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Abstract 

 
 The aim of this paper is to approximate the 𝐶-resolvent of uniformly bounded 

𝛽 −times integrated 𝐶 −regularized semigroups function by the Laguerre series, recalling 
the notions and the results used. 
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1. Introduction and preliminaries 
 One of the important tools in mathematical physics is the series expansion of 

Laguerre orthogonal polynomials, for example in problems involving the integration of 
Helmholtz’s equation in prabolic coordinates, in the theory of the Hydrogen atom, in the 
theory of propagation of electomagnetic waves a long transmission lines terminated by a 
lumped inductance [9]. The study of sufficient conditions for the convergence of Laguerre 
series has been the subject of numerous works, for more details see [16], [4], [15], [9] and 
[2]. 

In 2023, Y.Bajjou, A. Blali and A. El Amrani in their article [1], studie the Laguerre 
Expansions of exponentially bounded 𝐶 -regularized semigroups functions and its 𝐶 -
resolvent. In this work we will be interested in Laguerre expansion of the 𝐶-resolvent of 
uniformly bounded 𝛽 − times Integrated 𝐶 −regularized semigroups Functions, starting 
with reminding the notations, concepts and results used. Throughout this paper 𝐸 denotes 
a non-trivial complex Banach space, 𝔉(𝐸, 𝐹) denotes the set of all applications from 𝐸 to 
another Banach space 𝐹, 𝐵(𝐸) denotes the space of all bounded linear operators from 𝐸 
into itself, and 𝐿𝑙𝑜𝑐

1 (𝐸) the set of all 𝑓 ∈ 𝔉(ℝ, 𝐸) locally integrable. For a closed linear 
operator 𝐴 on 𝐸, 𝒟(𝐴), 𝑅(𝐴) and 𝜌(𝐴) denote its domain, range and resolvent set, 
respectively. 𝒟(𝐴)  equipped with the graph norm ∥ 𝑥 ∥𝒟(𝐴)=∥ 𝑥 ∥𝐸 +∥ 𝐴𝑥 ∥𝐸  become 

Banach space. Throughout this paper, 𝐶 ∈ 𝐵(𝐸)  will be an injective operator. The 𝐶 -
resolvent set of 𝐴,  denoted by 𝜌𝐶(𝐴),  is defined by 𝜌𝐶(𝐴): = {𝜆 ∈ ℂ|𝑅(𝐶) ⊆ 𝑅(𝜆𝐼 −
𝐴)  𝑎𝑛𝑑  𝜆𝐼 − 𝐴  is injective in 𝐵(𝐸)} and if 𝜆 ∈ 𝜌𝐶(𝐴) then we denoted by 𝑅𝐶(𝜆, 𝐴) =
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(𝜆𝐼 − 𝐴)−1𝐶  the 𝐶 -resolvent. Finally we note for 𝑎, 𝑏 ∈ ℝ+  such that 𝑎 ⩾ 𝑏 , ⌊𝑎⌋  the 

integer part of real number 𝑎, 𝑎! = Γ(𝑎 + 1) and (
𝑎
𝑏

) =
𝑎!

𝑏!(𝑎−𝑏)!
=

Γ(𝑎+1)

Γ(𝑏+1)Γ(𝑎−𝑏+1)
.  

 

Laguerre functions and Laguerre expansions on Banach spaces 
 For all 𝑛 ∈ ℕ,  and arbitrary real 𝛼 > −1  the classical Laguerre polynomial, is 

defined by Rodrigues formula: 

 (∀𝑥 ∈ ℝ)  𝜙𝑛,𝛼(𝑥) = 𝑒𝑥 𝑥−𝛼

𝑛!

𝑑𝑛

𝑑𝑥𝑛 (𝑒−𝑥𝑥𝑛+𝛼) 

. 𝜙𝑛,𝛼 is a polynomial with the degree 𝑛, the same parity as 𝑛, whose highest monomial 

degree is 
(−1)𝑛

𝑛!
𝑋𝑛  and have real coefficients. Furthemore, they verify the following 

condition of orthogonality wiht respect to gamma density 𝑥 → 𝑥𝛼𝑒−𝑥 on [0, +∞[ :   

 ∫
ℝ+ 𝜙𝑛,𝛼(𝑥)𝜙𝑚,𝛼(𝑥)𝑥𝛼𝑒−𝑥𝑑𝑥 = 𝛿𝑛,𝑚

Γ(𝑛+𝛼+1)

𝑛!
, 

where 𝛿𝑛,𝑚 is the Kronecker delta. We also have recurrence relations, differential equations 
and satisfied the estimates:  

 (∀𝑥 ∈ ℝ+)  (∃𝑐𝑥 > 0)  (∃𝑛0 ∈ ℕ)  (∀𝑛 ≥ 𝑛0), |𝜙𝑛,𝛼(𝑥)| ≤ 𝑐𝑥𝑛
𝛼

2 . (1) 
 For more details of the classical theory of orthogonal polynomials see [9], [16], [4], [15], [1] 
and [2]. 

