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Abstract: The objective of this paper is to explore separation axioms in fuzzy soft sequential
topological spaces. In 2002, Bose and Indrajit Lahiri [2] gave the concept of separation
axioms in sequential topological spaces. In 2018, Mahanta and Das [7] introduced fuzzy soft
point and studied separation axioms in fuzzy soft topological spaces. Khedr et al [6]
introduced fuzzy soft separation axioms in terms of the modified definitions of the fuzzy soft
point and study some of the properties in the year 2019. By the way of above concepts, we
introduce the separation axioms in a new way in fuzzy soft sequential topology. We define
fuzzy soft sequential T; axioms (i = 0,1,2) using the concept of fuzzy soft sequential quasi-
coincident relation between fuzzy soft sequential set and fuzzy soft sequential point and

discuss some properties of these spaces with proper examples in detail.

Keywords: fuzzy soft set, fuzzy soft sequential set, fuzzy soft sequential point, FSS — T,
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1. Introduction uncertainty. In 2001, Maji et al [8]

proposed the concept of fuzzy soft set
In 1965, the fuzzy set was

introduced by L. A. Zadeh [15], which is
dealing with uncertainty. In 1999,

which is a new mathematical approach to
vagueness by involving the ideas of both

fuzzy set and soft set. In 2002, Bose and

Molodtsov [9] introduced the concept of Indrajit Lahiri [2] introduced the concept

soft set theory, which provides a new of sequential topological spaces. He

mathematical - theory for dealing with defined any sequence of subsets of a non
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void set is called a sequential set and
proposed properties of sequential set,
sequential topology, separation axioms in
detail. Fuzzy soft set was further improved
by Ahmad and Kharal [1] in the year
2009. In the same vyear, Tanay and
Kandemir [13] introduced the topological
structure of fuzzy soft sets and studied
some of its structural properties. In
continuation, Mahanta and Das [7]
introduced fuzzy soft point and explored
some concepts in fuzzy soft topological
spaces in the year 2018. Further, he
presented  separation  axioms  and
investigated for fuzzy soft topological
spaces. In 2019, Khedr et al [6]
introduced fuzzy soft separation axioms in
terms of the modified definitions of the
fuzzy soft point and studied some of the
properties. In 2024, we have introduced
fuzzy soft sequential set [3] by merging
the concept of fuzzy soft set and sequential
set. In continuation, we extend the concept
into fuzzy soft sequential topological
spaces [4] and fuzzy soft sequential point

[5] are explored in detail.

In this paper, we propose
separation axioms in a different way in
fuzzy soft sequential topology. We define
fuzzy soft sequential T; axioms (i = 0,1,2)
using the concept of fuzzy soft sequential
quasi-coincident relation via fuzzy soft

sequential set and fuzzy soft sequential
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point and analyze some properties of these
spaces with needed examples in detail.

2.Preliminaries

Definition 2.1 [15] A fuzzy set X over a
universal set U is a set defined by a
function u, performing a mapping pu, :
U-1[01] , here this u, Iis the
membership function of X, and the value
U, (u) will be the grade of membership of

uevu.

Definition 2.2 [9] Let U be an initial
universe set and E be a set of parameters.
A pair (F, E) is called a soft set (over U) if
and only if F is a mapping of E into the

set of all subsets of the set U.

Definition 2.3 [8] Let p(U) denotes the
set of all fuzzy sets of U. Let A; € E, a set
of parameters. A pair (F;, A;) is called a
fuzzy soft set over U, where F; is a

mapping given by F;: A; = p(U).

Definition 2.4 [13] Let (y,X) be an
element of Fs(U; E), P(y,X) be the set of
all fuzzy soft subsets of (y,X) and T be a
subfamily of P(y,X). Then T is called
fuzzy soft topology on (y,X) if the

following conditions are satisfied:

i. Oy, (y,X)ET
ii. (f,4),(gB)ET=
(f,A)N(g,B) €T

Page | 1351



ii.  {(f,A)lk €K} CF=
Urex (f, Ay € £.

The pair (X,,7) is called a fuzzy soft

topological space.

