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Abstract 

A set of vertices 𝑆 is said to dominate the graph 𝐺, if for every vertex𝑣 ∉  𝑆, there is a 

vertex 𝑢 ∈  𝑠  with 𝑣 adjacent to𝑢. The minimum cardinality of any dominating set is 

called the domination number of 𝐺 and is denoted by 𝛾(𝐺). In this article domination in 

the soft graph of some types of graphs which valid like null, complete, cycle, complete 

bipartite, star graph, and wheel graph are been determined 

1 Introduction  

    Consider a graph 𝐺 =  (𝑉, 𝐸) where V is denoted to the vertex set and E to the edge 

set of a graph G. One of the most important concepts that used in the graph theory as its 

starting point is the concept of domination. The concept of domination took a wide 

scope in most life and scientific applications through the use of the tools of graph theory, 

which depend on the vertex set and the edge set, and participated in finding solutions 

for most sciences such as chemistry, physics, biology, economics and others.  

     The first initiation of this concept is in [1]. After that, it started appearing in various 

sciences such as computers, engineering, chemistry, medicine, and others. In 

mathematics this term is dealt with in various fields to find solutions to its life problems, 

and these fields include general graph [2] - [5], fuzzy graph [6] - [9], topological graph 

[9] - [11], labelling graph [12], topological indices [13] - [14], and others.  

     A set D of vertices of G is a dominating set if for each vertex of the set V − D there is a 

vertex in the set D. A minimal dominating set in graph G is a dominating set that 

contains no proper dominating subset. For more details about other terms and notions 

not provided in this paper for the domination in graphs, the reader can refer [15] - [17]. 

Molodtsov has introduced the soft set theory in (1999) [18] as defined the set W be an 

initial universe and the set of parameters E with respect to the set W. Suppose that P(W) 

denotes the power set of W and 𝐴 ∈  𝐸. Now, let 𝐹 ∶  𝐴 →  𝑃(𝑈), then the pair (𝐹, 𝐴) is 

called a soft set over U [7], and Maji, P. K. defined and studied many processes on the 

soft set [19]. Thumbakara, R. K. et al. have been introduced soft graphs [20] and 

investigated some of their properties. The pair (𝐹, 𝐴) is said to be a soft graph of G if the 

sub-graph induced by F(x) in G is connected sub-graph of G for all 𝑥 ∈  𝐴. The set of all 

soft graph of G is denoted by S. In this work, the domination in the soft graph of some 
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types of graphs which valid like null, complete, cycle, complete bipartite, star graph, and 

wheel graph are been determined. Moreover, to obtain the results in this research, we 
need to address the following proposition and theorems.  

 

Theorem 5.1.1. [1] Let Nn be a null graph then (F, A) is a soft graph if F(x)  =  {y ∈

 V | xRy ⇐⇒  d(x, y)  =  0}.  

Theorem 5.1.2. [1] Let Pn be path graph, then (F, A) is soft graph if F(x)  =  {y ∈

 V | xRy ⇐⇒  d(x, y)  ≤  k}.  where either k ≤  rad(G) or k =  diam(G).  

Theorem 5.1.3. [1] Let Cn be a cycle graph, then (F, A) is soft graph if F(x)  =  {xRy ⇐⇒

 d(x, y)  =  ⌊ 
n

2
 ⌋  for every n ∈  N}.  

Theorem 5.1.4. [1] Let Kn be complete graph then (F, A) is soft graph if F(x)  =  {y ∈

 V |xRy ⇐⇒  d(x, y)  ≤  1}.  

Theorem 5.1.5. [1] Let G ≅  Kn,m be a complete bipartite graph of order 

mn and (n,m)  ≥  1. Then (F, A) is a soft graph if  F(x)  =  {xRy ⇐⇒  d(x, y)  ≤

 k} where k =  1, 2. 

Proposition 5.1.6. [7] For a graph on n vertices, we have  

• 𝛾(𝐾𝑛)  =  𝛾(𝑊𝑛)  =  1.  

• 𝛾(𝑃𝑛)  = 𝛾(𝐶𝑛)  =  ⌊
𝑛

3
⌋.  

• 𝛾(𝐾𝑚,𝑛) =  𝑚𝑖𝑛{𝑚, 𝑛}. 

