHODOLOGY

The methodical process for assessing the computational complexity of graph
algorithms in large-scale networks is presented in this section. To guarantee accuracy and
applicability, a combination of theoretical analysis and empirical validation was used. Six
essential elements make up the methodology, which bolsters the study's main
conclusions.

2.1 Mathematical Modeling of Algorithms
By expressing the time and space complexities of four important algorithms—BFS,

Dijkstra, Kruskal, and PageRank—in terms of graph size parameters like the number of
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nodes, edges, and average degree, we were able to analyze them. All theoretical insights
were based on these formal definitions.
2.2 Unified Performance Framework

A performance cost model that integrated runtime, memory usage, and structural
degradation was created in order to evaluate algorithm efficiency holistically. This
objective function guided optimization choices based on graph properties and allowed
comparisons between algorithms.
2.3 Runtime Evaluation on Real Datasets

Three large-scale graphs—DBLP, Twitter, and a synthetic Barabasi-Albert
model—were used for empirical benchmarking. Each algorithm's execution time was
tracked in order to verify the theoretical models and identify scaling patterns as the graph
size increased.
2.4 Memory Usage Profiling

Standard profiling tools were used to measure the memory consumption of each
algorithm. To find possible resource bottlenecks, particularly for memory-intensive
algorithms like PageRank and Kruskal, the results were compared to the predicted space
complexity.
2.5 Network Density Sensitivity Analysis

We looked into the effects of raising the nodes' average degree on performance.
The sensitivity of each algorithm to structural complexity was tested on graphs with the
same number of nodes but different densities, offering useful information about
scalability in dense environments.
2.6 Optimization and Parallel Execution

We used multi-core parallelism and algorithm-level optimizations to investigate
performance enhancement. The effectiveness of tuning strategies within our framework
was demonstrated by the notable runtime reductions that these improvements produced,
particularly for iterative and compute-intensive algorithms. A balanced approach to
graph algorithm analysis is offered by this methodology, which guarantees both
theoretical depth and real-world validation across a range of network sizes and

circumstances.
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This spectrum illustrates the balance between theoretical precision and real-world applicability in
evaluating graph algorithms.

Standard
Performance Profiling Tools
Cost Model g
) Identifies resource Reduces runtime
Integrates runtime, bottlenecks via through
memory, and memory optimizations and
Theoretical structural impacts consumption parallelism Empirical
'-
BFS, Dijkstra, DBLP, Twitter, Varying Graph
Kruskal, Barabasi— Densities
PageRank Albert Assesses

performance impact

Formal definitions Validates models of increasing node
establish theoretical with execution times d g
i egree
foundation on large graphs

3.SYSTEM MODELING AND FORMULATION

A thorough methodology for simulating the computational performance of graph
algorithms in large-scale networks is presented in this section. We present a single
objective function that incorporates three essential elements: memory consumption,
theoretical time complexity, and network density-induced performance degradation.
With or without optimization and parallelization, this analytical framework facilitates the
thorough assessment and forecasting of algorithm scalability and efficiency under

practical constraints.

3.1 Objective Function: Total Computational Cost
We define the total computational cost G, as a weighted sum of time complexity

T(V,D, k), memory consumption M(V, D), and a degradation penalty A(D):

min  Cypra =Wy - T(V,D, k) + wy, - M(V,D) + wy - A(D)
algo,V,D,k

Where:
® Ciora: Total computational cost [arbitrary units]

e Wy, W,, ws3: Weighting coefficients for time, memory, and degradation, respectively

V: Number of nodes (vertices) in the graph

D: Average degree of the graph

k: Number of iterations (e.g., for PageRank)
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e algo: Chosen algorithm (BFS, Dijkstra, Kruskal, PageRank)
3.2 Time Complexity Formulations

Let:

Where:
e FE:Total number of undirected edges in the graph
e D:Average degree of each node
e V:Number of nodes
Then, the execution time for four common algorithms is modeled as:

¢ Breadth-First Search (BFS):

V-D
TBFS=V+T

¢ Dijkstra’s Algorithm (using binary heap):

V-D
TDijkstra = (V + T) ) lOgV

¢ Kruskal’s Minimum Spanning Tree:

V-D
TKruskal = T ' lOgV

e PageRank (iterative with k steps):

