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Abstract 

This paper studies a parametric family of systems of differential equations, 

which is obtained from the quasispecies model assuming arbitrary parameters 

without biological constraints. We study equilibria, invariant manifolds and the 

integrability of the family. It is well known that, by restricting the parameters to 

the biological domain, the quasispecies model is integrable, and here, we show 

that it is also the case for general parameters. Moreover, we consider a 4-

dimensional realization of the model under the influence of a periodic 

perturbation. After restricting the system to an invariant manifold and relying on 

the first-order averaging technique, we demonstrate the existence of unstable 

periodic orbits in a neighborhood of the equilibrium located at the origin. It 

shows that periodic orbits emanate from the Zero-Hopf bifurcation that the 

mentioned equilibrium undergoes when the small parameter equals zero. 

Keywords: Invariant manifold, Zero-Hopf bifurcation, First-order 

averaging, Quasispecies 

  

1 Introduction 

We study the quasispecies model presented in [1], a system of differential equations 

employed in evolutionary dynamics associated with viruses or cancer. Our analysis does 

not impose biological constraints on the parameters and variables. That is to say, we 
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consider this model at its maximum generality, which will be dubbed as the generalized 

quasispecies model. 

Mathematically, the quasispecies model is a system of ordinary nonlinear differential 

equations whose variables account for the frequencies of the master sequence and its 

mutants. It is based on an exponential-population approximation of each population plus 

the fitness term. Our analysis consider the integrability, equilibria and invariant 

manifolds. We will focus on the dynamics near the equilibrium associated with the 

master population dominance. Then, we study the effect of a medical treatment modeled 

as a small periodic perturbation. 

The main results of this work are the determination of periodic orbits under the 

influence of a periodic perturbation and the extension of the integrability and the 

explicit integration of the generalized model. The perturbation that we consider is based 

on the one introduced in [7], where the authors presented a modification in the 

quasispecies model and proved that this new model has periodic orbits near the 

equilibria corresponding with the dominance of the master sequence. Moreover, when 

we restrict to the biological constraints, the mentioned perturbation simulates the effect 

of a periodic medical treatment. 

It is well known that the classical quasispecies model is integrable through a convenient 

change of variables [2,5,6]. This process relies heavily upon biological constraints over 

the parameters and variables. Here, we extend the integrability to the generalized 

quasispecies model. Hence, we have an integrable model (for arbitrary parameters), 

which will be affected by a small, periodic perturbation. 

The effect of a similar periodic perturbation was previously analyzed in [7] for the 

modified quasispecies. In the present work, we employ averaging theory to show that 

the generalized quasispecies model also has the mechanism leading to Zero-Hopf-type 

periodic orbits. However, the periodic orbits we find are out of the biological domain of 

the parameters. From this model’s applied point of view, it remains to investigate 

whether this type of periodic orbit can be found in the presence of biological 

constraints. 

This article is organized as follows: section 2 recall the definition of the quasispecies 

model and introduce some basic features. Then, in section 3, we provide the integration 

process of the generalized quasispecies model with no assumption of biological 

constraints. Once we have stated the integrability and the basic features of the model, 

we introduce a periodic perturbation in section 4, and we determine the existence and 

stability of a periodic orbit in section 5 of a 4-dimensional realization of the generalized 
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model. Finally, in section 6, we carry out some numerical experiments illustrating our 

previous findings. 

2. Statement of the problem and basic features 

The quasispecies model was first presented in [1] and is given by the following system 

of differential equations 

                 (1) 

This system considers a population with  compartments and models the 

competition between a master sequence and its mutants. It was used to analyze single-

stranded RNA evolutionary dynamics and may be employed to study the evolution of 

cancer and virus populations. The vector of variables is given by ; they 

represent the proportion of each subpopulation in the total population,  is the growth 

rate of the -th population, and  is the probability of having a mutation from the -th 

to -th populations. 

In the biological context, the parameters of the above system (1) are endowed with 

several constraints, as well as the variables , which are restricted to be in the real 

interval . However, we will study this system from a mathematical point of view at 

its maximum generality, and we will not impose any restrictions not in the parameters 

or the variables. Hence, when no restriction is imposed, we refer to system (1) as the 

generalized quasispecies model. 