The Laguerre functions on ℝ+ are defined by:  

 𝜑𝑛,𝛼(𝑥) = √
𝑛!

Γ(𝑛+𝛼+1)
𝜙𝑛,𝛼(𝑥)𝑥

𝛼

2𝑒−
𝑥

2 =
1

√𝑛!Γ(𝑛+𝛼+1)
𝑥

−𝛼

2 𝑒
𝑥

2
𝑑𝑛

𝑑𝑥𝑛 (𝑒−𝑥𝑥𝑛+𝛼). (2) 

 (𝜑𝑛,𝛼)𝑛∈ℕ  is an orthonormal basis in the Hilbert space 𝐿2(ℝ+)  and satisfied some 
recurrence relations, equality and inequality. For more details see [16], [4], [1], [15] and [2]. 

For 𝑛 ∈ ℕ  and arbitrary real 𝛼 > −1 , we denote by 𝜓𝑛,𝛼,  the function on ℝ+ 
defined by :  

 (∀𝑥 ∈ ℝ+)  𝜓𝑛,𝛼(𝑥) =
𝑛!

Γ(𝑛+𝛼+1)
𝑥𝛼𝑒−𝑥𝜙𝑛,𝛼(𝑥) =

1

Γ(𝑛+𝛼+1)

𝑑𝑛

𝑑𝑥𝑛 (𝑥𝑛+𝛼𝑒−𝑥). (3) 

 𝜓𝑛,𝛼  satisfies recurrence relations and differential equations, for example:  

 (∀(𝑛, 𝑚) ∈ ℕ2) 𝜓𝑛,𝛼
(𝑚)

= 𝜓𝑛+𝑚,𝛼−𝑚. (4) 

 And the following useful inequality :  

 (∀𝑛 ≥ 1)   ∥ 𝜓𝑛,𝛼 ∥1≤
𝐶𝛼

𝑛
𝛼
2

. (5) 

 For more details see [1] and [9].  
Of the most important properties of the family (𝜓𝑛,𝛼)𝑛∈ℕ is that if 𝑓: ℝ∗

+ → 𝐸 be a 

differentiable function such that ∫
+∞

0
𝑒−𝑡𝑡𝛼 ∥ 𝑓(𝑡) ∥2 𝑑𝑡 < +∞,  then the series 

∑𝑛∈ℕ 𝑐𝑛(𝑓)𝜙𝑛,𝛼(𝑡) converges pointwise to 𝑓 on ℝ+
∗ , where  

𝑐𝑛(𝑓) = ∫
+∞

0

𝜓𝑛,𝛼(𝑡)𝑓(𝑡)𝑑𝑡. 

 For more details see [9], [4] and [15]. 
 
  

𝜷 − times integrated 𝑪 −regularized semigroups 
 Let 𝛽 ≥ 0. A strongly continuous family (𝑇(𝑡))𝑡≥0  in 𝐵(𝐸) is called 𝛽 −times 

uniformly bounded integrated 𝐶 −regularized semigroups generated by 𝑊, or uniformly 
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bounded 𝛽 − times Integrated 𝐶 −semigroups generated by 𝑊, if   

    1.  For all 𝑥 ∈ 𝐸, 𝑇(0)𝑥 = {
𝐶𝑥  𝑖𝑓  𝛽 = 0,
0    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

.  

    2.  There exists 𝑀 ≥ 0 such that:  
 (0, +∞) ⊂ 𝜌𝐶(𝑊), ∥ 𝑇(𝑡) ∥≤ 𝑀, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ≥ 0. 

 
    3.  For  𝜆 > 0 and 𝑥 ∈ 𝐸, we have 𝑅𝐶(𝜆, 𝑊)𝑥: = (𝜆𝐼 − 𝑊)−1𝐶𝑥 =

𝜆𝛽 ∫
+∞

0
𝑒−𝜆𝑡𝑇(𝑡)𝑥𝑑𝑡.  