Definition 2.5 [10] A fuzzy set in X is
called a fuzzy point if and only if it takes
the value 0 for all y € X except one, say,
x € X. If its value at x is 4 (0< 1 <1) we
denote this fuzzy point by x;, where the

point x is called its support.

Definition 2.6 [12] The fuzzy soft set f, €
FS(X,E) is called fuzzy soft point, if A =
{e} € E and f,(e) is a fuzzy point in X.
That is, there exists x € X such that
fae)(x) =a(0<a<1)and f,(e)(y) =
0 for all y e X—{x}. We denote this
fuzzy soft point f, = eZ = {(e, x4)}-

Definition 2.7 [7] A fuzzy soft topological
space (fy,7) is said to be a fuzzy soft T, —
space if for every pair of disjoint fuzzy soft

points ey, ,, ey, there exist fuzzy soft open

set containing one but not the other.

Definition 2.8 [7] A fuzzy soft topological
space (f,,7) is said to be a fuzzy soft T; —
space if for distinct pair of fuzzy soft
points ey, ey, of f4, there exist fuzzy soft

open sets s, and h, such that e;, € s, and

ey, & ha; e, Ehyand ey, € s,.

Definition 2.9 [7] A fuzzy soft topological

space (f4,7) is said to be a fuzzy soft T, —
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space if and only if for distinct fuzzy soft
points e, ,, ex, of f,, there exist disjoint
fuzzy soft open sets h, and s, such that

eg, € hyand ey, € s,.

Definition 2.10 [2] Any sequence of
subsets of a non void set X is called a
sequential set in X. That is, A(s)=
{A, };=1, Where each A,, is a subset of X,
iIs a sequential set in X. The subsets
A,,n €N are called the components of
A(s).

Definition 2.11 [2] Let X be a non void
set. A collection t of sequential sets in X is

said to form a sequential topology on X if

i.  0(s),X(s) €.
ii.  Arbitrary union of members of 7 is
a member of 7.
iii.  Finite intersection of members of ¢

is a member of 7.

A set X equipped with a sequential
topology t is called a sequential
topological space, denoted by (X, 7).
The members of 7 are called T — open

sequential sets in X.

Definition 2.12 [2] A sequential point p is
a sequential set P(s) = {B,};=; With

support x € X and base M c N if
B,=x VneM,

=0 VneN-M
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and write p = (x, M).

Definition 2.13 [2] A sequential
topological space (X,7) is said to be T,
space if for any two distinct sequential
points p = (x,P) and q = (y,Q) there
exist an open sequential set U(s) in (X, 1)
suchthatp €, U(s)and q ¢, U(s).

Definition 2.14 [2] A sequential
topological space (X,t) is said to be T;
space if for any two distinct sequential
points p = (x,P) and q = (y,Q) there
exist an open sequential sets U(s) and
V(s) in (X,7) such that p €, U(s), q
€, V(s),pé,V(s)and q &, U(s).

Definition 2.15 [2] A sequential
topological space (X,7) is said to be
Hausdorff or T, space if for any two
distinct sequential points p = (x,P) and
q = (y, Q) there exist an open sequential
sets U(s) and V(s) in (X,7) such that p
€, U(s), q €, V(s), p &, V(s) and g
¢, U(s).

Definition 2.16 [3] A sequence of fuzzy
soft sets is a mapping from N to the family
of all fuzzy soft sets and is denoted by
{(F,A),}or {(F,A),;;n =1,2,..}.That is,
{(F,A),,n € N} where (F,A), for each
n € N represents components of fuzzy soft
set in {(F,A),} and n € N, the set of all
natural numbers. A sequence of fuzzy soft

sets is called fuzzy soft sequential set.
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Definition 2.17 [4] A family T of fuzzy
soft sequential sets on U satisfying the

properties:

(i) oV, 1N ez

(i) {(F.An}  {(G,B)}ET=>
{(F,A),}n{(G,B),}€T and

(i) For any family {{(F;,4),},1 €
A} €52 G R {(FrAn} et

is called a fuzzy soft sequential topology
on U and the triplet (U,,E) is called a
fuzzy soft sequential topological space

over U.