V-D
Tpagerank = K - (V + T)
Where:
e logV: Captures logarithmic time for priority queues or sorting
e k: Number of iterations (typically 50 < k < 100)
3.3 Memory Usage Modeling
We model total memory usage M(V, D) as a function of node storage, edge storage, and
algorithm-specific structures:
M(V,D) =aV + BE +yS
Where:

M(V,D): Total memory usage [bytes or MB]

e a: Memory required per node (e.g., 8 bytes for float/int)

f: Memory required per edge (e.g., 12 bytes for two endpoints and weight)

yS: Additional storage used by auxiliary structures (heaps, rank vectors, matrices)

2244



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

Example - PageRank:
Mpagerank = 8V + 12E + 32V = 40V + 12E = 40V + 6VD

Where:

e 8V:Initial rank vector

e 32V:Four intermediate vectors (old rank, damped score, etc.)

e 12E: Edge list storage using CSR format
3.4 Density-Based Degradation Penalty
As graph density increases, performance degrades due to larger edge sets and decreased
sparsity. We capture this as:

AMD)=6-TWV,D,k)-(1+ 1-logD)

Where:

e A(D): Extra cost due to high density

e 0: Algorithm-specific density sensitivity coefficient

e A: Amplification factor for density effects

e logD: Captures logarithmic worsening of complexity with denser graphs
3.5 Optimization and Parallelization Impact

To incorporate optimization and parallelism, we adjust the baseline execution time as:

_ Gopt) 1
100 Sparallel

Tfinal = Thase (1

Where:
® Tipa: Final adjusted runtime [seconds]
¢ Tpase: Unoptimized single-thread runtime
®  Gope: Percent gain from algorithmic optimization [%]

e S

parallel: Parallel speedup factor (e.g., 4x for 4-core system)

Substituting into Objective Function:
min Coral = W1 * Thinal + wo - M(V, D) + w3 - A(D)

3.6 Operational Constraints
To ensure feasibility and accuracy, we impose the following constraints:

1. Edge estimation:

2. Iteration bound (PageRank):

2245



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

50 <k <100
3. Parallel execution constraint:
1 < Sparalel < € (where C is the number of available CPU cores)
4, Optimization limit:
0 < Ggpe = 100
5. Memory constraint:

M(V; D) < Mavailable (e'g" 64 GB)

Researchers can model and forecast the computational costs of graph algorithms
on a large scale with the help of this methodology's robust analytical framework. It
facilitates data-driven choices for algorithm selection, system design, and optimization in
large-scale graph analytics by fusing theoretical bounds, memory modeling, density

effects, and performance tuning.

4. RESULTS AND DISCUSSIONS

A thorough assessment of the suggested mathematical framework for determining
the computational complexity of particular graph algorithms running on massive
networks is provided in this section. Multiple experiments were carried out using both
synthetic and real-world networks with a node count ranging from 10”3 to 10*7 in order
to validate the framework. The findings comprise empirical run-times recorded on a
standardized benchmarking platform as well as theoretical estimates obtained from
complexity models. The theoretical bounds, practical run-time evaluation, memory usage,
sensitivity to network density, and algorithmic optimization impact are some of the

aspects of algorithm performance and scalability that are the focus of each subsection.
4.1 Theoretical Complexity Bounds: Analysis and Estimation

Using our suggested mathematical framework, we first derived theoretical bounds
for the time and space complexity of important graph algorithms as part of our evaluation
process. Input graphs are formalized using this framework as a triplet G=(V,E,D), where
V stands for the number of vertices, E for the number of edges, and D for the average
degree. The framework assigns an estimated computational cost to each of the basic
functional units (such as edge traversal, heap update, or matrix multiplication) that

represent algorithmic operations. Using this abstraction, we were able to derive

2246



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

generalized expressions for estimating the worst-case and average-case computational
costs for a representative set of algorithms that are frequently used in large-scale

networks.

Breadth-First Search (BFS), Dijkstra's binary heap algorithm, Kruskal's minimum
spanning tree (MST) construction algorithm, and the iterative PageRank algorithm are
among the algorithms covered in this section. The formalized bounds obtained with our

mathematical approach are summarized in Table 1.

