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Abstract

In this section, necessity and possibility operators are formulated for Bipolar Fermatean Fuzzy
matrices, and various algebraic operations are discussed. Additionally, the complement of the matrix is

studied using modal operator combinations.
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1.INTRODUCTION

The concept of fuzzy sets, introduced by Zadeh [14], has proven to be an essential tool for handling
uncertainty and fuzziness. The concept of Pythagorean fuzzy sets and corresponding aggregation
operations were first explored by Yager [10]. Atanassov [1] explored the concept of intuitionistic fuzzy
sets and examined operations, modal operators, and topological aspects. The introduction of the modal
operator in intuitionistic fuzzy matrices was made by Murugadas et al.[7] along with the development of
aggregation operations. A set of properties concerning the bounded sum and bounded product of fuzzy
matrices was proposed by Zhang et al.[13]. Meenakshi [5,6] explored the fundamental concepts of fuzzy
matrices. Lalitha et al. [3,4] conducted a study that explored transitive closure and power convergence in
bipolar intuitionistic fuzzy matrices. Silambarasan [8,9] explored some algebraic structures and
investigated the commutative, associative, and distributive properties in Fermatean fuzzy matrices. The
different types operators on intuitionistic fuzzy matrices was clarified by Boobalanet.al. [2] and relevant
properties of IFMs have been studied. Muthuraji et al.[8] provided an explanation of how implication
operators function on intuitionistic fuzzy matrices, and examined certain IFM properties. Their study
addressed multiple aspects of bipolar fuzzy sets and supported the findings with numerical
demonstrations. Senapati et al. [9] introduced Fermatean fuzzy sets.

2.PRELIMINARIES

In this section, let us recall some basic definitions ofFermatean fuzzy set and Bipolar Fermatean
Fuzzy Set.

2.1 Definition
A fermatean fuzzy Set (FeF§)over the universal set is defined as T = {tp, 1, tzp/tsp € T}where
3 3
t1t5,:T > [01]. Als0 0 < (£,,) +(£5,) <1.

2.2 Definition
A fermatean fuzzy matrix(FeFM)is defined as T = <t1pw tzpr) where ty e, T = [0,1]. Also
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3 3
0<(t,) +(t,) <1

2.3 Definition

A bipolar valued fuzzy set(BFeS) of T is an object of the form T = (%, —t1, tzp).

Also, tlp:T - [-1,0] and tzp:T — [0,1]. Where 11,12, denotes negative membership and
positive membership respectively.

2.4 Definition
A Bipolar Fermatean Fuzzy Set(BFeFS) is defined as T = (£, —t1, %2, — 13, t4p).

3 3 3 3
Where, £, £;, € [-1,0] and £, £, € [0,1]. Also —1 < (£,,) +(%5,) <0,0=(25,) +(t,,) <1
2.5 Definition
A BipolarFermatean Fuzzy Matrix(BFeFM ) is defined as T = (¢, —t1, b, 13, ;L'4pr).

BFeFM consists of element of BFeFS.
2.6 Definition

LetT = (tp, —t1,. 2, —t3,0 L4, 10 = (Gp) = G100 G2yyr — B30 Bayy,)DE twO BFeFM's of same
order. Then,

(a) If7r > Q then tlp‘r = %1pr't2pr < (lzpr, t3pr < 61’3pr't4pr > %4117"

(b) Tvo = —max (hpr' %1pr) ,min (tzpr. czzpr),
—min (tgpr. Clspr) , max (t4pr, %W)
(© ThQ= —min (tlp‘r' %11,,) ,max (’fzpr, czzpr),
—max (tgpr, ‘l3pr) , min (t4pr, %%T)
_i/(tlpr)3+(41pr)3 i/(tzpr)3+(‘lzpr)3
d) T@Q = ’ 2

2 2

3 3 3 3

_j(fsp» a2 j(w (ag)
(e) 7€ = (‘tspr' Loy _t1pr:’t2,,r)