Next, we give some general features of the equilibria and invariant manifolds associated 

with (1). 

Proposition 1.  The origin is always an equilibrium of system (1). Additionally, let us 

consider the following restrictions for a fixed index  

(i)  

(ii)  
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Then, (i) implies that the point  defined by  and  

for , is an equilibrium. If (ii) is satisfied, the -axis is full of equilibria. 

Proof. The proof is obtained by simply substitution in system (1).  

◻ 

Proposition 2.  If the parameters satisfy the following restrictions  

 

Then, the hyperplane  is an invariant manifold of 

the system of differential equations given in (1). 

Proof. This claim is obtained by adding up the system (1)  and taking into account the 

relation imposed to the parameters. Then, we obtain 

 

 ◻ 

In the previous proposition, when  and , we are in the biological domain of 

the parameters. The model is biologically meaningful when  for all . 

Proposition 2 only shows that the sum of all variables constantly equals one. However, 

it remains to show that, for  and , the variables are restricted to , 

which is the content of the following result. 

Proposition 3.  Let us assume that the parameters satisfy the constraints 

 and , for . Then, the following polytope is 

invariant  

= {x ∈ Rn+1;  xi = 1 ∧ 0 ≤ xi ≤ 1, i = 0, . . . , n} ⊂ ∆1. (2) 

Proof. Let us consider a solution  with initial condition  in , and assume 

that  leaves  at a certain time . Then, there exists  such that  if 

 and  if , which implies that there is a component of 

the solution  satisfying 
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Thus, we have that  or . In the first case, and considering the 

differential equation for  given in (1), we have that . Proceeding in the same 

manner for the second case , we obtain that . Both possibilities are 

incompatible with our previous claim . Therefore, the 

solution  does not leave .   

◻ 

3. On the integrability of the generalized quasispecies model 

It is well known [2, 5, 6] that, under the assumption of , the classical 

quasispecies model can be reduced to a linear one with constant coefficients, which 

standard methods can quickly solve. Moreover, the solutions of the original system are 

recovered thanks to the assumptions  and . However, we seek 

the integrability of the generalized quasispecies model with no assumptions. This 

objective can be achieved by modifying the process of the classical model in the 

following way. 

We rewrite equations (1) as follows 

                                                           (3) 

where the entries of the matrix  depends on the parameters  and ,  

and . Now, we introduce the notation , and 

 for any vector . Then, we introduce the new variables 

, as it is done in the classical model given by 

 

which leads us to a linear constant coefficients system for  
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The recovery of the original variables  departs from the classical approach. Precisely, 

we consider the vector of parameters  and the following relations 

                                                     (4) 

Hence, defining 

 

and integrating in both sides of (4), we arrive at 

 

which gives the expression of  as ..  Therefore, we finally 

obtain 

 

4. Analysis of the effect of a periodic perturbation 

In this section, we consider a periodic perturbation inspired by the one given in [7]  for 

the modified quasispecies model, where the authors proved the existence of periodic 

orbits of the zero-Hopf type. Our objective in this work is to show that the exact 

mechanism is present in the classical quasispecies model. 

Now, we include the effects of a periodic treatment as a periodic perturbation. In the 

same way, it was introduced in [7] for the modified quasispecies model. Hence, we 

obtain the following system 

                                                (5) 

where  and the perturbation vector , is given as 

                             (6) 
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where  is the frequency,  are constants,  determines the dose of the 

treatment, and  weighs the influence of the treatment on each subpopulation. 

Furthermore, we assume the treatment regularly eliminates all coexisting 

subpopulations in the tumor tissue. This process serves to reduce the number of cells in 

all populations. However, this reduction does not imply a reduction in the proportion  

of each subpopulation in all cases. We also consider that medical treatment places a 

more significant burden on larger subpopulations. Following [7], we consider 

 . This choice for  implies that  decreases when greater than 

the average . In the following proposition, we prove that the biologically 

significant region of phase space is contained in the invariant hyperplane 

. 

Proposition 4.  Let us assume that  for  Then, the hyperplane 

 is an invariant manifold of the system of 

differential equations given in (5). 

Proof. This claim is obtained by adding up the system (5) and taking into account that 

 for  we obtain 

 

 ◻ 

In the following section, we restrict to the invariant manifold , hence we can reduce 

the number of variables. 