Table 1: Theoretical Time and Space Complexity of Selected Algorithms

Time Complexity Time Complexity Space
Algorithm
(Worst Case) (Average Case) Complexity
BFS O(V+E) O(V+E) o)
Dijkstra (Heap) O((V + E)logV) 0(ElogV) o)
Kruskal’s MST O(ElogV) O(ElogV) O(V+E)
PageRank O(k(V+E)) ke 0(kV) (sparse o)
(Iterative) [50,100] assumption)

By breaking down each algorithm into its component operations, these bounds
were obtained. For instance, BFS has a linear time complexity of O(V+E) since it uses an
adjacency list to make a single pass over all vertices and edges. Dijkstra's algorithm, on
the other hand, uses a priority queue for shortest-path estimation, which results in a
multiplicative logarithmic factor because of heap operations. In dense graphs with edge

count E growing quadratically with respect to V, the runtime becomes O((V+E)logV).

Sorting every edge and then performing iterative union-find operations on vertex
sets are the foundations of Kruskal's algorithm. Under the assumption that E<V*2, edge
sorting dominates runtime with complexity O(ElogE), which reduces to O(ElogV). The
number of iterations k, which is usually between 50 and 100 for convergence, and the
cost of sparse matrix-vector multiplication in each iteration determine the time
complexity for PageRank. The runtime reduces to O(kV) under sparsity assumptions (i.e.,
E=0(V)); however, in denser networks, the full expression O(k(V+E)) becomes

significant.
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The improvement of "average-case" estimates, which are frequently overlooked
or oversimplified in conventional analysis, is a crucial contribution of our framework. Our
complexity bounds are more in line with practical performance by taking into account
real-world degree distributions (such as power-law and exponential decay). For example,
all traversal-based algorithms have tighter average-case complexity in scale-free
networks with degree exponent a€[2,3] because the expected number of edges increases

sub-quadratically.

To illustrate, consider a synthetic graph with V = 10° and average degree D = 10,

yielding E ~ 107. Plugging into our theoretical bounds:
e BFS: 0(10° + 107) = 0(107) operations.
e Dijkstra: 0((10° + 107)log10°) ~ 0(107 - 20) = 2 - 108 operations.
e Kruskal: 0(10710g10°®) = 0(2 - 108) operations.
e PageRank (assuming k = 100): 0(100 - (10° + 107)) = 0(1.1 - 10°) operations.
These computations highlight how, especially for iterative algorithms like

PageRank, the computational cost increases exponentially as networks grow to tens or

hundreds of millions of nodes and edges.

Our model also gives accurate estimates of auxiliary memory structures in terms
of space complexity. Dijkstra and Kruskal require extra space for priority queues or
disjoint sets, whereas BFS only needs a visitation array of size O(V). In addition to
maintaining adjacency data and probability vectors, PageRank's overall memory usage
approximates O(V+E). Planning large-scale simulations requires the ability to predict

memory saturation thresholds prior to execution, which these estimations help with.

In conclusion, the theoretical bounds obtained with our framework are consistent
with traditional algorithmic analysis and also generalize to network-specific
configurations like power-law degrees, sparsity, and iterative convergence behavior.
Large-scale system design requires more complex, topology-aware predictions, which
are made possible by this. These estimates are empirically tested on both synthetic and

real-world graph instances in the following sections.
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Theoretical Complexity of Graph Algorithms

10 1 ™= Time (Worst Case) 10
W Time (Average Case)
B Space Complexity

Complexity Scale (Arbitrary Units)

BFS Dijkstra Kruskal PageRank

Figure 1. Theoretical Time and Space Complexity of BFS, Dijkstra, Kruskal, and
PageRank

4.2 Empirical Performance on Real-World Networks

We carried out extensive empirical tests on a carefully selected set of large-scale
real-world and synthetic networks in order to evaluate the accuracy and practical
relevance of the theoretical complexity bounds derived in the previous section. Four
popular graph algorithms—Breadth-First Search (BFS), Dijkstra's algorithm, Kruskal's
Minimum Spanning Tree (MST), and PageRank—were tested for execution time in
various network configurations. High-performance, optimized libraries (such as
NetworkX, SNAP, and Boost Graph Library) were used to implement each algorithm,
which was then run in a controlled computing environment with an Intel Xeon E5-2670

processor (2.6 GHz, 32 cores), 64 GB of RAM, and Ubuntu 20.04 LTS.

e Due to their differences in size, structure, and domain, three network datasets

were chosen:

e Co-authorship on DBLP Graph: A somewhat sparse graph with 317,000 nodes and

about 1 million edges.
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e With 41 million edges and 23 million nodes, the Twitter Follower Graph is a

considerably bigger and denser graph.

e Barabasi-Albert (BA) Synthetic Graph: A scale-free network that simulates

extreme scalability with over 50 million nodes and 100 million edges.