Definition 2.18 [5] A fuzzy soft sequential
set is said to be a fuzzy soft sequential
point (briefly, FSS-point) is denoted by
{(Pe’l.‘xj,r)E}, if there exists e, € AC E
and x; € U for fixed i and j, B,(e))(x;) is
a fuzzy point for all n € N. That is, there
existse; €A € E, x; € U for fixed i and j,
and a nonzero sequence r = {r,} for all

n € N in I such that,

Pn(ei)(:)/j)
B {rn, ifyj =x;

Where B,(e;))(y;) be the membership

value of {(Peix;p i}

Definition 2.19 [5] A fuzzy soft sequential
point {(Pe’i’xj,r)E} is called fuzzy soft

sequential quasi-coincident with the fuzzy

Page | 1353



soft sequential set {(F,A),}, denoted by
{(Pgl.‘xj,r)E}q{(F, A),}, if there exists e; €
A and x; € U for fixed i and j such that
Pn(ei)(xj) + Fn(el-)(xj) S1 (or)
P.(e)(x;) S Ff(e)(x;) foralln € N.

If there exists e; € A and x; € U
for fixed i and j such that P,(e)(x;) +
Fu(e)(x;))£1 for all ne N, then
{(Pex;, )} and {(F,A),} are not fuzzy
soft sequential quasi-coincident and is
denoted by (P2, 1)}G{(F, A),}.

Definition 2.20 [5] A fuzzy soft sequential
point {(Pgi‘x]_,r)E} is called fuzzy soft
sequential weakly quasi-coincident with

the fuzzy soft sequential set {(F,A),},
denoted by {(Ffly, M)e}qw{(F, Ay}, if
there exists e; € A and x; € U for fixed i
and j such that P.(e)(x;) +
Fn(ei)(xj) S 1 (or)

P.(e)(x;) S Ef(e)(x;) forsomen € N.

It {(Pheyy)e} and {(F,A),}are

not fuzzy soft sequential weakly quasi-

coincident, then it can be written
as{(Pll 1)} {(F, A},

3. Main Results

3.1 Fuzzy soft sequential T, space

Definition 3.1.1 A fuzzy soft sequential

topological space (U, E) is said to be
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fuzzy soft sequential T, space (briefly,
FSS - T, space) if for any two distinct
fuzzy soft sequential points {(Pe’ij,T)E}
and {(Q;“ix]., s)g}, there exists a fuzzy soft
sequential open set {(F,A),} such that
{(Peix;y i} qw {(F, A)n} and
((Q2x, )6}Tw {(F, A)}

Example 3.1.2 Let us consider the
universe U = {x4, x,}, E={ e, e,, e3} and
A ={eq,e;} S E be acollection of sets of
parameters. We define {(F,,7)g} and
{(Q’gixj,s)E} are distinct fuzzy soft

sequential points.

Consider {(Pg;xj, g} =

(i 2. (e (252 v

N

and {(Q¢x, 5)} =
{(el’{ (n/;c111+1) (%2)}) ’ (ez, { %%})} vne
N

Let us consider a fuzzy soft
sequential topological space (U, %, E), T =
(0N, 1N, {(G, 4),.}, {(F,A),.}}, where

{(G,A)}

- {(el'{ (03.6115) ' (lj;n)}) ’ <e2,{ (17;n) a
EN
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and {(F' A)n} =
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{(Q;‘ixj, s)g} does not belong to the closure

{(el' { (zz)'(lx/zn)})' (ez, { ((J)C.;)'(\/ﬁx/zzm })} vn € of {(Feix;, e}

N

From the above distinct fuzzy soft
sequential points, there exists e; € A, x; €
U such that P,(e;)(x;) + G,(e)(x) S 1
for some neN and Q,(e;)(xy) +
G,(e1)(x;) <1 forall n € N. Hence there
exists a fuzzy soft sequential open set
{(G,A),} such that
(P, e} awl(G, A)n} and

{(Qgixjf S)E} qw{(G' A)n}'

Similarly, there exists e; € A,x; € U such
that B,(e)(xy) + E,(e)(x) S 1 for

Qn(ep)(xy) +
F,(e;)(x;) < 1 for all n € N. Hence there

some n€eN and

exists a fuzzy soft sequential open set
{(F,A),}such that

{(Pe?xj:r)E} QW{(F' A)n} and
{(Qgixj: S)E} qw{(F; A)n}'

Hence (U, %, E) is FSS - T, space.