 We can deduce from [11] that,   
    4.  For any 𝑥 ∈ 𝐸, 

 𝑇(𝑡)𝑇(𝑠)𝑥 =
1

Γ(𝛽)
[∫

𝑡+𝑠

𝑡
(𝑡 + 𝑠 − 𝑟)𝛽−1𝑇(𝑟)𝐶𝑥𝑑𝑟 − ∫

𝑠

0
(𝑡 + 𝑠 −

𝑟)𝛽−1𝑇(𝑟)𝐶𝑥𝑑𝑟]  𝑓𝑜𝑟  𝑎𝑙𝑙  𝑡, 𝑠 ∈ ℝ+. (6) 
  

    5.  For all 𝑡 ≥ 0, 𝑇(𝑡)𝐶 = 𝐶𝑇(𝑡)  
   
 
We present some known facts about 𝛽 − times integrated exponentially bounded 

𝐶-semigroups and its generator, which will be used in the sequel (see [6], [7], [8], [10], [12], 
[13], [14], [17] and [18] for more details):   

    • By the equation (6), we conclude that 𝑇(𝑡)𝑇(𝑠) = 𝑇(𝑠)𝑇(𝑡) for all 𝑡, 𝑠 ≥ 0, 

this means that 𝑇(𝑡)𝑥 ∈ 𝒟(𝑊), 𝑊𝑇(𝑡)𝑥 = 𝑇(𝑡)𝑊𝑥 and 𝑇(𝑡)𝑥 =
𝑡𝛽

Γ(𝛽+1)
𝐶𝑥 +

∫
𝑡

0
𝑇(𝑠)𝑊𝑥𝑑𝑠, for all 𝑡 ≥ 0 and 𝑥 ∈ 𝐷(𝑊).  

    • ∫
𝑡

0
𝑇(𝑠)𝑥𝑑𝑠 ∈ 𝒟(𝑊) and  

 𝑊 ∫
𝑡

0
𝑇(𝑠)𝑥𝑑𝑠 = 𝑇(𝑡)𝑥 −

𝑡𝛽

Γ(𝛽+1)
𝐶𝑥  𝑓𝑜𝑟  𝑒𝑣𝑒𝑟𝑦  𝑥 ∈ 𝐸  𝑎𝑛𝑑  𝑡 ≥ 0 (7) 

, which implies that for each 𝑥 ∈ 𝒟(𝑊), 𝑢: = 𝑇(. )𝑥  is right differentiable in 𝑡 ≥ 0 and 
𝑑

𝑑𝑡
𝑇(𝑡)𝑥 = 𝑊𝑇(𝑡)𝑥 +

𝑡𝛽−1

Γ(𝛽)
𝐶𝑥.  

    • 𝑊 is closed linear operator with 𝑅(𝐶) ⊂ 𝐷(𝑊) and 𝑊 = 𝐶−1𝑊𝐶.  
    • The 𝐶-resolvent operator 𝑅𝐶(𝜆, 𝑊) is analytic in the 𝐶-resolvent set 

𝜌𝐶(𝑊) and  

 
𝑑𝑛

𝑑𝜆𝑛 (𝑅𝐶(𝜆, 𝑊)) = (−1)𝑛𝑛! (𝑅𝐶(𝜆, 𝑊))𝑛+1𝑓𝑜𝑟𝑎𝑙𝑙𝑛 ∈ ℕ. (8) 

  

    • Like ∀  𝛾 > 0 ∀  𝜆 > 0 ∫
+∞

0
𝑡𝛾−1𝑒−𝜆𝑡𝑑𝑡 =

Γ(𝛼)

𝜆𝛼
 then,   

        - For every 𝑛 ∈ ℕ, 𝑅(𝐶) ⊂ 𝐷((𝜆𝐼 − 𝑊)−𝑛) and  

 (𝜆𝐼 − 𝑊)−𝑛𝐶𝑥 =
𝜆𝛽

(𝑛−1)!
∫

+∞

0
𝑡𝑛−1𝑒−𝜆𝑡𝑇(𝑡)𝑥𝑑. (9) 

 which gives ∥ (𝜆𝐼 − 𝑊)−𝑛𝐶 ∥≤ 𝜆𝛽−𝑛𝑀. 
 