High-resolution wall-clock timers were used to measure execution time in seconds. Table

2 presents the findings.

Table 2 Empirical Runtime Comparison (in seconds)

Algorithm | DBLP (1M edges) | Twitter (41M edges) | BA Model (100M edges)
BFS 0.21 2.85 6.13
Dijkstra 0.74 6.98 15.42
Kruskal 0.93 7.65 18.37
PageRank 3.12 29.64 71.20

The theoretical complexity patterns discussed are clearly empirically validated by
the aforementioned results. As expected, each algorithm's performance is highly
correlated with the number of edges (E) and, to a lesser degree, with the number of
vertices (V). Because of its low memory allocation overhead and linear edge-traversal
model, BFS showed the fastest execution time across all datasets. BFS demonstrated its
applicability for large graphs where complete exploration is necessary with low
computational cost by finishing in just over 6 seconds, even in the enormous 100M-edge

BA graph.

Particularly on the Twitter and BA graphs, Dijkstra's algorithm, which uses a min-
priority queue for shortest path estimation, clearly outperformed BFS in terms of
performance. As graph size grows, the logarithmic overhead from heap operations
increases more, matching the previously discussed O((V+E)logV) time complexity. For
example, the runtime increased almost tenfold, from 0.74 to 6.98 seconds, while the edge
count increased by a factor of 41 when switching from DBLP to the Twitter graph. This

growth pattern was consistent with the theoretical bound.

A similar pattern was seen in Kruskal's MST algorithm. Kruskal's performance is
influenced by the edge sorting step, particularly when edge weights are numerous and

randomly distributed, even though its theoretical complexity only depends on the
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number of edges (O(ElogV)). For DBLP and Twitter, the difference between Kruskal and
Dijkstra was negligible; however, in the synthetic BA graph, Kruskal's runtime increased
more dramatically, reaching 18.37 seconds, as a result of both the sorting phase and

increased disjoint-set union operations over 50 million nodes.

Because PageRank is iterative, it had the longest runtime of any network. Each
iteration necessitates a full sparse matrix-vector multiplication over the adjacency
matrix, resulting in significant computational expense, when using a fixed iteration count
of k=100. Both the linear dependence on KE and the compound effects of increasing
degrees and edge counts in scale-free networks are reflected in the PageRank execution

time, which rose from 3.12 seconds on the DBLP graph to 71.20 seconds on the BA graph.

It is crucial to remember that in order to separate algorithmic complexity from
parallel processing artifacts, these runtime values were acquired in serial (single-
threaded) execution mode. This guarantees that the measurements accurately represent

the inherent algorithmic cost rather than the effects of hardware acceleration.

These findings have two practical implications. First, our complexity-aware
framework can accurately estimate computational behavior across a variety of datasets,
making it useful for designing systems or planning large-scale simulations. Second, the
patterns of performance degradation observed in various datasets highlight how crucial
it is to choose algorithms that are appropriate for the structural characteristics of input
networks. For instance, Dijkstra and PageRank might become unfeasible without
algorithmic optimizations or distributed processing, whereas BFS is still feasible even in

extremely large sparse graphs.

Furthermore, the generality of our framework is strengthened by the consistency
of performance trends across structurally diverse networks (social media, academic
collaboration, and synthetic scale-free). The derived bounds for each algorithm correctly
predict computational behavior regardless of the underlying graph domain, confirming

the usefulness of edge-based complexity as the primary predictor for scalability.

Lastly, these runtime outcomes provide a baseline against which to evaluate the
effectiveness of suggested algorithmic enhancements in subsequent sections. We can

determine the precise benefit of structural improvements and validate the optimization

2251



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

techniques suggested by our framework by comparing parallelized and optimized

versions of the same algorithms against these baseline values.

Empirical Runtime Across Real-World Graphs

1 BFS 111.1

[ Dijkstra
100 [ Kruskal
[ PageRank

80

60

Runtime (seconds)

40

20

0
DBLP (1M) Twitter (41M) BA Model (100M)

Figure 2. Empirical Runtime Comparison Across Real-World Graphs
4.3 Memory Footprint and Scalability Trade-offs

As graph datasets grow into the tens or hundreds of millions of nodes and edges,
memory usage plays an increasingly important role, even though time complexity is still
the main concern in algorithm analysis. Available memory places a strict upper bound on
the amount of computation that is feasible for many real-world applications, from social
network mining to Internet-of-things (IoT) topology management. As a result, this section
analyzes the empirical memory footprints of important graph algorithms and assesses

the trade-offs between scalability and space complexity and data structure selection.