II1. RESULTS OF BIPOLAR FERMATEAN FUZZY MATRIX USING MODAL OPERATORS

3.1 Definition
For any two bipolar fermatean fuzzy matrices 77, QeBFeF M's of same order. Then,

_i/(tlpr)s + (%W)3 B (tlpr)3 (%pr)3 oy B2

) rees 3 3 3 3 3
~t3,, 3, \/ (tayr) +(a4) = (£a,) (34,
(b) TRQ = _tlprcllpr’3i/(t2pr)3 :_ (‘lzpr)33_ (thr)33 (%zpr)B !
_\/(tgpr) + (%31”) - (t3pr) ((,Z%T) ’t‘*pr%‘lpr
() T =gy O = —min (t3p7.: %1pr),max (ﬁpr, %Zpr)’

—max (tlpr’ %3111') ,min (’tzpr; %41”.)
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@77 =) - (- ) oo ) )
@ (- (-6 [ (- ) (6 )

3.2 Definition

For any bipolar fermatean fuzzy matrices 7 €BFeFMs of same order. Then the necessity(O) and
possibility (K]) operators are defined as follows,

(@ O7T = (—tlpr, o —3\/1 - (tlpr)3 ’ 3\/1 - (tzpr)3>
B e e I

Proposition 3.1
If T and Q are two BFeFMs of equal size, then the following equalities hold.

() O@TvQ)=07vOQ
(b) (T AQ) =0T AOQ
() K@ v =Kd7VvEKe
(d) KT AQ) =KIT AKIQ

Proof:
(@) LetT =(—ty, ;. ~%3,.ts,,)
Q= <_‘ler' B2y ~ B30 cMW)be two BFeFMs of same order.

—max (tl,,r: %pr) ,min (tzpr’ qur) ,

—min (t3 pr %IM) ,max (t‘*pr’ "54pr)

= (_t1pr; thr' _’tgpr; ’t4.pr>

o@vQ) = (—tlpr,tzpr, —3\[1 - (aflm)3 , 3\/1 - (tzpr)g) (3.1)

O7vogQ= (—tlpr,tzpr, —3\[1 - (tlprf ’ 3\[1 - (tzpr)g)
v <_%1pr’ D2y _3\/1 - (%11”)3 ’ 3\/1 - (%Zz’rf)

—max (tlpr, qlpr) ,min (tzpr’ qur) ,

_min (3\/1 _ (tlpr)s , 3\/1 _ (qlpr)s),max <3\/1 - (tzpr)3 , 3\/1 - (%,,,)3)
_ <—t1pr, to— 1= (81,) 1 - (tzpj) (32)

From (3.1) and (3.2)

TVvQ=

O@vQ)=07vOgQ

(BT VY = (—3\/1 ~(t,,)", 3\/1 ~(ta) s, t) (33)
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BT v = (—3\/1 ~(s,,) 3\/1 ~(ta) s, %r) v
<_3\/1 B (43pr)3 ’ 3\/1 - (44pr)3 ' T D3y q""pr)
_[-max (jl ~(t5,) 1 - (43W)3),mm (3J1 () 1- (%)3),

—min (t3pr, %3pr) , max (t4pr, %4pr)

= <_3\/1 - (tSW)B ) 3\/1 — (t4pr)3 : —t3pr,t4pr> (34)

From (3.3) and (3.4)

KT v ) =T vEie
Similarly, we can prove (b) and (d).
Proposition 3.2
For any BFeFM'sT, the universal matrix J and the zero matrix 0. Then the equalities hold.

@ Ko@) =07
(b) oK) = KT
(0 o @I =

@ Kd@EH=4
(e) O(o)=0
M Koy=o0
(g) OOT =0T

(h) KT = K7
i oo=o0

G Klo=o

(k) 0d=J

0 Ka=4g

Proof:

(a) LetT _( tlpr’tzpr’ t3pr’ t‘l'pr

o7 =< t1 0~ W m)
007 - (i (o) - (=) T T )
O e o

Hence, O (7)) =0T

Similarly, remaining can be prove analogically.
Proposition 3.3
For any BFeFM'sT.If f > 0 be any integer, then the following equalities holds.

(@ o7/ =(@7)
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(b) B77 = (@7
(0 OfT=f0T

(d) BfT = fRIT

Proof:

From (3.5) and (3.6)

o7/ =(@7)

- - tzpr) T t3p‘r ’ t‘l'l’)r
N
= (3.7)
3 S 3 3\
() ()
oJ = _t1pr't2p 3,3 - ’tzpr 3)
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(- -,
L)) )

Similarly, we can prove (b) and (d).

fO7T = (3.8)

Proposition 3.4
For anytwoBFeFMs Tand Q . Then the following equalities holds.