5. 4-Dimensional realization of the general model. Dynamics around the 

equilibrium  

This section considers a particular realization of the quasispecies model with four 

compartments. Our analysis will show that the zero-Hopf mechanism is present in this 

model. However, the values of the parameters lie outside of the biological domain. 

Next, we consider a 4-dimensional quasispecies model; see figure 1. It considers a 

master population and three mutants with several levels of genetic instability. Moreover, 
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we consider the evolution of this model under the influence of a periodic perturbation, 

which can be regarded as a medical treatment for the case of the parameters in the 

biological domain. 

In particular, we are considering the following restriction among the parameters 

Q01 = 1 — δ1, Q10 = Q02 = 

Q20=δ1,  Q13 = δ2, Q22 = δ3, 

Q33 = 1, 

Q21 = 1 — δ1 — δ3, Q12 = 1 — δ1 — δ2, 

Q00 = Q03 = Q11 = Q23 = Q30 = Q13 = Q31 = Q32 = 0, 

f0 = r, f1 = f2 = ρ r, f3 = —2 ρ r, 

where ,  and . Moreover, the 

periodic perturbation is given as 

 

where , , . 

 

 

Fig. 1 We illustrate the interaction of the four populations , considering  a genetically 

stable population. The population corresponding to  collects too many mutations and is not viable, 

resulting in a negative growth coefficient. This is indicated here by an asterisk. 
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Considering the previous parameters in equations (5), and using the fact that the 

hyperplane  is an invariant manifold, we obtain the following 

reduced system 

          (7) 

In the following section, we will pay special attention to the dynamics in a 

neighborhood of the origin, which is an equilibrium of the reduced system with a 

remarkable biological interpretation. 

5.1 Analysis of dynamics in a neighborhood of the origin 

The origin is an equilibrium for the above system (7) of differential equations, 

corresponding with . This section will study the dynamics in a neighborhood of the 

origin for the case where the linear analysis does not decide the behavior. In [7], a 

similar analysis is carried out for the case of the modified quasispecies model, which 

concludes that the origin undergoes a Zero-Hopf bifurcation with associated parameter 

. We will show that this phenomenon is also observed in the classical quasispecies 

model. However, in the classical quasispecies model, the Zero-Hopf bifurcation occurs 

for values of the parameters out of the biological domain. Still, we prove that the 

classical model shares the mechanism leading to the Zero-Hopf orbits type. 

Next, we will set conditions for the equilibrium  to be of the Zero-Hopf 

type. We will consider  and analyze the eigenvalues associated with the linear part 

of system (7). After that, we will normalize the linear part by means of a linear change 

of variables leading to the canonical Jordan form. 

Let  be the matrix associated with the linearization of system (7) with , which is 

given by 
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The characteristic polynomial associated is 

 

where 

 

In what follows, we will discuss the case of one zero eigenvalue. Thus, we impose 

, so that the equilibrium has the following characteristic polynomial and 

eigenvalues 

 

where  . This polynomial has 

roots 

 

where  Notice that the quotient  is greater or equal than zero in 

the interval , and strictly negative otherwise. Therefore, since  

is a probability, we are in the scenario of the Zero-Hopf bifurcation for 

. Note also that  has no biological meaning. 

5.2 Existence and stability of Periodic Orbits 

The following theorem is our main result, and employs the following notation 
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Now, we introduce the following notation for the reduced system , and 

establish the main result regarding the existence of periodic orbits. 

Theorem 5.  (Existence and stability of periodic orbits) For each small  and 

, the system of equations (7) has a periodic orbit  

with the following initial condition  

 

(8) 

 

with 

(9

) Moreover, this periodic orbit bifurcates from the Zero-Hopf equilibrium  

when , and is unstable. 

Proof. We start by considering a change of variables to get system (7) in a convenient 

form. For this purpose, we use the eigenvectors associated to  to carry out the 

following linear change of variables , expressing the linear part of 

(7)  in the origin in the real canonical Jordan form 

 

where . We also include here the expression of the 

inverse transformation 
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Applying this transformation to (7), and with the aid of  and   given in 

Appendix A  we are led to the following system 

                    (10) 

The final form of the system is obtained after the rescaling of variables 

, and time reparameterization  as follows 

   

(11) 

   

(12) 



UtilitasMathematica 

ISSN 0315-3681 Volume 122 (2), 2025 

 

104 

 

 

(13) 

where 

 

Notice that the derivative of the variables with respect to the new independent variable 

is denoted now by a prime instead a dot. 