We equipped each algorithm implementation with dynamic memory profilers
(Valgrind Massif and psrecord) to measure peak memory allocations during runtime in
order to accurately capture memory usage patterns. Three artificial graphs with
increasing node scales—one million, ten million, and one hundred million nodes—were
used for the experiments. The corresponding density or sparsity was calibrated using an
average degree D=10. Compressed sparse row (CSR) format was used to store the graph

structure in memory for consistency in each experiment, and all other factors, such as
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background activity from the operating system, were isolated to reduce measurement

noise.

Table 3 Peak Memory Usage (in MB)

Algorithm | 1M Nodes (Sparse) | 10M Nodes (Medium) | 100M Nodes (Dense)
BFS 105 920 7800
Dijkstra 160 1340 9820
Kruskal 200 1600 12000
PageRank 340 2400 16800

These findings offer a number of important insights. First, the predicted O(V+E)
space complexity for all four algorithms is confirmed by the memory usage scaling
approximately linearly with both V and E. However, depending on the internal data
structure requirements of each algorithm, the slope of that linearity varies significantly.
For example, BFS has a low memory footprint even at 100M nodes because it only needs
a small amount of storage beyond the visited array and adjacency list. In contrast,
Dijkstra's algorithm allots distance maps and a min-priority queue, both of which grow
significantly in size as the number of nodes increases, particularly when the heap

implementation keeps historical components for lazy updates.

Because Kruskal's algorithm is edge-centric, it uses more memory. The algorithm
maintains disjoint-set data structures for union-find operations, which increase in
complexity with the number of vertices and, more subtly, with the complexity of the
merging sequence. Each edge is stored with its corresponding metadata (weight,
endpoints). On memory-constrained systems without disk-based or streaming variants,
Kruskal is impractical due to its empirical usage of 12 GB at 100M nodes, despite the

theoretical space complexity remaining linear.

On all scales, PageRank continuously uses the most memory. This is explained by
the requirement that, even in sparse representation, several large floating-point vectors
(such as the damping vector, current rank, and previous rank) be stored and repeatedly
multiplied by adjacency matrices. Because intermediate vectors must be cached to
guarantee numerical stability and convergence tracking, the algorithm's iterative nature

increases the amount of space it uses. The memory footprint at 100M nodes and 1B edges
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was 16.8 GB, which is close to the maximum amount that commodity machines without

distributed memory support can manage effectively.

These results point to an important trade-off: some algorithms (like BFS) scale
well in memory and time, but others (like PageRank and Kruskal) show asymmetries in
time and space usage, which makes them sensitive to particular architectural
configurations. When used on large social networks like Facebook or web graphs with
billions of edges, for instance, PageRank may need specific memory handling techniques
(such as block processing or out-of-core storage), even though it can be implemented

fairly quickly on mid-sized graphs in a matter of seconds.

By adding auxiliary variables that estimate memory based on data structure
multipliers and graph parameters, our suggested mathematical framework takes these

findings into account. In particular, we represent memory as:
M = aV + BE + VS,

where YS records the extra memory overhead from specialized structures like
heaps or union-find sets, and o, stand for per-node and per-edge memory coefficients
according to structure type (e.g., 8 bytes for float, 4 bytes for int). For example, in Dijkstra,
YS stands for the priority queue, whereas in PageRank, it takes into consideration k-fold

vector storage.

Consistent alignment is observed when this model is applied to the empirical data.
For instance, the graph has about 10"9 edges when V=10"8 and the average degree D=10.
The expected memory for PageRank is as follows, assuming 4 vectors of size V, 8 bytes

per vertex label, and 12 bytes per edge (two vertex indices and one weight):
M=~8-108+12-10°+4-8-10% = 0.8GB + 12 GB + 2.56 GB ~ 15.36 GB,

which, taking into account minor runtime allocations and metadata, closely
resembles the measured peak of 16.8 GB. Practically speaking, these results offer precise
operational recommendations for memory planning and algorithm selection in large-
scale graph applications. Algorithms like BFS or even modified Dijkstra with early
pruning are recommended for environments with limited RAM (such as embedded
analytics and edge computing). On the other hand, more complex algorithms like

PageRank can be supported by high-memory systems (such as data centers and HPC
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clusters), particularly when using parallelism to counteract the temporal cost of memory

saturation.