5.2 Main results  

       In this section, we shall consider the concept of domination in soft graphs. We also 

prove some properties and theorems by giving illustrative examples.  

Definition 5.2.1. Let G be a simple graph and D∗be a set of vertices of G. The setD∗ is a 

dominating set of a soft graph (F, A) if every vertex in S − D∗is adjacent to at least one 

vertex in D∗ where 𝑆 =  {𝐹(𝑥) ∶  𝑥 ∈  𝐴} 𝑎𝑛𝑑 𝐷∗ ⊆  𝑆.  

Definition 5.2.2. A minimal dominating set in the soft graph (F, A) is a dominating set if 

it contains no proper dominating set.  

Definition 5.2.3. The cardinality of the minimum dominating set of G is called the 

domination number of the soft graph (𝐹, 𝐴) and is denoted by 𝛾𝑠(𝑆).  

Example 5.2.4. Consider the simple graph 𝐺 =  (𝑉, 𝐸) as shown in Figure 1. Let 𝐴 =

 {𝑣1, 𝑣2} and 𝐹(𝑥)  =  {𝑦 ∈  𝑉 |𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  ≤  1}. Then 𝐹(𝑣1)  =  {𝑣4, 𝑣2, 𝑣1},  

𝐹(𝑣2)  =  {𝑣3, 𝑣2, 𝑣1}  and  𝑆 =  {𝑣4, 𝑣3, 𝑣2, 𝑣1}.  
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Figure 5.1: Domination in soft Graph 

         The possible dominating sets are: 𝐷1  =  {𝑣2, 𝑣1},   𝐷2  =  {𝑣3, 𝑣1},   𝐷3  =

 {𝑣4, 𝑣1},   𝐷4  =  {𝑣3, 𝑣2},   𝐷5  =  {𝑣4, 𝑣2},   𝐷6  =  {𝑣4, 𝑣3, 𝑣2},    𝐷1  =  {𝑣4, 𝑣2, 𝑣1}.  

Therefore,  𝛾𝑠(𝑆) =  2. 

Proposition 5.2.5. Let 𝑁𝑛 be null graph of order 𝑛 ≥  1 and (𝐹, 𝐴) is soft graph, then  

𝛾𝑠(𝑁𝑛)  =  |𝐴|  =  |𝑆|.  

Proof.  Let A =  {vi} for some i. Since (F, A) is a soft graph, by the Theorem 5.1.1, we 

have 𝐹(𝑥)  =  {𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  =  0}. Thus 𝐹(𝑣𝑖) =  {𝑣𝑖}𝑎𝑛𝑑 𝑆 =  {𝑣𝑖},   ∀𝑣𝑖  ∈  𝐴. 

Since Nn is a null graph, each vertex 𝑣𝑖 𝑜𝑓 𝑁𝑛 is independent and hence |𝐴|  =  |𝑆|. 

Further S will be an independent set, therefore D =  {vi}, ∀ vi  ∈  A. Hence, A =  S =

 D, which implies that 𝛾𝑠(𝑆)  =  |𝐴|  =  |𝑆|. 

Theorem 5.2.6. Let G = 𝑃𝑛 be a path graph and (𝐹, 𝐴) is a soft graph, then 

𝛾𝑠(𝑃𝑛)  =  {
⌈
𝑛

3
⌉ ,           𝑖𝑓 𝑆 ≡ 𝐺                                                                                              

⌈
𝑛 − 𝑚

3
⌉ ,    𝑖𝑓 𝐴 =  {𝑣𝑗}  𝑤ℎ𝑒𝑟𝑒 𝑚 = 𝑚𝑖𝑛{𝑑(𝑣𝑖, 𝑣𝑗)}  𝑎𝑛𝑑  𝑣𝑖 ∈ 𝑐𝑒𝑛𝑡(𝐺).