        - Let 𝛾 > 0 and 𝜆 > 0. 
We can define the fractional power of 𝐶-resolvent operator(see [6] for more details) 

as below :  



UtilitasMathematica 

ISSN 0315-3681 Volume 122, 2025 
 

2640 

 (𝜆𝐼 − 𝑊)−𝛾𝐶𝑥 = (𝜆𝐼 − 𝑊)−𝛾𝐶𝑥: =
𝜆𝛽

Γ(𝛾)
∫

+∞

0
𝑡𝛾−1𝑒−𝜆𝑡𝑇(𝑡)𝑥𝑑𝑡, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝐸. (10) 

 With a simple verification, (𝜆𝐼 − 𝑊)−𝛾𝐶  is bounded linear operator. Therefore we can 
deduce that for 𝑥 ∈ 𝐸 fixed and 𝑘 ∈ ℕ,  

 ∥ (𝑅𝐶(𝜆, 𝑊))𝑘𝑥 ∥𝐸≤ 𝑀𝑘𝜆𝑘(𝛽−1) ∥ 𝑥 ∥𝐸  (11) 
  

  
    • From equations (8) and inequation (11) we can easily conclude that  

 ∀𝛼 > 0, ∀𝑛 ∈ ℕ, ∀𝑘 ∈ {0, . . , 𝑛}, [
𝑑𝑛−𝑘

𝑑𝑡𝑛−𝑘 (𝑒−𝑡𝑡𝑛+𝛼)
𝑑𝑘

𝑑𝑡𝑘 (𝑅𝐶(𝑡, 𝑊))]0
+∞ = 0 (12) 

  
  

2. Main results 
  
Lemma 1  Let 𝛽 ⩾ 0 and (𝑇(𝑡))𝑡∈ℝ+  be an 𝛽 − times integrated uniformly 

bounded 𝐶-semigroups in Banach space 𝐸 with generator (𝑊, 𝒟(𝑊)) such that  
(∀𝑡 ≥ 0) :  ∥ 𝑇(𝑡) ∥≤ 𝑀. For any 𝑛 ∈ ℕ, 𝑥 ∈ 𝐸 and 𝛼 > 1, we have  
 

∫
+∞

0

𝜓𝑛,𝛼(𝑡)𝑅𝐶(𝑡, 𝑊)𝑥𝑑𝑡 =
Γ(𝑛 + 𝛼 + 𝛽 + 1)

Γ(𝑛 + 𝛼 + 1)
∫

+∞

0

𝑠𝑛

(𝑠 + 1)𝑛+𝛼+𝛽+1
𝑇(𝑠)𝑥𝑑𝑠 

 
𝐏𝐫𝐨𝐨𝐟:  Let 𝛽 ⩾ 0  and (𝑇(𝑡))𝑡∈ℝ+  be an 𝛽 −  times integrated uniformly 

bounded 𝐶-semigroups in Banach space 𝐸 with generator (𝑊, 𝒟(𝑊)), we have, For all 
𝑡 > 0, 𝑡 ∈ 𝜌𝐶(𝑊), so the function 𝑡 → 𝑅𝐶(𝑡, 𝑊) is analytic in ℝ∗

+. 
Or by the inequality (11), we know that ∥ 𝑅𝐶(𝑡, 𝑊) ∥≤ 𝑀𝑡𝛽−1 for all 𝑡 > 0, so  

 ∫
+∞

0
∥ 𝜓𝑛,𝛼(𝑡)𝑅𝐶(𝑡, 𝑊)𝑥 ∥ 𝑑𝑡 = ∫

+∞

0
|𝜓𝑛,𝛼(𝑡)| ∥ 𝑅𝐶(𝑡, 𝑊)𝑥 ∥ 𝑑𝑡 

 ≤ ∫
+∞

0

𝑛!𝑀𝑡𝛽−1

Γ(𝑛+𝛼+1)
𝑒−𝑡𝑡𝛼|𝜙𝑛,𝛼(𝑡)| ∥ 𝑥 ∥ 𝑑𝑡 

 ≤
𝑛!𝑀∥𝑥∥

Γ(𝑛+𝛼+1)
∫

+∞

0
𝑒−𝑡𝑡𝛼+𝛽−1|𝜙𝑛,𝛼(𝑡)|𝑑𝑡 

 < +∞      (𝑏𝑒𝑐𝑎𝑢𝑠𝑒  𝛼 + 𝛽 − 1 ⩾ 0). 