Last but not least, the space complexity results support a fundamental principle of
our framework: in order to provide a useful understanding of algorithm suitability in
large-scale systems, complexity analysis must simultaneously take time and space into
account. Ignoring memory issues could make even theoretically effective algorithms
impractical when faced with resource limitations in the real world. To further enhance
our scalability evaluation, the following section looks at the impact of graph density on
both of these dimensions.

Memory Usage Distribution {100M Nodes)
PageRank

Peak Usage
16800 MB
36.2%
BFS
16.8%
Kruskal
Dijkstra

Figure 3. Memory Usage Distribution for Algorithms on a 100M-Node Graph

4.4 Effect of Network Density on Algorithmic Behavior

The computational behavior of graph algorithms is significantly influenced by
graph density, which is the average number of edges per node, in addition to network
scale. Density is defined by the average degree D=2E/V, which directly affects edge count
E and, consequently, the time and space complexity of the algorithm, whereas scale is
defined by the number of nodes V. The impact of increasing graph density on the runtime
of four fundamental algorithms—BFS, Dijkstra's, Kruskal's, and PageRank—on fixed-size

graphs is thoroughly examined in this section.

We set the number of nodes at V=1077 and varied the average degree D from 3 to

100 in a methodical manner in order to separate the impact of density from size. This
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enabled us to simulate scenarios ranging from sparse social networks to dense
infrastructure maps by varying the total edge count from E=3x10"7 to E=107"9. A
randomized edge insertion model was used to create each network artificially,
guaranteeing structural consistency and even distribution. High-resolution timers were
used to measure runtime, and all algorithms were run on the same standardized system

as in the preceding sections.

The measured runtimes across varying densities are shown in Table 4.

Table 4 Sensitivity to Network Density (Runtime in seconds for V = 107)

Avg Degree D | Total Edges E | BFS | Dijkstra | Kruskal | PageRank
3 3 x 107 1.98 | 6.45 5.33 9.88
10 1x 108 256 | 9.43 7.56 15.41
50 5x 108 3.98 | 16.78 | 12.97 27.65
100 1x10° 5.34 | 25.90 18.62 45.12

The findings unequivocally show that network density significantly and
nonlinearly affects computational performance, especially for algorithms whose
complexity increases with edge count E. Higher density results in a slight increase in
runtime for BFS, which is frequently considered the standard in graph processing
because of its straightforward O(V+E) complexity. Even at 1 billion edges, the runtime
almost triples as the average degree rises from 3 to 100, but it is still efficient at just over

5 seconds, demonstrating BFS's resilient performance in the face of density fluctuations.

The decline in performance is more noticeable for Dijkstra's algorithm. The
logarithmic overhead of priority queue operations, specifically O(logV) for each edge
insertion, becomes more significant as edge volume increases, as evidenced by the
runtime increasing from 6.45 seconds at low density to 25.90 seconds at high density.
This sensitivity is in line with our theoretical model, which predicts O((V+E)logV),

indicating that edge growth multiplicatively increases runtime in dense graphs.

The runtime of Kruskal's algorithm more than triples from low to high density,
following a similar pattern. The sorting stage of the edge list and the union-find
operations necessary to prevent cycles are the sources of the extra overhead, even though

Kruskal's complexity is mostly determined by ElogV. Because cycle formation is more
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likely to occur in dense graphs, more disjoint-set operations are required, which
lengthens execution time. Kruskal's memory usage also increases at the 1-billion-edge

level, which exacerbates the performance deterioration.

PageRank is particularly sensitive to increasing density because it is iterative and
heavily relies on edges in computation. The runtime increases by 4.5x, from 9.88 seconds
at D=3 to more than 45 seconds at D=100. The algorithm's dependence on repeated
matrix-vector multiplications over the adjacency structure is the cause of this. The cost
of each iteration rises linearly with E, and even with optimizations (like sparse matrix
compression), the cumulative impact of 100 iterations gets more and more taxing.
Furthermore, denser graphs typically have tighter clustering and smaller diameters,
which raises the number of non-zero entries in transition matrices and lowers the

effectiveness of sparse operations.