(@) TAQF=TVvVQ*
(b) TV =T AQ°
() @79 =T
(d) KT =0T

Proof:

B —min (tlpr, %1pr) ,max (tzpr, qur) ) ’ 3
(a) (T " Q)C - —max (t3p7" Q'Spr) ,min (t‘l-p?”’ @4pr) ) <_6L1pr’ %Zpr’ _%SW’ %4pr)c

= (=83, Baypr — P10 B2,,) (3.9)
TEVQ =ty .t — 13,0, ) V=G, G20 — 3,00 Bayy, )
=3, Lap ~H1,0 t2, )V~ 3,0 Gayr = G100 B2,y,)
—max (t3pr’ %31#) ,min (t‘*pr’ ‘Mpr) ’
—min (tlpr’ ‘llvr) smax (tzpr’ ‘lzpr)
= (=83, Baypr ~ P10 B2,,) (3.10)

From (3.9) and (3.10)

TAQ=TvQ"

(goT°€ =0 (—’f1pr' topp —f3prft4pr)c

=0 (_t3pr' tzl-pr: _tlpr! ’tzpr)

= (—t3pr, tap —3\/1 - (4—3pr)3 ’ 3\/1 - (t4pr)3)
@79 = (<i=(6,) 1= (5,) 50055,

=T
Proof of (b) and (d) are similar of (a) and (c).

Proposition 3.5
For any two BFeFM'sTand Q . Then the following equalities holds.

(a) OT AOQ =0 (T¢V Q)
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(b)y o7 vOQ =0 (T°AQ°)°

(0 KT AldQ =KI(T*vQ)©
(d) K7 vide = KT AQ9)°

Proof:

() OTvOQ= (—tlpr,tzpr, —3\/1 - (tlpr)3 ’ 3\/1 — (tzpr)3) A
<_%1pr’ D2y _3\/1 - (%1pr)3 ’ 3\/1 B (q’zpr)s)
—min (tlpr’ ‘llpr) ,max (tzpr, %W) ,

) —max (3\/1 - (;t’—lpr)3 ! 3\/1 - (@1pr)3) ,min (3\/ 1- (tZ)g' i/ 1- (42pr)3>
- (—%W. B2y —3\/1 - (%Wf , 3\/1 - (42pr)3> (3.11)

(Tc \% QC)C = (_%3111”' q'4pr1 _q'lprl ‘lzpr)

O (7€ Vv Q°)° = (—%W, . —3\/1 - (@zpr)3, 3\/1 - (%W)e’) (3.12)
From (3.11) and (3.12)

OFAO0Q =0 (T°vVvQ°)°
Similarly, we can prove other results.
Proposition 3.6
For any two BFeFM'sT, Q andS . Then the following equalities holds.

(@ O(TveAs)=((oTvoQ) ADS)
(b) (T Vv AS) = (KT VK AKIS)
(©) o(TAQvVvsS)=((0DTADQ)VvOS)
(d) (@ AQ)VvsS) = (KT AKIQ VES)

Proof:
—max (tlpr, ‘11pr) ,min (tzpr, qur) ,
@ 7Tvo={
—min (t3pr, %pr) , max (t4pr, ‘14pr)
TVoAS= <_’t1pr; tzpr: _’t3pr; t4pr) A (_51pr; B2prr T3 54pr)

(—min (tlpr, 511”) ,max (tzpr, 52pr> ,)

—max (t3pr, 53pr) ,min (ﬁpr, 541”)

o(TVQAS) = (—ﬁlpr,azpr, —3\/1 - (51pr)3 , i/1 - (52PT)3) (3.13)

From Proposition (3.1)

O7vogQ= (—tlpr, L —3\/1 —~ (tlprf ’ 3\/1 - (tzpr)g')
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((@7voQ)AOs)

(o7 voQ)AD $)=<—51pr,52p 3\/1 - 51p 1 - 52p

3

( ti b \/1 tzp ) )
( 81850 J1 ~ (82, )3)
(

) < —min (tlp 511)) ax (t,,, 52p) )
—max (3\/1 - (tlp )3 1- 51p ) min (3\/1 tzp , 52pr)3)
)

(3.14)

From (3.13) and (3.14)

o(@TvoAas)=(@TvaoQ)Ads)

Similarly, we can prove other results.