 If we posed 𝐻: = Γ(𝑛 + 𝛼 + 1) ∫
+∞

0
𝜓𝑛,𝛼(𝑡)𝑅𝐶(𝑡, 𝑊 − 𝜔𝐼)𝑥𝑑𝑡, then we have  

 𝐻 = Γ(𝑛 + 𝛼 + 1) ∫
+∞

0
𝜓𝑛,𝛼(𝑡)𝑅𝐶(𝑡, 𝑊)𝑥𝑑𝑡 

 = ∫
+∞

0

𝑑𝑛

𝑑𝑡𝑛 (𝑒−𝑡𝑡𝑛+𝛼)𝑅𝐶(𝑡, 𝑊)𝑥𝑑𝑡 

 = [
𝑑𝑛−1

𝑑𝑡𝑛−1
(𝑒−𝑡𝑡𝑛+𝛼)𝑅𝐶(𝑡, 𝑊)]0

+∞ − ∫
+∞

0

𝑑𝑛−1

𝑑𝑡𝑛−1
(𝑒−𝑡𝑡𝑛+𝛼 𝑑

𝑑𝑡
(𝑅𝐶(𝑡, 𝑊)𝑥)𝑑𝑡 

 = 0 − [
𝑑𝑛−2

𝑑𝑡𝑛−2 (𝑒−𝑡𝑡𝑛+𝛼)
𝑑

𝑑𝑡
(𝑅𝐶(𝑡, 𝑊)𝑥)]0

+∞ +

(−1)2 ∫
+∞

0

𝑑𝑛−2

𝑑𝑡𝑛−2 (𝑒−𝑡𝑡𝑛+𝛼 𝑑2

𝑑𝑡2 (𝑅𝐶(𝑡, 𝑊)𝑥)𝑑𝑡 

 = (−1)𝑛 ∫
+∞

0
𝑒−𝑡𝑡𝑛+𝛼 𝑑𝑛

𝑑𝑡𝑛
(𝑅𝐶(𝑡, 𝑊))𝑑𝑡  (𝑖𝑛𝑡𝑒𝑔𝑡𝑟𝑎𝑡𝑖𝑜𝑛  𝑏𝑦  𝑝𝑎𝑟𝑡𝑠) 

 = (−1)𝑛 ∫
+∞

0
𝑒−𝑡𝑡𝑛+𝛼(−1)𝑛𝑛! 𝑅𝐶(𝑡, 𝑊)𝑛+1𝑥𝑑𝑡 

 = ∫
+∞

0
𝑒−𝑡𝑡𝑛+𝛼(𝑛!)

𝑡𝛽

𝑛!
∫

+∞

0
𝑠𝑛𝑒−𝑡𝑠𝑇(𝑠)𝑥𝑑𝑠𝑑𝑡 

 = ∫
+∞

0
𝑠𝑛𝑇(𝑠)𝑥{∫

+∞

0
𝑡𝑛+𝛼+𝛽𝑒−𝑡𝑒−𝑡𝑠𝑑𝑡}𝑑𝑠  (𝐹𝑢𝑏𝑖𝑛𝑖′𝑠  𝑇ℎ𝑒𝑜𝑟𝑒𝑚) 



UtilitasMathematica 

ISSN 0315-3681 Volume 122, 2025 
 

2641 

 = ∫
+∞

0
𝑠𝑛𝑇(𝑠)𝑥{∫

+∞

0
𝑡𝑛+𝛼+𝛽𝑒−(𝑠+1)𝑡𝑑𝑡}𝑑𝑠 

 = ∫
+∞

0
𝑠𝑛𝑇(𝑠)𝑥{∫

+∞

0

𝑢𝑛+𝛼+𝛽

(𝑠+1)𝑛+𝛼+𝛽 𝑒−𝑢 𝑑𝑢

𝑠+1
}𝑑𝑠  (𝑢 = (𝑠 + 1)𝑡) 

 = ∫
+∞

0

𝑠𝑛

(𝑠+1)𝑛+𝛼+𝛽+1
𝑇(𝑠)𝑥{∫

+∞

0
𝑢𝑛+𝛼+𝛽𝑒−𝑢𝑑𝑢}𝑑𝑠 

 = ∫
+∞

0

𝑠𝑛

(𝑠+1)𝑛+𝛼+𝛽+1 𝑇(𝑠)𝑥Γ(𝑛 + 𝛼 + 𝛽 + 1)𝑑𝑠 

 = Γ(𝑛 + 𝛼 + 𝛽 + 1) ∫
+∞

0

𝑠𝑛

(𝑠+1)𝑛+𝛼+𝛽+1 𝑇(𝑠)𝑥𝑑𝑠 

 hence the result.  
 