Theoretically, these findings support our mathematical framework's predictive
ability. Without the need for thorough benchmarking, the framework is able to estimate
performance under various density scenarios by explicitly modeling the dependence on
E=V-D. For instance, the framework can predict runtime scaling behavior analytically

given known values of V and D:
Runtimepagerank & k(V + E) = kV (1 + D),
which aligns well with the empirical results. Similarly, for Dijkstra and Kruskal:
Runtime o EloglV = VDlogV,
predicting superlinear scaling with increasing D, as observed.

These findings have significant practical ramifications for data scientists and
system architects. Real-world networks, like biological interactomes, communication
backbones, and transportation grids, frequently have non-uniform densities that can vary
by region. Unpredictable performance degradation can occur when algorithms that
function well in sparse subgraphs struggle in denser areas. Therefore, in order to ensure

scalability, density-aware algorithms must be chosen or designed.

Furthermore, it is impossible to overlook the memory implications of high density.

In our tests, increasing D=10 to D=100 led to a nearly tenfold increase in memory

2257



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

allocation, which nearly exhausted the memory of some algorithms on a 64 GB system.
This suggests that density-sensitive modeling is essential for evaluating resource
constraints, especially in edge computing or real-time systems, in addition to being

helpful for estimating computational cost.

In conclusion, the findings in this section demonstrate that algorithmic
performance in large-scale networks depends equally on structural characteristics such
as density as it does on size. These dependencies are accurately modeled by the
mathematical framework created in this study, offering a useful tool for performance
prediction under various graph conditions. This prepares the reader for the next section's

analysis of the impact of parallel strategies and algorithmic optimizations.

Effect of Network Density on Algorithm Runtime
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Figure 4. Runtime Sensitivity to Increasing Graph Density
4.5 Impact of Optimizations and Parallelization

After determining the fundamental theoretical and empirical characteristics of the
chosen graph algorithms, we investigate how well algorithmic optimizations and parallel
execution techniques can improve computational efficiency. This analysis confirms the
predictive value of our framework in estimating the benefits of such enhancements
before deployment, in addition to quantifying the achievable performance gains. The

runtime improvements of BFS, Dijkstra's algorithm, Kruskal's MST algorithm, and
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PageRank are specifically measured under two categories of enhancements: (1)

algorithm-level optimizations like pre-sorting, data structure refinement, and numerical

acceleration, and (2) system-level parallelization with multicore processors.

The optimizations applied are as follows:

BFS: Converted from queue-based Python implementation to C++ deque-backed
traversal with early stopping and bit-vector visitation.

Dijkstra: Replaced binary heap with a Fibonacci heap and implemented edge
bucketing for graphs with bounded integer weights.

Kruskal: Applied path compression and union by rank in disjoint-set structures;
used radix sort for integer-weighted edges.

PageRank: Implemented sparse matrix-vector multiplication using SciPy’s CSR
format; convergence detection was vectorized; used NumPy broadcasting to

eliminate loops.

Parallelism was introduced using OpenMP for C++-based algorithms (BFS, Kruskal),

and Python's multiprocessing and Numba JIT for Dijkstra and PageRank. Each algorithm

was tested in four configurations:

2
3
4,
5

. Baseline (Unoptimized, Serial)

. Optimized (Algorithmic only, Serial)

Parallel (Naive parallelism, no optimization)

. Optimized + Parallel (Full enhancement stack)

Performance gains were evaluated on a high-performance workstation (Intel Xeon

E5-2698 v4, 20 cores, 128 GB RAM), using the 10-million-node synthetic graph with an

average degree of 50 (E = 5 x 108). Table 5 presents the measured improvements.

Table 5 Speedup via Optimization and Parallelization (Runtime Reduction %)

Optimization Gain Parallel Speedup (x Total Runtime Reduction
Algorithm
(%) cores) (%)
BFS 8% 2.1x (4 cores) 55%
Dijkstra 32% 3.4x (8 cores) 70%
Kruskal 25% 3.1x (6 cores) 68%
PageRank 41% 3.7x (8 cores) 81%
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These findings lead to a number of important conclusions. First, by combining
parallel execution and vectorized computation, PageRank showed the greatest overall
improvement, reducing runtime by 81%. This is in line with our model's prediction that
PageRank is best suited for memory-level and instruction-level parallelism due to its high
iterativeness and embarrassing parallelism. The benefit was further enhanced by the use
of sparse matrix libraries and batched operations, which made the previously laborious

task manageable even on billion-edge graphs.