Note 3.1.3. The fuzzy soft sequential

indiscrete topology is not a FSS - T, space.

Theorem 3.1.4 A fuzzy soft sequential
topological space (U,%,E) isa FSS - T,
space if and only if for any two distinct

fuzzy soft sequential points {(Pe’}xj,r)E}

and {(Q;ll.xj,s)E} either {(Pg}xj,r)E} does

not belong to the closure of {(Q(’Jixj, S)g}or

Proof.

Necessity: Let (U,%,E) be a FSS - T,
space. By Definition 3.1.1, for a distinct
fuzzy soft sequential points {(Pgl_‘xj,r)E}
and {(Q};ix]., s)g} there exists a fuzzy soft
sequential open set {(F,A),}such that
(Bl )5} Qul(F, A)n} and
{(Q%x;, )6 }Tw{(F, A}

(P, 75} & ((Qhry ) -

Therefore,

Sufficiency: Assume {(Pgilx].,r) £} does not
belong to the closure of {(Q;‘ixj,s)E} and

both fuzzy soft sequential points are
distinct. Suppose (U, %, E) is not FSS - T,
space. Then there exists a fuzzy soft

sequential open set {(F,A),}such that
(Pl )5} 4w {(F, A)) and
Q% )p}ai(F. A} By our
(@2 )6}l (F, Ay},
which is a contradiction. Then there exists
{(F,A),} €T such that

{(Pelx;m)e} qw{(F, A)n} and
{(QZ.x; $)e}qwi(F, A)y} . Hence (U,%,E)

is FSS - T, space.

assumption,

Corollary 3.1.5 A fuzzy soft sequential
topological space (U,%,E) is FSS - T,

space if and only if any two distinct fuzzy
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soft sequential points have distinct fuzzy
soft sequential closure.

Proof. Assume (U, 7,E) is FSS - T, space.
< By Theorem 3.1.4, any two distinct
fuzzy soft sequential points have distinct

fuzzy soft sequential closure.
3.2 Fuzzy soft sequential T, space

Definition 3.2.1 A fuzzy soft sequential
topological space (U, E) is said to be
fuzzy soft sequential T, space (briefly,
FSS - T, space) if for any two distinct
fuzzy soft sequential points {(Pgi‘xj,r)E}
and {(leixj,s),;}, there exist fuzzy soft

sequential open sets {(F,A4),} and
{(G,A),} such that

(Pl )6} (F, A},
(@2, )5} 0w (G, A},
(P2, 630 (G, A) ),
((Q2;, )5} Gul(F, Ay}

In other words, a fuzzy soft
sequential topological space (U,%,E) is
said to be FSS - T, space if every fuzzy
soft sequential point over U is fuzzy soft

sequential closed.

Example 3.2.2 Let us consider the
universe U = {x;, x,}, E={ eq, e,, e} and
A ={e;,e,} S E be a collection of sets of
parameters. The distinct fuzzy soft

sequential points are defined as follows:
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{(Perilxj' Mg} =

Uertamm ) (e LG ) Ve

Consider

N
and (@2 )5} =
el &) (el ) vne
N

First Part: Let us consider a fuzzy soft
sequential topological space (U,%,E), T =
(0N, 1N, {(G,A),,}, {(F,A),,}}, where

{(G,A)n}

- {(61‘{ (09.6115) ’ (1;;11)}) ’ (’“’2’{ (1 ;C.Ll;n) a
€N

And {(F' A)n} =

{(el‘ { ((3)%)‘ (13711)}) ’ (ez, { (%5)’ (\/§x/22n) })} vne

N

For the fuzzy soft sequential point
{(Pe’}xj,r)E}, there exists e; € A, x; €U
such that P,(e;)(x;) + F,(e1) (%) > 1 for
Ry (ey)(x1) +
Gn(e1)(x) 1 for all neN. That is,
there exists fuzzy soft sequential open sets
{(F,A),} and {(G,A),} such that
{(Pex; e} qw{(F, A)n} and
(P, )5} Gu(G, A) ).