Theorem 2.1  Let 𝛽 ⩾ 0 and (𝑇(𝑡))𝑡∈ℝ+  be an 𝛽 − times integrated uniformly 
bounded 𝐶-semigroups in Banach space 𝐸 with generator (𝑊, 𝒟(𝑊)). For 𝑥 ∈ 𝒟(𝑊) and 
𝛼 > 1, we have : 

 𝑅𝐶(𝑡, 𝑊)𝑥 = ∑+∞
𝑛=0

Γ(𝑛+𝛼+𝛽+1)

Γ(𝑛+𝛼+1)
∫

+∞

0

𝑠𝑛

(𝑠+1)𝑛+𝛼+𝛽+1 𝑇(𝑠)𝑥𝑑𝑠  𝜙𝑛,𝛼(𝑡) 

  
𝐏𝐫𝐨𝐨𝐟 : Throughout the proof, 𝛼  is an arbitrary real such that 𝛼 > 1  and 𝑥 ∈

𝒟(𝑊) . The function 𝑡 → 𝑅𝐶(𝑡, 𝑊)𝑥  is differentiable in ℝ∗
+  (because she is analytic in 

ℝ∗
+), and  

 ∫
+∞

0
𝑡𝛼𝑒−𝑡 ∥ 𝑅𝐶(𝑡, 𝑊)𝑥 ∥2= ∫

+∞

0
𝑡𝛼𝑒−𝑡 ∥ (𝑡𝐼 − 𝑊)−1𝐶𝑥 ∥2 

 ≤ ∫
+∞

0
𝑡𝛼𝑒−𝑡𝑀2𝑡2𝛽−2 ∥ 𝑥 ∥2 𝑑𝑡 

 ≤ 𝑀2 ∥ 𝑥 ∥ ∫
+∞

0
𝑡𝛼+2𝛽−2𝑒−𝑡𝑑𝑡 

 ≤ 𝑀2 ∥ 𝑥 ∥ Γ(𝛼 + 2𝛽 − 1) (𝑏𝑒𝑐𝑎𝑢𝑠𝑒  𝛼 > 1  𝑎𝑛𝑑  𝛽 ⩾ 0) 
 < +∞. 

 Thus, the series ∑𝑛∈ℕ 𝑐𝑛(𝑅𝐶(. , 𝑊)𝑥)𝜙𝑛,𝛼  converges pointwise to 𝑅𝐶(. , 𝑊)𝑥  on ℝ+
∗ , 

where  

 𝑐𝑛(𝑅𝐶(. , 𝑊)𝑥) = ∫
+∞

0
𝜓𝑛,𝛼(𝑡)𝑅𝐶(𝑡, 𝑊)𝑥𝑑𝑡 

 =
Γ(𝑛+𝛼+𝛽+1)

Γ(𝑛+𝛼+1)
∫

+∞

0

𝑠𝑛

(𝑠+1)𝑛+𝛼+𝛽+1 𝑇(𝑠)𝑥𝑑𝑠  (𝑎𝑐𝑐𝑜𝑟𝑑𝑖𝑛𝑔  𝑜𝑓  𝑙𝑒𝑚𝑚𝑎  1). 

 Therefore  

  (∀𝑡 > 0), 𝑅𝐶(𝑡, 𝑊)𝑥 = ∑+∞
𝑛=0

Γ(𝑛+𝛼+𝛽+1)

Γ(𝑛+𝛼+1)
∫

+∞

0

𝑠𝑛

(𝑠+1)𝑛+𝛼+𝛽+1 𝑇(𝑠)𝑥𝑑𝑠  𝜙𝑛,𝛼(𝑡). 

  
Corollary 2.2  Let 𝑚 be belongs to ℕ. (𝑇(𝑡))𝑡∈ℝ+  be a 𝑚 − times integrated 

uniformly bounded 𝐶-semigroups in Banach space 𝐸 with generator (𝑊, 𝒟(𝑊)), then For 
𝑥 ∈ 𝒟(𝑊) and 𝛼 > 1, we have : 

∀𝑡 > 0, 𝑅𝐶(𝑡, 𝑊)𝑥 = 𝑚! ∑
+∞

𝑛=0
(

𝛼 + 𝑛 + 𝑚
𝛼 + 𝑛

) ∫
+∞

0

𝑠𝑛

(𝑠 + 1)𝑛+𝛼+𝑚+1
𝑇(𝑠)𝑥𝑑𝑠  𝜙𝑛,𝛼(𝑡) 

 
 𝐏𝐫𝐨𝐨𝐟: 
 

Like 
Γ(𝑛+𝛼+𝑚+1)

Γ(𝑛+𝛼+1)
= 𝑚! (

𝛼 + 𝑛 + 𝑚
𝛼 + 𝑛

) then the proof follows directly from theorem 2.1.  