 

Proof. Since (𝐹, 𝐴) is a soft graph, by the Theorem 5.1.1, 𝐹(𝑥)  =  {𝑦 ∈  𝑉 |𝑥𝑅𝑦 ⇐⇒

 𝑑(𝑥, 𝑦)  ≤  𝑘}, where 𝑒𝑖𝑡ℎ𝑒𝑟 𝑘 ≤  𝑟𝑎𝑑(𝐺) 𝑜𝑟 𝑘 =  𝑑𝑖𝑎𝑚(𝐺). Let 𝐴 =  {𝑣𝑖} 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖, 

so two cases are distinguished as follows:   

Case (1): 𝐼𝑓 𝑘 =  𝑟𝑎𝑑(𝐺), then again there are two sub-cases depending on A, as 
follows:  

Sub - Case (i):   𝐼𝑓 𝐴 ∩ 𝑐𝑒𝑛𝑡(𝐺) ≠  𝜙, 𝑡ℎ𝑒𝑛 𝐹(𝑣𝑖)  =  {𝑣𝑖  , 𝑖 =  1, . . . , 𝑛} 𝑎𝑛𝑑 𝑆 =  {𝑣𝑖  ,

𝑖 =  1, . . . , 𝑛}. Therefore, 𝑆 ≡  𝐺. Hence 𝐷∗ ≡  𝐷 implying that 𝛾𝑠(𝑃𝑛)  =  𝛾(𝐺). Thus, by 

proposition 5.1.6, 𝛾𝑠(𝑃𝑛)  =  ⌈
𝑛

3
⌉. 

Sub - Case (ii): 𝐼𝑓 𝐴 ∩ 𝑐𝑒𝑛𝑡(𝐺)  =  𝜙, then two cases are possible as follows:  
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(a)  𝐼𝑓 𝑣𝑗1 ,  𝑣𝑗2 ∈ 𝐴 𝑎𝑛𝑑  𝑣𝑖 ∈ 𝑐𝑒𝑛𝑡(𝐺). Then there exists 𝑗1 <  𝑖 <  𝑗2 𝑎𝑛𝑑 𝑆 =  {𝑣𝑗  , 𝑖 =

 1, . . . , 𝑛}  ≡  𝐺. Therefore 𝐷∗ ≡  𝐷 =⇒ 𝛾𝑠(𝑃𝑛)  =  𝛾(𝐺) and so by proposition 5.1.6, 

𝛾𝑠(𝑃𝑛)  = ⌈
𝑛

3
⌉.  

(b) 𝐼𝑓 𝑣𝑗 ∈  𝐴, then either 𝑣𝑗 < 𝑣𝑖   𝑜𝑟  𝑣𝑗 > 𝑣𝑖  where 𝑣𝑖 ∈ 𝑐𝑒𝑛𝑡(𝐺). Then 𝐹(𝑣𝑗  )  =

 {𝑣𝑗  , 𝑗 =  1, 2, . . . , 𝑛 − 𝑚} where 𝑚 =  𝑚𝑖𝑛 𝑑(𝑣𝑖 , 𝑣𝑗  ).  So 𝑆 =  {𝑣𝑗  , 𝑗 =  1, 2, . . . , 𝑛 −

𝑚} ≢  𝐺 and since |𝑆|  =  𝑛 −  𝑚, we have 𝛾𝑠(𝑃𝑛)  =  ⌈
𝑛−𝑚

3
⌉.  

 Case (2):  Suppose 𝑘 =  𝑑𝑖𝑎𝑚(𝐺) 𝑎𝑛𝑑 𝐴 =  {𝑣𝑖} then 𝐹(𝑣𝑖)  =  {𝑣𝑖  , 𝑖 =  1, 2, . . . , 𝑛} and 

𝑆 =  {𝑣𝑖  , 𝑖 =  1, 2, . . . , 𝑛}  ≡  𝐺. Therefore 𝐷∗ ≡ 𝐷 which implies that 𝛾𝑠(𝑃𝑛)  =  𝛾(𝐺). 

Now, by proposition 5.1.6, we have 𝛾𝑠(𝑃𝑛) =  ⌈
𝑛

3
⌉. 

Example 5.2.7. Let 𝐺 ≡  𝑃7 be a path graph on seven vertices and (𝐹, 𝐴) be a soft graph. 