Employing a first order Taylor expansion of the vector field given by equations (11), 

(12)  and (13), and considering the cylindrical coordinates 

 with , we obtain 

                               (14) 

where  and  are given in Appendix A. The above equations guarantee that, for 

 small enough , and hence  may be used as the new independent 

variable yielding the reduced system 

            (15) 

Note that this system is in the standard form of the average theory. Thus, we consider 

the averaged system associated with (15) 

                           (16) 
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where 

 

Precisely, 

 

After some algebraic manipulations, we check that the non-degenerate equilibrium 

points of system (16) are given by 

 

(17) 

Therefore, applying Theorem (6), we have that system (16) is endowed with a periodic 

orbit if the non-degeneracy condition is fulfilled. That is to say, if the following 

determinant does not vanish 

                                      (18) 

A straightforward computation shows that the non-degeneracy condition is satisfied for 

, where the above determinant (18) is negative. Therefore, 

by virtue of Theorem (6), we may conclude the existence of an unstable periodic orbit 

with of the non-averaged system with initial condition 

 

This initial condition is reconstructed to the original frame by employing the inverse of 

the above transformations, which leads to the initial condition for the original system as 
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             (19) 

 ◻ 

6. Numerical simulations 

In this section, we will show the numerical simulations of the solution of the system (7), 

where we will illustrate the existence of a periodic orbit for specific values of the 

parameters. Our experiments have been carried out using the software Wolfram 

Mathematica, version 10.0.0.0 Mac OS X x86 (64-bit). This software is running on the 

platform Intel Core i5, 1.8  GHz (MacBook Air (13-inch, 2017)). 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2 Periodic orbits: in these simulations we consider the positive parameter ρ 

= 10. On the other hand, the level of genetic instability increases as δ2 

approaches zero. This simulation corresponds to high levels of genetic 

instability. From left to right δ2 = 0.9, δ2 = 0.3 and δ2 = 0.7, with є = 0.01, δ1 

= −3/20, respectively. 
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The reduction in the number of variables, given by the relation , 

allows visualizing the periodic orbit corresponding to  in 

Figure (2). The averaging theory does not provide the exact initial condition of the 

periodic orbit but close coordinates. Moreover, in our case, the periodic orbit is 

unstable. Thus, we observe in Figure (2) how the numerical simulations depart from the 

actual periodic orbit when we compute the orbit for many periods
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Fig. 3 Periodicity assessment: evolution of X(t) − X0 . We have δ2 = 0.9, δ2 = 0.3 
and δ2 = 0.7, with є = 0.01, δ1 = −3/20, respectively. 

 

To assess the periodicity of the orbit with the initial condition given by (8) we compute the 

solution  though  given in (8). Then we plot in Figure (3) the evolution of 

, and we observe the periodic passage of  close to its initial condition 

. 
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A Coefficients on the normalized and polar-cylindrical systems 

A.1   Coefficients of equation (10) 
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A.2 Coefficients of equation (14) 
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B. First Order Averaging Theory 

This section recalls the main result of the first-order averaging theory, see [3,4]. Let us 

consider the differential system 

                                                (20) 

with ,  a bounded domain, and  Moreover we assume that  and 

 are -periodic in . The averaged system associated to the system (20) is defined 

by 
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                                                                   (21) 

where . The next theorem says under what conditions the singular 

points of the averaged system (21) provide -periodic orbits for the system (15). 

Theorem 6.  Let us consider system (20) and assume that the vector functions , , , 

 and  are continuous and bounded by a constant independent , with 

. Moreover, we suppose that  and  are  -periodic in , with  independent of  

1. If  is a singular point of the averaged system (21) such that  

Then, for  sufficiently small, there exists a -periodic solution  of 

system (20) such that  as . 

2. If the singular point  of the averaged system (21)  has all its eigenvalues with 

negative real part then, for  sufficiently small, the corresponding periodic 

solution  of system (20)  is asymptotically stable and, if one of the eigenvalues 

has positive real part , it is unstable. 
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