 
Example 2.3  The space 𝑋 = ℓ1 = {(𝑥𝑘)𝑘∈ℕ ∈ ℝℕ  |   ∑+∞

𝑛=0 |𝑥𝑘| < +∞}, equipped 
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whit the norm ∥ (𝑥𝑘)𝑘∈ℕ ∥1= ∑+∞
𝑘=0 |𝑥𝑘| becomes a Banach space. For each 𝑛 ∈ ℕ let 𝑒𝑛 =

(𝛿𝑛,𝑘)𝑘∈ℕ be element of 𝑋. Like for all 𝑥 = (𝑥𝑘)𝑘∈ℕ ∈ 𝑋, 𝑥 = ∑+∞
𝑘=0 𝑥𝑘𝑒𝑘, then 𝑋 =

𝑠𝑝𝑎𝑛{𝑒𝑛|  𝑛 ∈ ℕ}. Considering the family of operators (𝑇(𝑡))𝑡≥0 defined by : 

∀𝑡 ⩾ 0, ∀𝑥 = (𝑥𝑘)𝑘∈ℕ ∈ 𝑋, 𝑇(𝑡)𝑥 = ∑+∞
𝑖=0

(1−𝑒−𝑡)

2
𝛿

𝑖,2⌊
𝑖

2
⌋
𝑥𝑖𝑒𝑖  

 and the operator 𝐶 defined on 𝑋 by : 

 ∀𝑥 = (𝑥𝑘)𝑘∈ℕ ∈ 𝑋, 𝐶𝑥 = ∑+∞
𝑖=0

1

2
𝛿

𝑖,2⌊
𝑖

2
⌋
𝑥𝑖𝑒𝑖  

(𝑇(𝑡))𝑡≥0 is 1-times integrated 𝐶-regularized semigroups, uniformly bounded ( ∥
𝑇(𝑡) ∥≤ 1 ) wiht generators (𝑊, 𝒟(𝑊)) such that  

 𝒟(𝑊) = {(𝑥𝑖)𝑖∈ℕ ∈ 𝑋  |  ∀𝑖 ∈ 2ℕ, 𝑥𝑖 = 0} and ∀𝑥 ∈ 𝒟(𝑊), 𝑊𝑥 = −
1

2
𝑥.  

 Theorem 2.1 give for 𝑥 = (𝑥𝑘)𝑘∈ℕ ∈ 𝒟(𝑊) fixed, ∀𝑡 > 0,  

 𝑅𝐶(𝑡, 𝑊)𝑥 = 1! ∑+∞
𝑛=0 (

𝛼 + 𝑛 + 1
𝛼 + 𝑛

) ∫
+∞

0

𝑠𝑛

(𝑠+1)𝑛+𝛼+1+1 𝑇(𝑠)𝑥𝑑𝑠  𝜙𝑛,𝛼(𝑡) 

 = ∑+∞
𝑛=0 (𝛼 + 𝑛 + 1) ∫

+∞

0

𝑠𝑛

(𝑠+1)𝑛+𝛼+2 𝑇(𝑠)𝑥𝑑𝑠  𝜙𝑛,𝛼(𝑡) 

 = ∑+∞
𝑛=0 (𝛼 + 𝑛 + 1) ∫

+∞

0

𝑠𝑛

(𝑠+1)𝑛+𝛼+2
∑+∞

𝑖=0
(1−𝑒−𝑠)

2
𝛿

𝑖,2⌊
𝑖

2
⌋
𝑥𝑖𝑒𝑖𝑑𝑠  𝜙𝑛,𝛼(𝑡) 

 = ∑+∞
𝑛=0 ∑+∞

𝑖=0 {∫
+∞

0

𝑠𝑛(
(1−𝑒−𝑠)

2
)

(𝑠+1)𝑛+𝛼+2 𝑑𝑠}  𝛿
𝑖,2⌊

𝑖

2
⌋
  (𝛼 + 𝑛 + 1)𝑥𝑖𝑒𝑖  𝜙𝑛,𝛼(𝑡) 