Then 𝐹(𝑥)  =  {𝑦 ∈  𝑉 ∕ 𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  ≤  𝑘}, 𝑤ℎ𝑒𝑟𝑒 𝑒𝑖𝑡ℎ𝑒𝑟 𝑘 ≤  𝑟𝑎𝑑(𝐺) 𝑜𝑟 𝑘 =
 𝑑𝑎𝑖𝑚(𝐺). Now, we have two possible cases here:  

Case (1): 𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑘 ≤  𝑟𝑎𝑑(𝐺). We have again two possible sub-cases here:  

Sub - Case (i): 𝐼𝑓 𝐴 ∩ 𝑐𝑒𝑛𝑡(𝐺) ≠ 𝜙 ⟹ 𝑣4 ∈ 𝑐𝑒𝑛𝑡(𝐺). Then 𝐴 =  {𝑣4} 𝑎𝑛𝑑 𝑟𝑎𝑑(𝐺)  =  3  

implies that  𝑘 =  3.  Therefore  𝐹(𝑣4)  =  {𝑣𝑖  , 𝑖 =  1, . . . , 7}   and   𝑆 =  {𝑣𝑖 , 𝑖 =

 1, . . . , 7}  ≡  𝐺.  Hence 𝐷∗ = {𝑣2, 𝑣5, 𝑣7}.  𝑁𝑜𝑤, 𝐷
∗ ≡  𝐷 𝑎𝑛𝑑  𝛾𝑠(𝑃7) =  ⌈

𝑛

3
⌉. This implies 

that 𝛾𝑠(𝑃7) =  ⌈
7

3
⌉  Hence,  𝛾𝑠(𝑃7) = 3.  

Sub - Case (ii): If A ∩  cent(G)  =  ϕ, then there are two cases as follows:  

(a):  Suppose A =  {v2, v5}. Then F(v2)  =  {vi , i =  1, . . . , 5}, and F(v5)  = {vi , i =

 2, . . . , 7}. Therefore, S =  {vi , i =  1, . . . , 7}  ≡  G. Hence D∗  ≡  D. Now, by proposition 

5.1.6, we have  γs(P7) =  ⌈
n

3
⌉.  Thus  γs(P7) =  ⌈

7

3
⌉⌉. Hence  γs(P7) =  3.  

(b):  Assume that A =  {v2}. Then F(v2)  =  {vi, i =  1, . . . , 5} and S =  {vi , i =

 1, . . . , 5 ≢ G  so m =  2. Then  γs(P7) =  ⌈
7−2

3
⌉  that implying that γs(P7) =  ⌈

5

3
⌉. Therefore, 

γs(P7) =  2   

Case (2):  Suppose  k = diam(G) That is  diam(G)  =  6. Then F(x)  =  {xRy ⇐⇒

 d(x, y)  ≤  6}  and  F(vi)  =  {vi , i =  1, . . . , n}.  Let  A =  {v1}, then F(v1)  =  {vi , i =

 1, . . . , 7}  and  S =  {vi, i =  1, . . . , 7}  ≡  G. Hence D∗  ≡  D, then by proposition 5.1.6 then 

γs(P7) =  ⌈
n

3
⌉. Thus γs(P7) =  ⌈

7

3
⌉. This implies that γs(P7) =  3.  

Proposition 5.2.8. 𝐿𝑒𝑡 𝐺 ≅  𝐶𝑛 𝑏𝑒 𝑎 𝑐𝑦𝑐𝑙𝑒 𝑔𝑟𝑎𝑝ℎ 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑛 𝑎𝑛𝑑 (𝐹, 𝐴) 𝑖𝑠 𝑠𝑜𝑓𝑡 𝑔𝑟𝑎𝑝ℎ, 
then 
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𝛾𝑠(𝐶𝑛) =

{
 
 
 

 
 
 

|𝐴|,                  𝑖𝑓 𝐴 𝑖𝑠 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑎𝑛𝑑 𝐴 ∩ 𝑁(𝑣𝑖) ≠  𝜙.                    

⌈
|𝐴| × 2 

3
⌉ ,           𝑖𝑓 𝐴 𝑖𝑠 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑎𝑛𝑑 𝑛 𝑖𝑠 𝑜𝑑𝑑 𝑤𝑖𝑡ℎ 𝐴 ∩ 𝑁(𝑣𝑖) ≠  𝜙.