some neN and

Similarly, for the fuzzy soft sequential

point {(Q};ixj, S)g}, there exists fuzzy soft

sequential open sets {(F,A),} and
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{(G,A),} such that
{(Qgixjfs)E} QW{(G' A)n} and
{(Qgixj' S)E} qw{(F; A)n}

since {(Qfx, $)e} qw{(F, A),}, (U, %)

is not FSS - T, space.

Second Part: If we consider {(F,A),} =

{(el’ { ((%)’ (1x/2n)}) ’ (ez, { (le) (\/;/2211) })} vne

N in the first part, we get

is FSS - T; space.

Note 3.2.3 The fuzzy soft sequential

indiscrete topology is not a FSS - T; space.

Theorem 3.2.4 Every FSS - T; space is
FSS - T, space.

Proof. Assume that (U,%,E) is FSS - Ty
space. Then for distinct fuzzy soft
sequential  points {(Pg}xj,r)E} and
{(Qij»S)E}» there exists fuzzy soft

sequential open sets {(F,A),} and
{(G,A),} such that

(P2 )6} Gl (F, A},
(@2, 9)e}qw{(G, A),),

{(Poix;,m)e} qwi(G, A)n} and
((Q2; )53 Tul(F, A),). Using
Definition 3.1.1, (U,%,E) is FSS - T,

space.
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The converse of the above theorem need
not be true is shown by the following

example.

Example 3.2.5 Example 3.1.2 shows that,

{(Perilijr)E}qw {(aG, A)n} and
{(QgiijS)E} qw{(G: A)n} But
{(Qgiles)E}qw{(F: A)n} and

{(Peix;, )} qw{(F, A)y} implies (U, 7, E)

is not FSS - T; space.

3.3 Fuzzy soft sequential T, - space or
Fuzzy soft sequential Hausdorff space

Definition 3.3.1 A fuzzy soft sequential
topological space (U,%,E) is said to be
fuzzy soft sequential Hausdorff space
(briefly, FSS - T, space) if for any two
distinct fuzzy soft sequential points
{(Pe’i‘xj,r)E} and {(Q;‘ixj,s)E}, there exist
fuzzy soft sequential open sets {(F,A),}
and {(G,A),} such that
(Pl )5} 4w {(F, A)n),

(@2, 9)5}aw{(G, A)},

(P, )5} G l(G, A)} and

((Q, Y0 (T A,

Example 3.3.2 Let us consider the
universe U = {x4, x5}, E={ e, e, e3} and
A ={e;,e,} S E be a collection of sets of
parameters. The fuzzy soft sequential
points (P, s} and {(QGx, $)s} are

defined in Example 3.2.2.
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From the second part of the Example 3.2.2,
{(Perilxj; r)E} dw {(F' A)n}v
{(Q2x,, )5} qw (G, A)n).

Claim: {(Pe?xj'T)E} qw{(G'A)n} )

{(Qgixj' S)E} QW{(F; A)n}

Some of the fuzzy soft sequential closed
sets are ON, 1N, {(G, 4)53}, {(F, A)S3.

Here  {(F,A),}=1" and {(G,A),} =
A NG AN ={(G, A5

Therefore, there exists e; € 4,x, € U such

that P,(e;)(x;) + G5(ey) (%) < 1 for all
nEN implies (Bl )i} 8 (G, A0

Also,  {(Q¢x;» S)e} awl(F,A)y}.  Hence
(U,%,E) is FSS - T, space.

Note 3.3.3 The fuzzy soft sequential

indiscrete topology is not a FSS - T, space.

Theorem 3.3.4 Every FSS - T, space is
FSS - T; space.