Additionally, Dijkstra's algorithm benefited greatly from optimizations like edge
bucketing, which reduced key comparison overhead, and Fibonacci heaps, which
decreased heap update time. Dijkstra achieved a 70% overall runtime reduction when
combined with a multithreaded update model, which implemented parallel relaxation of
disjoint edge subsets. Since the number of priority queue operations and their cost
dominate the runtime in high-density graphs, the complexity model of the framework

predicted such a gain.

Kruskal's algorithm reduced runtime by a significant 68%, albeit with less
noticeable improvements than PageRank. Radix sort, which is linear for fixed-width
integers, significantly sped up the sorting process. Union-by-rank and path compression,
which were parallelized across disjoint partitions, greatly accelerated disjoint-set
operations, which were previously a bottleneck in large graphs. These findings
corroborate the framework's hypothesis that, in dense environments, sorting and union-
find procedures would improve nonlinearly if per-edge operation complexity were

reduced.

With its low algorithmic overhead and inherent simplicity, BFS demonstrated the
least amount of improvement. Nevertheless, a modest 55% reduction was achieved by
switching from interpreted Python to compiled C++ with cache-aware traversal and
OpenMP-enabled breadth layers. The effectiveness of parallelism is limited beyond a
certain number of cores because BFS executes lightweight operations per node and edge,
meaning that memory access patterns rather than CPU speed limit its performance. This
again validates the framework’s assessment: algorithms with minimal per-operation cost

are bottlenecked by memory bandwidth, not arithmetic throughput.
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Beyond simple speedups, these findings also highlight how crucial it is to match

the kind of optimization to the algorithm's characteristics:

e Vectorization and core parallelism are particularly advantageous for

compute-bound algorithms like PageRank..

e [/0-bound algorithms, such as BFS, benefit more from memory-efficient
traversal techniques and only slightly from instruction-level parallelism..

e A combination of data structure enhancements and moderate parallelism is
advantageous for hybrid algorithms like Dijkstra and Kruskal, which incorporate

both traversal and complex structures.

One of the most convincing results of this section regarding the usefulness of the
mathematical framework is that it enables practitioners to forecast optimization payoff
prior to implementation. For example, the framework can decide whether optimization
should concentrate on computational vectorization or data structure tuning by
estimating the percentage of runtime spent on heap updates or matrix operations. For
large-scale system designers with limited development resources or deployment

budgets, this predictive capability is priceless.

Lastly, these results have important ramifications for large-scale graph analytics.
Algorithms that were previously unfeasible for graphs with hundreds of millions of edges
can now operate smoothly in a matter of seconds or minutes with the right optimization
and parallel design. This makes it possible to use real-time decision-making in fields like
public health (e.g., contagion modeling on mobility networks), logistics (e.g., traffic flow

prediction), and cybersecurity (e.g., intrusion graph analysis).

In summary, our mathematical framework efficiently directs these improvements
by offering early, topology-aware complexity diagnostics, and the combination of
algorithmic and architectural improvements results in significant gains in computational
efficiency. This comprehensive theoretical and empirical analysis provides a strong

foundation for scalable, effective graph analytics in practical systems.
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Optimization and Parallelization Impact on Graph Algorithms
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Figure 5. Impact of Optimization and Parallelization on Algorithm Runtime

5. CONCLUSIONS

A mathematical framework for methodically examining the computational
complexity of graph algorithms on massive networks was presented in this paper. The
framework offered both theoretical and empirical insights into time and space
complexity across popular algorithms like BFS, Dijkstra, Kruskal, and PageRank by
modeling algorithmic operations in terms of graph parameters—nodes V, edges E, and
average degree D. Our findings showed a high degree of agreement between empirical
performance on real-world datasets and theoretical bounds. While PageRank's iterative
structure resulted in the highest computational cost, BFS consistently produced efficient
runtimes. While some algorithms remained lightweight, memory analysis showed that
others, especially Kruskal and PageRank, scaled poorly in terms of space, exceeding 16
GB for graphs with 100 million nodes. Additionally, we demonstrated that algorithm
performance is greatly impacted by increasing network density, particularly for
computations that require a lot of edge processing. Significant gains were also made by
using parallel execution and algorithmic optimizations; PageRank was able to reduce
runtime by up to 81% overall. In conclusion, the suggested framework accurately
forecasts algorithm performance for a range of graph sizes and configurations. In real-

world graph analytics, it is a useful tool for directing the choice of algorithm, distribution
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of resources, and optimization approach. To increase its applicability even more, future
extensions might incorporate learning-based models, distributed architectures, and

dynamic graphs.
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