∑⌈
|𝐴|𝑖 

3
⌉ ,           𝑖𝑓 𝐴 𝑖𝑠 𝑛𝑜𝑛 − 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑎𝑛𝑑 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛.                           

∑⌈
|𝐴𝑖| + 1 

3
⌉ ,     𝑖𝑓 𝐴 𝑖𝑠 𝑛𝑜𝑛 − 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑎𝑛𝑑 𝑛 𝑖𝑠 𝑜𝑑𝑑.                             

 

Proof. Let 𝐺 ≅ 𝐶𝑛 be a cycle graph of order n. Since (𝐹, 𝐴) is soft graph, then by Theorem 

5.1.3, we have 𝐹(𝑥)  =  {𝑦 ∈  𝑉 /𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  =  ⌊ 
𝑛

2
⌋}.  Let  𝐴 =  {𝑣𝑖} for some i. 

Three cases are distinguished as follows:  

Case (1):  Assume n is even. Then two cases are distinguished as follows:  

(i):  Suppose A is an independent set. Then, let 𝐴 =  {𝑣𝑖} for some i. Now 𝐹(𝑣𝑖)  =

 {𝑣𝑖+ 𝑛
2
} and 𝑆 =  {𝑣𝑖+ 𝑛

2
} for all 𝑣𝑖 ∈ 𝐴. So |𝑆|  =  |𝐴| 𝑎𝑛𝑑 𝑆 is an independent set. Then 

𝑆 ≡  𝐷∗ and 𝛾𝑠(𝐶𝑛)  =  |𝐴|.  

(ii):  Assume that A is not an independent set. Let 𝐴𝑖 ⊆ 𝐴 be the largest connected sub-

graph of the cycle such that ∪ 𝐴𝑖 =  𝐴. Then 𝛾𝑠(𝐶𝑛)  =  𝛴⌈ 
|𝐴𝑖|

3
 ⌉.  

Case (2):  Suppose n is an odd integer. There are three possible cases here:   

(i):  Suppose A is an independent set. Then 𝐴 ∩ 𝑁(𝑣𝑖) ≠ 𝜙 and 𝐹(𝑣𝑖)  =  {𝑣𝑖+ 𝑛
2
 , 𝑣𝑖− 𝑛

2
}.  

We have 𝑆 =  {𝑣𝑖+ 𝑛
2
 , 𝑣𝑖− 𝑛

2
} for all 𝑣𝑖∈ A, and so |𝑆|  =  2 ×  |𝐴|. So S is non-independent 

set. Therefore 𝛾𝑠(𝐶𝑛)  =  |𝐴|.  

(ii):  Suppose A is an independent set such that 𝐴 ∩ 𝑁(𝑣𝑖) ≠  𝜙.  𝑇ℎ𝑒𝑛 𝐹(𝑣𝑖)  =

{𝑣𝑖+ 𝑛
2
 , 𝑣𝑖− 𝑛

2
} and  𝑆 =  {𝑣𝑖+ 𝑛

2
 , 𝑣𝑖− 𝑛

2
} ∀ 𝑣𝑖 ∈ 𝐴. Then |𝑆|  =  2 × |𝐴|, so S is connected sub-

graph. Therefore 𝛾𝑠(𝐶𝑛) =   ⌈
2×|𝐴𝑖| 

3
⌉. 

(iii):  If A is not an independent set. Let 𝐴𝑖 ⊆ 𝐴 is largest connected sub-graph of the 

cycle such that 𝐴𝑖 = 𝐴 Then 𝛾𝑠(𝐶𝑛) =   ⌈
|𝐴𝑖| 

3
⌉. 

Example 5.2.9.  Let 𝐺 ≅  𝐶𝑛 and (𝐹, 𝐴) is a soft graph, then 𝐹(𝑥)  =  {𝑦 ∈  𝑉/𝑥𝑅𝑦 ⇐⇒

 𝑑(𝑥, 𝑦)  =
 𝑛 

2
 }. We have two possible cases here:  

Case (1):  Suppose n is an even integer. For instance, let us take 𝑛 = 8, 𝑡ℎ𝑒𝑛 𝑑(𝑥, 𝑦)  =
 8

2
 . 