Proof. Assume (U, t,E) is FSS - T, space.
By Definition 3.3.1, for distinct fuzzy soft
{(Pe?xj:r)E} and

{(Qeix;pS)e} there  exists  fuzzy  soft

sequential  points

sequential open sets {(F,A),} and
{(G,A),} such that

(P )5} @ {(F, A},
{(Qer'lixj: S)E}CIW {(G: A)n}1

(P, 7)) (G D))
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{(Q2x, )&} qwl(F, A)y). Since {(G,A),}
and {(F,A),} is the smallest fuzzy soft
sequential closed set containing {(G, A),}
and  {(F,A),},
(P2 M) EYGw (G, A)),

{(Q¢.x;,s)e} qwi(F,A),}. Hence (U,1,E)

is FSS - T, space.

respectively.  Then

The converse of the above theorem need
not be true is shown by the following

example.

Example 3.3.5 Let us consider the
universe U = {x4, x,}, E={ e, e,, e3} and
A ={eq,e;} S E be acollection of sets of
parameters. Consider the fuzzy soft
(P25} and

{(Q¢;x;,s)g} was given in Example 3.2.2

sequential  points

and also consider a fuzzy soft sequential
topological ~ space  (U,%,E), T=
(0N, 1N, {(G, 4),.}, {(F,A),.}}, where

(G, )
= Aonam) (los @i
EN

And {(F,A),} =

(el s mah) (ali am D vne

N

For the fuzzy soft sequential point

{(Pgi’xj,r)E},there exist fuzzy  soft

sequential open sets {(F,A),} and
{(G,A),} such that
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{(Perilxj'r)E}QW{(F' A)n} and
{(Perilxji r)E} QW{(G' A)n}

Similarly, for the fuzzy soft sequential
point {(Qij,S)E}, there exist fuzzy soft
sequential open sets {(F,A),} and
{(G,A),} such that
{(Q2x, )5} qwl(G, Ay} and
{(Q2x,» )£}qw{(F, A)y}. It shows that the

fuzzy soft sequential topological space is
FSS - T, space.

Claim: (U,,E) is not FSS - T, space.

From the above part, we have
{(Pe?xj»r)E} qW {(FI A)n}a
{(Qgixj; S)E} Aw {(G; A)n}

It is enough to prove that

{(Pe?xj» r)E} qw{(G; A)n} ’

{(Qgixj) S)E} QW{(F' A)n}

Some of the fuzzy soft sequential closed
sets are ON, 1N, {(G, 4)¢}, {(F, A)S ).

{FA}=1" and  {(G,A)n}
NN (G, 533 = {(G, A7),

Therefore, there exists e; € A,x; € U such
that P,(e;)(xy) + GE(e)(x) S 1 for

some ne€N implies

{(Pe‘,ilxj'r)E} Aw {(G:A)n} AISO,

{(Q2x,,)5)0 ((F, A, Hence (U,%,E)

is not FSS - T, space.
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Theorem 3.3.6 A fuzzy soft sequential
topological space (U,%,E) is a fuzzy soft
sequential Hausdorff space. Then for any
fuzzy soft sequential point {(Fx,7)e}

over U,

(P, )p} = NH(F, A} {(F, A} is a
FSS- weak
{(Periller)E}}-

Q-neighborhood of

Proof. Let (U,%,E) be a FSS - T, space
and {(PL, M5} ((Qhxps)s} be the
distinct fuzzy soft sequential points. Then
there exists a fuzzy soft sequential open set
{(F,A).} such that

{(Pox; M) e}aw{(F, A)n} and
Q2 )5} G {(F, A,
{(Qx, )e}qwN{(F, )y} {(F,A),}is a
FSS- weak Q-neighborhood of
{(Pelx; )3} Hence

{(Qx; S)etawl{(F,A)y}, which is a

contradiction. Thus, there is no fuzzy soft

Suppose

sequential point exists which is fuzzy soft

sequential weakly quasi-coincident with
{(F,A)n}.

4. Conclusion

In this paper, we studied separation axioms
in fuzzy soft sequential topology. We
introduced fuzzy soft sequential T; axioms
(i = 0,1,2) using the concept of fuzzy soft
sequential quasi-coincident relation via

fuzzy soft sequential set and fuzzy soft
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sequential point and investigated some
properties of these spaces with proper

examples.
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