Proposition 3.7

For any two BFeFM'sTand Q . Then the following equalities holds.

(@ OD@®Q) =0T700Q
(@) KIT8Q) = KdT7ekIog
(b)) O@T®Q)=0T® 09
(0 K@Te9) =Kreko
(d O@F@Q)=07@0Q
(e) KIT@Q) = KiT@dQ

Proof:

(@) O(@T®Q) =0 (

) + (0, - (5 () )
_t3p‘r%3pr' 3\/(;5—4W)3 + (%41,7)3 _ (t4pr)3 (%4”)3

_i/(tlvrf + (‘llvr)S - (tlpr)S (‘llpr)S»tzprclzpr,
_3] 0 P A P D S P

0 (TeQ) = ( 3 _\/(tlp;) + (%111;) N (tlp;) (%11);)3 Yo B2y 3) (3.15)
() = @) + () (00,) 1= (05,05,)
oreoQ

(1= (e = (0] ) (<=1 (00,) 1= 3,))
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_i/(tlpr)3 + (czl,,r)S — (tlmf (%pr)s R

e o () (o) - () (o)
( e o)) () ) -
_3\/1 - (tlpr)g N (qipr)B + (tlpr)B (%Wf _ 3\/1 - fzpr%z,,r)S

From (3.15) and (3.16)

OD@eQ)=07e09

—11,, %1, i/(tzpr)B + (qur)3 _ (tzpr)S (qur)s ’>
_i[(t%r)g + (%%T)S B (t3vr)3 (%31”)3 Ly Dpr

(c) O([T®Q) =0 (

o o o8 [ SR
=) = (e + ) =) )
(
\

v () (1) () (@)
() = () ~ (1) + (e (1))

(3.17)

= <_t1pr' Lopr _3\/1 - (tlpr)3 ’ 3\/1 N (tzpr)S) ® <_%1W’ D2y _3\/1 h (%11#)3 ’ 3\/1 a ((lzpr)3)
_tlprqlpr, i[(tzpr)s + (qur)3 _ (tzpr)3 (%Zpr)3 ’
3

_ < | _tlpr%lpr’ i{(tzpr)3 + (%zpr)3 _ (’t‘Zpr)3 (%Zpr)3 ' )3) (3.18)

From (3.17) and (3.18)
O@®Q) =07 0Q
Similarly, we can prove other results.
Proposition 3.8
For any two BFeFM'sTand Q . Then the following equalities holds.

@ (0 @T®29) = Jrepo
(b) (0 (T°®29) = BT®kQ
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© (B @g9)) =070 0Q
d) (BT®99)) =0T®DoQ

Proof:
(a) O (TC®QC) =0 /_3\/(4;31")3 + (43}77)3 - (t3pr)3 (43pr)3‘t4pr‘l4pr'\
3 3 3 3 3
\_tlpr%lpr' \/(tzpr) + (('ZZW) B (tzpr) (%Zpr) /

-—i/(tgpr)3-+ (qspr)g —-(tgpr)3 (qur)g,tgpr@4pw

3

(o) ) o @) (o)
( ) ) = () (a0 ) )
o R 8 8 B S o)

(o (TC®QC))C _ _3\[1 - (t3pr)3 - (%3pr)3 + (tgpr)s (%31”)3 ) 3\/1 - (t4prq4pr)3,
_i[(t3pr)3 + (@3,")3 - (t3pr)3 (%3pr)3 ’t“pr%‘*pr

(3.19)

KIr®Kio
() e () ) (- (o) 1 20) )
- () - ()
| o=y + (=) (o)) ()
) + (@) = (64, (15,)

Sl () = @)+ () (00) 1 (0, .>(3 "
_i/(t3pr)3 + (%31:#)3 B (t3vr)3 (%31#)3 Ly By

From (3.19) and (3.20)
(0 @®29)" = BTeKe

Similarly, we can prove other results.

KTk =<

Conclusion

In this study, we explored the necessity and possibility operators on Bipolar Fermatean Fuzzy matrices
and established their commutative, associative, and distributive properties
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