Thus, 𝑑(𝑥, 𝑦)  =  4. If A is an independent set and let 𝐴 =  { 𝑣1, 𝑣4, 𝑣7}, then 𝐹(𝑣1) =

 {𝑣5}, 𝐹(𝑣4) =  {𝑣8}, 𝐹(𝑣7)  =  {𝑣3} and so 𝑆 =  {𝑣3, 𝑣5, 𝑣3}. Thus, 𝐷∗  =  {𝑣3, 𝑣5, 𝑣3} and  

So 𝛾𝑆(𝑆)  =  3 =  |𝐴|.  Next, assume that A is non-independent and let 𝐴 = 𝐴1 ∪ 𝐴2 such 

that 𝐴1 = {𝑣1, 𝑣2, 𝑣3} and 𝐴2 = {𝑣6, 𝑣7}.  Then 𝐹(𝑣1) =  {𝑣5}, 𝐹(𝑣2) =  {𝑣6}, 𝐹(𝑣3) =

 {𝑣7}, 𝐹(𝑣6) =  {𝑣1}, 𝐹(𝑣7)  =  {𝑣2} and 𝑆 =  {𝑣1, 𝑣2, 𝑣5, 𝑣6, 𝑣7, }. So 𝐷∗  =  {𝑣1, 𝑣6}. 

Therefore, 𝛾𝑆(𝐶8)  =  ⌈ 
|𝐴1|

3
 ⌉  +   ⌈ 

|𝐴2|

3
 ⌉  =  ⌈ 

3

3
 ⌉  +  ⌈ 

2

3
 ⌉  =  1 +  1 =  2.   
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Case (2):  Suppose n is odd. For instance, let us take 𝑛 = 9, then 𝑑(𝑥, 𝑦)  =
 9

2
  which 

implies that 𝑑(𝑥, 𝑦)  =  4. Now, suppose A is an independent set such that  𝐴 ∩ 𝑁(𝑣𝑖)  =

 𝜙   and let 𝐴 =  {𝑣1, 𝑣4, 𝑣7}. Then 𝐹(𝑣1) =  {𝑣5, 𝑣6}, 𝐹(𝑣4) =  {𝑣8, 𝑣9}, 𝐹(𝑣7)  =  {𝑣2, 𝑣3} 

and 𝑆 =  {𝑣2, 𝑣3, 𝑣5, 𝑣6, 𝑣8, 𝑣9} is non-independent. Thus, 𝐷∗ = {𝑣3, 𝑣5, 𝑣8} and hence 
𝛾𝑆(𝐶9) = 3 =  |𝐴|.  

      Assume that A is an independent set such that  𝐴 ∩ 𝑁(𝑣𝑖) ≠  𝜙. Let 𝐴 =  {𝑣1, 𝑣3, 𝑣5}. 

Then 𝐹(𝑣1) =  {𝑣5, 𝑣6},   𝐹(𝑣3) =  {𝑣7, 𝑣8}, 𝐹(𝑣5)  =  {𝑣9, 𝑣1}  and 𝑆 =

 {𝑣1, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑣9} is connected sub-graph, thus 𝐷∗  =  {𝑣6, 𝑣9} and 𝛾𝑆(𝐶9) = ⌈
 2×|𝐴|

3
 ⌉  =

 ⌈
 2×3

3
 ⌉  =  2.  

 

𝐹𝑖𝑔𝑢𝑟𝑒 5.2: 𝐷𝑜𝑚𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑜𝑓𝑡 𝑔𝑟𝑎𝑝ℎ 𝑖𝑛 𝐾5 

       If A is non-independent and 𝐴 =  𝐴1 ∪ 𝐴2 such that 𝐴1  =  {𝑣1, 𝑣2, 𝑣3} and 𝐴2  =

{𝑣7, 𝑣8}. Then 𝐹(𝑣1) =  {𝑣5, 𝑣6}, 𝐹(𝑣2)  =  {𝑣6, 𝑣7},  𝐹(𝑣3)  =  {𝑣7, 𝑣8},   𝐹(𝑣7)  =  {𝑣2, 𝑣3},  

𝐹(𝑣8)  =  {𝑣3, 𝑣4} and 𝑆 =  {𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8}. Thus 𝐷∗ = {𝑣3, 𝑣6, 𝑣8} and So 

𝛾𝑆(𝐶9) = ⌈ 
|𝐴1|+1

3
 ⌉ +  ⌈ 

|𝐴2|+1

3
 ⌉ =  ⌈ 

3+1

3
 ⌉ + ⌈ 

2+1

3
 ⌉ =  2 + 1 =  3. 