  
Example 2.4  Let 𝑚: ℝ → ℝ− be an even mesurable function. In the Banach space 

𝐿1(ℝ), we consider the family 𝑇: = (𝑇(𝑡))𝑡≥0 ⊂ 𝔉(𝐿1(ℝ)) defined by ∀𝑡 ≥ 0, 𝑇(𝑡): 𝐿1(ℝ) →
𝐿1(ℝ), 𝑓 ↦ 𝑇(𝑡)(𝑓): ℝ → ℝ, 𝑠 ↦ 𝑇(𝑡)(𝑓)(𝑠) = 𝑒𝑡.𝑚(𝑠)𝑓(−𝑠). Clearly, (𝑇(𝑡))𝑡≥0 ⊂ 𝐵(𝐿1(ℝ)). 
If we put, 𝑇(0) = 𝐶, then, a family of operators (𝑇(𝑡))𝑡≥0 is uniformly bounded 0-times 
integrated 𝐶-regularized semigroup. with generator (𝑊, 𝒟(𝑊)) defined by 

𝑊: 𝒟(𝑊) = {𝑓 ∈ 𝐿1(ℝ)|  𝑚. 𝑓 ∈ 𝐿1(ℝ)} → 𝐿1(ℝ), 𝑓 ↦ 𝑊(𝑓) = 𝑚. 𝑓. Theorem 2.1 give 
for 𝑓 ∈ 𝒟(𝑊) fixed, 

∀𝑡 ∈ ℝ∗
+, 𝑅𝐶(𝑡, 𝑊)(𝑓) = ∑+∞

𝑛=0 {∫
+∞

0

𝑠𝑛

(𝑠+1)𝑛+𝛼+1 𝑒𝑠𝑚(.)𝑑𝑠} 𝐶(𝑓)𝜙𝑛,𝛼(𝑡).  

  

Example 2.5  The space 𝑋 = 𝑐0 = {(𝑥𝑘)𝑘∈ℕ ∈ ℂℕ  |  𝑙𝑖𝑚
𝑘↦+∞

𝑥𝑘 = 0}, equipped wiht 

the norm ∥ (𝑥𝑘)𝑘∈ℕ ∥∞= 𝑚𝑎𝑥𝑘∈ℕ|𝑥𝑘| becomes a banach space. For each 𝑛 ∈ ℕ, let 𝑒𝑛 =
(𝛿𝑛,𝑘)𝑘∈ℕ be element of 𝑋. Since for all 𝑥 = (𝑥𝑘)𝑘∈ℕ ∈ 𝑋, 𝑥 = ∑+∞

𝑘=0 𝑥𝑘𝑒𝑘 we have 𝑋 =
𝑠𝑝𝑎𝑛{𝑒𝑛|  𝑛 ∈ ℕ}. Considering the family of operators (𝑇(𝑡))𝑡≥0 defined by :  

 ∀𝑡 ∈ ℝ+ ∀𝑥 = ∑+∞
𝑘=0 𝑥𝑘𝑒𝑘 ∈ 𝑋, 𝑇(𝑡)𝑥 = ∑+∞

𝑘=0 𝑒−𝑘2𝑡𝑥𝑘𝑒𝑘 
 (𝑇(𝑡))𝑡≥0 is a unifomly bounded 0-times integrated 𝐼-semigroup ( ∀𝑡 ⩾ 0, ∥ 𝑇(𝑡) ∥≤ 1 ) 
with generator (𝑊, 𝒟(𝑊))  such that 𝒟(𝑊) = {𝑥 = (𝑥𝑘)𝑘∈ℕ ∈ 𝑋/(𝑘2𝑥𝑘)𝑘∈ℕ ∈ 𝑋}  and 
∀𝑥 ∈ 𝒟(𝑊), 𝑊𝑥 = ∑+∞

𝑘=0 − 𝑘2𝑥𝑘𝑒𝑘. Theorem 2.1 give for 𝑥 = (𝑥𝑘)𝑘∈ℕ ∈ 𝒟(𝑊) fixed, 

∀𝑡 > 0, 𝑅𝐶(𝑡, 𝑊)𝑥 = ∑+∞
𝑛=0 ∑+∞

𝑘=0 {∫
+∞

0

𝑠𝑛

(𝑠+1)𝑛+𝛼+1
𝑒−𝑘2𝑠𝑑𝑠} 𝑥𝑘𝑒𝑘𝜙𝑛,𝛼(𝑡).  
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