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Abstract We examine stability analysis of inviscid, hydromagnetic,
incompressible flows with swirling motion. We derived general solution of the homogeneous
problem in the case of Couette flow. We derived conditions for existence, non-existence of
the series solutions for heterogeneous swirling flows. The results are depending on
minimum Richardson number.
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1 Introduction

We study inviscid, hydromagnetic, coaxial flows which is also incompressible. The
analysis of hydromagnetic, co-axial flows are important in understanding the mechanism in
low-emission gas turbines [1], premixed swirl burners, rotating injectors [15], jet engine
augmeters [4, 11]. When Michel Synge discriminant becomes zero, it leads to homogeneous
case. [3] obtained a condition for instability. [3] obtained a semi-circle instability region. [14]
obtained bounds for neutral phase speed. [14] obtained sufficient condition for stability. [16]
derived parabolic instability regions under some condition. [5] derived instability region
which intersect with [3]’s semi-circle under approximation. [6] derived a necessary for
stability and derived unbounded instability region that intersect with [3]’s semicircle. [8]
derived unbounded instability that intersect with [3]’s semicircle and obtained supremum
for the amplification factor.
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For hydromagnetic swirling flows [18] obtained a criterion for stability. [18]
obtained a semi-elliptical bounded region with the condition on Richardson number. [17]
derived instability regions under conditions. [14] derived a semi-elliptical bounded region
under approximation that minimum curvature should be non-negative. [17] obtained
estimate for growth rate. [7] developed a stability criterion based on the wave number. [7]
obtained condition on wave number for existence of neutrally stable eigen solution. [9]
obtained supremum'’s for the growth rate and bounds for the neutral phase speed. [10]
obtained bounds for the complex phase speed and supremum'’s for the Growth rate. The
spectrum of eigen values for spatially growing stability has been obtained by [12, 13]. When
the heterogeneous problem has neutral mode with real phase velocity and there is a singular
point then series solution needs to be obtained.

In this paper, we derived general series solution for circular Rayleigh problem and
Heterogeneous differential equations for the Couette flow model. We derived the solutions
of Heterogeneous differential equations in various cases, which depends up on Richardson
number. Also, we derived the general solution of circular Rayleigh problem for Sinusoidal
flow model.

2 HOMOGENEOUS PROBLEM

The homogeneous problem for the hydrodynamic stability is (cf. [2]),

: [/
(ru)‘ r . u
A —ku-———2 =0, (D
r W—-c
with
u(n) =0=u(r,). (2)
Where k isthe wave number,
¢ is complex eigen value,
reln,r,], r isthe radius of the cylinder.
1 , 1 WH _ (IJW’
u"+(—ju+—u'—k2u— — " ly=o. (3)
r r W-—-c

Theorem 2.1: If the Basic velocity function is W=rand r=r then the general series
solution of circular Rayleigh problem is u =c,J,(kr)+c,Y, (kr).

Proof. If W=r,r=r.
(3) implies
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u”+(_—21ju+lu'—k2u—{ ! :|u=0.
r r r(r—c)

Since wave velocity ¢=0,

ru" + ru' — r’k*u=0. (4)
It can be converted in to a Bessel’s equation using the transformation
R
u :U’ ’/‘:_
k
and general solution is u =¢,J, (kr)+c,Y, (kr).

Plot of u(r, k) = c, .Iu(kr) +c, Yu(kr)

u(r, k)
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Figure 1: General solution of Theorem 2

Theorem 2.2: If the Basic velocity function is W=sinr> and r=r then the
general series solution of circular Rayleigh problem is

AY1(4—k2)r+BK1(4—k2)r when k> 2

AJ1(4—k2)r+BY1(4—k2)r when k<2|

Proof. If W=sinr’,r=r.

r(—j =4r*sinr* and wave velocity ¢=0, then
r

(3) implies
Fu'+ i+ (4r2 — k= 1)u=0.

It can be converted in to a Bessel’s equation using the transformation

1174



UtilitasMathematica

ISSN 0315-3681 Volume 122, 2025

R

u=U,r=——e—
[4-#]

and general solution is
clYl(4—kz)r +02K1(4—k2)r when k> 2

- clJl(4—k2)r+c2Yl(4—k2)r when k<2|

Solution: u(r) = :1"V1((4-k2]‘r] + :2*K1((4-k2)'r] fork>2

- ]
S B
1
1
]
2h il
]
1
[
ey |
1
1
! 2 2
1 —ur) = 6,"Y, [{4K7) 1) + 07K, ((4-K7) 1) for k > 2
4t o
L - = =c*Y1
1
= = =Kl forg,n1)
5 1 1 1 1
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General solution of Theorem 1 for k> 2

Figure 2:

Solution: u(r) = ¢,J, ((4-43)r) + ¢V, ((4-K%)n) for k < 2

u(r) = ¢ "4, (AT + £, (44 T fork < 2

25 s 4
- = =K1 for ¢,J1)
3 N
a5 .
4 ! | | I I | ! | !
14 18 18 20

2 4 6 8 10 12
r

Figure 3: General solution of Theorem 1 for &k <2
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3 NON-HOMOGENEOUS PROBLEM

The non-homogeneous differential equation is (cf. [18, 19])

() 22
[:00 ] _kZIOOu_ r ‘//u —
r

=0, 5
W—c +(W—c)2 ( )

with
u(r)=0=u(r,) (6)
Where x magnetic permeability,

Q, =— angular velocity and
r

2
p,D(r*Q H?
W= Lﬂ +(Dp,)rQy’ —ruD [—2" is Synge Michael discriminant.
r r

GaH

o . r u M

u”+£r—ju+£u'—k2u— ! PV DAy
r r

Tl (7)

Let r=r, isaregular singular point, ¢ isrealand W -c#0,if ¢=#0.
Using Frobenius expansion,

0
. m+r
u= E am(l"_l"‘,) .

m=0

When the Boussinesq approximation is applied, (7) implies,

)

N , L u y

u”+(r—Ju+r—u'—(k*) u——" +—Z =0,
r

r w-c (W—c*)z

(8)

where ;(=£, P, : honzero constant,

Lo

W(r") : Unperturbed flow velocity,

(") : Unperturbed Micheal-Synge discriminant,
k" : Wave number,
¢ : Wave velocity.

If W(rc*) -c' =0,
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which implies W(”c*) = ¢ (critical layer)

Applying Taylor series expansion in (8), we have

iam(m +r)(m+r=1)(r _,,C)mmz

m=0

) {;am(r_rc)m“}

, T W )
r(n:j + HTH sz((:)j (r=r ).

Equating the least powers of (r—r)to zero, [i.e, powers of (r— rc)r_z}.
We have,

aor(r — l)+a0 LC)Z: 0.
[W'(rc)]

(9)
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Since a,#0, implies

r*—r+J=0, (10)

where J :LCL is called Richardson number.

[W'(re)]
Solving (10) we get,
114
F_T.
rzlii,u, where u= ,/J—l.
2 4

1

1. .
+1 w\ <=1 . . .
g , R =(W —-c )2 " aretwo linearly independent solutions

We get, R, =(W - )5

of Eq.(5).
General solution of Eq.(5) is
u=AR_+BR._,

1.
——iu

ie, u= A(W —c );Hﬂ +B(W - c*)2

Real Part of u(W, J)

Real(u(W, J))
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20 -10000

J (Parameter) 1 15 W (FLow velocity)

Figure 4: Real part to the solution of D.E. (5)
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Imaginary Part of u(W, J)

Imaginary(u(W, J))

25

2
J (Parameter) 1 15 W (FLow velocity)

Figure 5:Imaginary part to the solution of D.E. (5)

Theorem 3.1:  Ifthe Richardson number JZ% then solution of (5) is

1

u= (W—c*)E r.

Proof. If J=i, then u=0.

From (9) we have, rzl,l.

Which implies, the solution of (5) is

u= (W —c*); 7.

Theorem 3.2: If the Richardson number 0<J <i then solution of (5) is either

1 1

u=(W —c*)fﬂi; or u=(W —c*)i_ﬂr_.

Proof. If O<J<i then J—%>O.

From (9) we have, 7 ,=—+u.

N |~

Which implies, the solution of (5) is either

1 1
*\STH *\STH
uZ(W—c )2 r, or uZ(W—c )2 r.
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Theorem 3.3: If the Richardson number J=0,a,#0, then solution of (5) must be

1
proportional to u=(W—c*)2+ﬂr+ and if a,=0, then the two linearly independent solutions

1
—+ U

of (5) are u=(W—c*);+ﬂr+ and u=(W—c*)2 r.

Proof. If J=0, then we have to consider two cases depending on how the

c

expression in the brackets in (9) behaves near the critical layer c*=W<r*).

The two cases are occur when g,#0and ga,=0.

Case (i) If a,#0 then there exit a singular solution which is proportional to

1
—tu

uZ(W—c*)2 r.

+

Case (ii) If a,=0 from (9) we have two linearly independent solutions.

1
+u

u=(W—c*);+ﬂr+ and uZ(W—c*)E r.

Theorem 3.4: If the Richardson number J>i then there is no singular mode

solution of (5).

1 *
Proof. If J>Z, then there is singular solution because ¢, #0.

Sincec =c, +ic,
* .
¢ =c,—ic, and —¢;<0.

4 CONCLUDING REMARKS

In the present work, we study inviscid, incompressible, swirling flows. When
magnetic term remains zero it reduces to circular Rayleigh problem. For this, we obtained
the general solution in cases of Couette, Sinusoidal flows considered as basic flow model
using Bessel’s function. For the case of Heterogeneous swirling flows, we obtained condition
for existence or non-existence of series solution, for the Couette flow model. The series
solution depends on Richardson.
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