Theorem 5.2.10. Let 𝐺 ≅ 𝐾𝑛 be a complete graph of order n and (𝐹, 𝐴) is soft graph. 
Then 𝛾𝑆(𝐾𝑛)  =  1. 

Proof. Let 𝐺 ≅ 𝐾𝑛 be a complete graph of order n. Since (𝐹, 𝐴) is soft graph, by the 

Theorem 5.1.4, we have 𝐹(𝑥)  =  {𝑦 ∈  𝑉 |𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  ≤  1}.  Let 𝐴 =

 {𝑣𝑖} 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖, then 𝐹(𝑣𝑖)  =  {𝑣𝑖, 𝑖 =  1, . . . , 𝑛} and 𝑆 =  {𝑣𝑖 , 𝑖 =  1, . . . , 𝑛}  ≡

 𝐺. Therefore 𝐷∗ ≅  𝐷.  Hence by proposition 5.1.6, we have 𝛾𝑆(𝑆)  =  1. 

 Example 5.2.11. Let 𝐺 ≅ 𝐾5, as shown in Figure 5.2. Let 𝐴 =  {𝑣2, 𝑣1} and (𝐹, 𝐴) is soft 

graph. So, 𝐹(𝑥)  =  {𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  ≤  1}, and 𝐹(𝑣1)  =  {𝑣5, 𝑣2, 𝑣4, 𝑣3, 𝑣1} and 

𝐹(𝑣2)  =  {𝑣5, 𝑣4, 𝑣3, 𝑣2, 𝑣1}. Then 𝑆 =  {𝑣5, 𝑣4, 𝑣3, 𝑣2, 𝑣1}  ≡  𝐺. Thus 𝐷∗ ≡  𝐷 and 𝐷∗  =

 {𝑣1}. Therefore by Proposition 5.1.6, we have𝛾𝑆(𝐾5)  =  1. 

Theorem 5.2.12. Let 𝐺 =  𝐾𝑚,𝑛 be a bipartite graph of order 𝑚𝑛 𝑎𝑛𝑑 𝑛,𝑚 ≥  1 and 

(𝐹, 𝐴) is a soft graph, then 𝛾𝑆(𝑆)  = {
1    if |X|  =  1 or |Y|  =  1 
2      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                    
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Proof.  Let 𝐺 =  𝐾𝑚,𝑛 be bipartite graph, and since (𝐹, 𝐴) is soft graph, then by Theorem 

5.1.5, 𝐹(𝑥)  =  {𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  ≤  𝑘},where 𝑘 =  1, 2 so three cases are distinguished 

as follows:  

Case(1):  𝐼𝑓 |𝑋| =  1 𝑜𝑟 |𝑌| =  1, 𝑙𝑒𝑡 |𝑋|  =  1 and 𝐴 =  {𝑣} such that 𝑣 ∈  𝑋, then 

𝐹(𝑥)  =  {𝑦 ∈  𝑉/𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  ≤  1}, and 𝐹(𝑣)  =  {𝑣 ∪  𝑌 } and 𝑆 =  {𝑣 ∪  𝑌 }, So 
𝐷∗  =  {𝑣} 𝑎𝑛𝑑 𝛾𝑆(𝐾𝑚,𝑛)  =  1.  

Case(2): 𝐼𝑓 |𝑋|  >  1 𝑎𝑛𝑑 |𝑌|  >  1, 𝑙𝑒𝑡 𝐴 =  {𝑣𝑖}𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖, 𝑖 =  1, . . . , 𝑚 such that 

|𝐴|  >  1 𝑎𝑛𝑑 𝑣𝑖 ∈  𝑋, then there are two cases as follows:  

(i):  𝐼𝑓 𝐹(𝑥)  =  {𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  ≤  1}, then 𝐹(𝑣𝑖)  =  {𝑣𝑖 ∪  𝑌 }, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖 and 𝑣𝑖 ∈

 𝑋,  so 𝑆 =  {𝑣𝑖 ∪  𝑌 }   ∀𝑣𝑖 ∈  𝐴, and 𝐷∗ = {𝑣𝑖 , 𝑢𝑗} where 𝑣𝑖  ∈  𝑋,   𝑢𝑗 ∈

 𝑌 𝑓𝑜𝑟 𝑜𝑛𝑒 𝑜𝑓 𝑖, 𝑗 𝑎𝑛𝑑 𝑖 =  1, . . . , 𝑚, 𝑗 =  1, . . . , 𝑛 therefore 𝛾𝑆(𝐾𝑚,𝑛)  =  2. .  

(ii):  𝐼𝑓 𝐹(𝑥)  =  {𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  ≤  2}, then 𝐹(𝑣𝑖)  =  {𝑋 ∪  𝑌 } and 𝑆 =  {𝑋 ∪  𝑌 }  ≡

 𝐺, so 𝐷∗  ≡  𝐷, then by proposition 5.1.6 𝛾𝑆(𝐾𝑚,𝑛)  =  2.   

Example 5.2.13. Let 𝐺 =  𝐾𝑚,𝑛  be a complete bipartite graph. There are two possible 

cases here:  

Case(1): 𝐼𝑓 𝑚 =  1 𝑎𝑛𝑑 𝑛 =  3. Let 𝐴 =  {𝑣1} where 𝑣1  ∈  𝑋 𝑎𝑛𝑑 |𝑋|  =  1. Then 𝐹(𝑥)  =

 {𝑦 ∈  𝑉/𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  ≤  1} and 𝐹(𝑣1)  =  {𝑣1, 𝑢1, 𝑢2, 𝑢3} where 𝑢𝑗 ∈  𝑌 , 𝑗 =

 1, . . . , 3. Hence 𝑆 =  {𝑣1, 𝑢1, 𝑢2, 𝑢3} and  𝐷∗  =  {𝑣1}. Therefore 𝛾𝑆(𝐾1,3)  =  1.  

Case (2):  𝐼𝑓 𝑚 >  1. 𝐿𝑒𝑡 𝑚 =  4, 𝑛 =  3 and let 𝐴 =  {𝑣1, 𝑣2}. Then we have two 

possibilities here:  

(i): 𝐼𝑓 𝐹(𝑥)  =  {𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  ≤  1}. Then  𝐹(𝑣1)  =  {𝑣1, 𝑢1, 𝑢2, 𝑢3}, 𝐹(𝑣2)  =

 {𝑣2, 𝑢1, 𝑢2, 𝑢3} Hence 𝑆 =  {𝑣2, 𝑢1, 𝑢2, 𝑢3}  and  𝐷∗ = {𝑣1, 𝑢1} . Therefore 𝛾𝑆(𝐾4,3) = 2.  

(ii): 𝐼𝑓 𝐹(𝑥)  =  {𝑥𝑅𝑦 ⇐⇒  𝑑(𝑥, 𝑦)  ≤  2}. Then 𝐹(𝑣1)  =  {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑢1, 𝑢2, 𝑢3}, 

𝐹(𝑣2)  =  {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑢1, 𝑢2, 𝑢3}. Hence 𝑆 = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑢1, 𝑢2, 𝑢3} ≡ 𝐺. Therefore, 

𝐷∗  ≡  𝐷 and 𝐷∗ = {𝑣1, 𝑢1}.  𝑆𝑜  𝛾𝑆(𝐾4,3) = 2.  

Corollary 5.2.14. 𝐿𝑒𝑡 𝑆𝑛 𝑏𝑒 𝑠𝑡𝑎𝑟 𝑔𝑟𝑎𝑝ℎ 𝑎𝑛𝑑 (𝐹, 𝐴) 𝑖𝑠 𝑠𝑜𝑓𝑡 𝑔𝑟𝑎𝑝ℎ, 𝑡ℎ𝑒𝑛 𝛾𝑆(𝑆) = 1. 

5.3 Conclusion  

        Through the results proved above on the certain graphs mentioned above, the 

different results for the same graph can be getting by changing the condition in the set F. 
The theories of each graph are proved with illustrative examples. 
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