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Abstract:
In the current research, we present the idea of the Laplacian minimum covering extended

e'nergy of a graph Ec(G) and calculate the Laplacian minimum covering extended energies
of a complete graph, star graph, crown graph, cocktail party graph, and full bipartite graph.

Keywords: Laplacian minimum covering extended eigen values, Laplacian Minimum
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Introduction

The conceptualization of a graph’s energy becomes first mounted by using I. Gutman [7] in
1978. Allow G be (n,u) graph. Permit A = (aj) be the graph’s adjacency matrix. The graph G’s
eigen values are the non-incremental eigen values (A1, A2, Ay) of A. G’s eigen values are actual
and general, by considering that A is actual symmetric. Concerning the mathematical aspects
of the theory of graph energy, see critiques [8], papers [1, 2,4, 5, 6, 10, 16 ], and the references
listed therein; more studies on dominating energy can be observed in [3, 15].

Extended Energy

Consider G a simple graph, with the edge setE, node set V' ={v,,v,,..,v,} of order nand G's
extended matrix is the 77 x7 matrix stated as 4, (G) =(a;) , Where

(4,4 T
(a;;) = {2 (dj * dz) 2 ULUJEE(G)}

0 otherwise
fn(G,A) = det (Al — A.,(G)) indicates the characteristic polynomial of A.,(G). The eigen

values of A, (G) are real numbers as it is symmetric and real.
For the graph G, extended energy is outlined as E,(G) = Y7 |A;].

Laplacian energy

For a graph G, the laplacian energy was installed in 2006 via . Gutman and B. Zhou [9].
Permit p and n represents nodes, edges of a graph G . The graph a n X n matrix, its laplacian
minimum covering extended energy of G is given by LS, (G) = (xi]-), [11,12]
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0 otherwise
1 ifj = iand v;eD

1 (d; dj .
_E(d_]i+d_j) if v;vieE(G)

Where x;; =

Results and Discussions

Properties of Laplacian minimum covering extended eigen values
Theorem 2.1. Assume that the node set of a simple graph Gis V = {v,,v,,..,v, }, the edge set is

E, and C={ uy,uz,..,u*}, indicates minimum covering set. Upon denotmg the eigenvalues of the
Laplacian minimum covering extended matrix LS, (G) as &;,&,, ...,E

We obtain (L)Z 151 = 2|E| - |C]

2
.. ~ 2 dj di
(@) SI, & = S (et + 2155 (4 2)

d;

1 if'l?l'EC

Wh ;=
ere ¢ {0 otherwise.

Proof: i) We are aware that the trace of LS, (G) is equal to the sum of eigenvalus of LS, (G)

if 2a11=—|C|+Zd
i=1

1=
= —|Cl +2|E| = —k + 2u

ii) Similarly the sum of squares of the eigen values of L5, (G) is the trace of [LS,(G) ]2

Zfl ZZ%

j= 11
Z aj; a;j + Z:(atu)2
j#1
=2 (ay)’ +Z(au)2
j>i
= 22( < —l)> +Z(_Ci +d;)?,
T>i i=1

1 ifViEC

Wh ;=
ere ¢ {O otherwise.

=2 Z < _l>2 + Zn:(—ci +d;)?

Jj>i
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Theorem 2. 2. If LS, (G), the Laplacian minimum covering extended matrix, has a rational
sum of its absolute eigen values

Z|é| = |C| (mod2).

Proof: Let §,,§,, ..., En refrers to eigen values of Laplacian minimum covering extended

matrix LS, (G) of a graph G, of which §;,£,, ..., £, are non negative and the rest are non-
positive, then

n
Dl = =G+ -+ + G+t 4 B)
i=1

n
Dl =+t +b)+ 20 +E++E)
i=1 .
=Y hH2(E i+ E)
i=1
=-QIEI-ICD+2(5 + &+ +&)

=lCl+2(5 + &+ + & —|E)
Z|§| = |C| (mod2).
i=1

The aforementioned outcome is comparable to [3]’s Parity Theorem 3.7. -

Theorem 2.3. Assume that there are n nodes and u edges in graph G. We find that ES,.(G) €
(—2u + 2t,2u + 2t), where t represents an integer such that Z7=1|51| = |C|(mod?2) ,is the
rational number resulting from the sum of the absolute Laplacian minimum covering extended
eigen values.

Proof:
n

i=1

n
. 2 .
& ——|—2u +Z|E1|
n C
i=1
n
E&(6) < 2u+ ) [&y]
=1
2u + 2t l
n
E&(6) 2 21+ ) [&y]
i=1

—2u+2t
ie, ES.(G) € (—2u + 2t, 2u + 2t)
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Bounds for Laplacian minimum covering extended energy
Upper as well as lower bounds on a graph’s ordinary e’nergy were provided by McClelland

[13].
The following theorem yields similar constraints for ES, (G).

Theorem 3.1. (Upper'bound) For a simple graph G with u edges and n nodes then

ES(G) <+ |n Z( c;+d;)? +ZZ< )

j>1

Proof: Cauchy Schwarz inequality is
n U n

Z blz z al-z = Z bl-ai

i=1 i=1 i=1

2

fb; = |¢;| and a; = 1 then

57
v
D

=1 =1 =1
2
n 2 n
1 di d; .
n Z(_Ci+di)2+_z “+—) = Zlfil
: 2L.\d; d; :
=1 j>1 =1
n n
d;  d;\’
n Z(_Cl-l_dl) +5 -+ ZZEL
24.\d; " 4
=1 j>1 =1
By Triangle in equality
u 3 2,11
E-H< i+ [ vi=12..
& - =&+ 3 n
i.e.,

E-2 <8 +2 v

n
> -2 Yl > 2

& -2 < j <Z ((—eitd)? +3 Zm(d +Z—]">2>+2u

n
i=1

i.e.,
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7 2
1 d: d;
#, Ex(G) < |n E (—ci+di)2+—§ G4 Vs
- 24.\d; " 4
1=

>1 ]
Theorem3.2. (Upper bound )For a simple graph G with n nodes and p edges then

n 2
1 di d; 4u® u
C < E —. D)2 4+ — E ) 2 =
=1 1

j>1

Proof: Cauchy Schwarz inequality is

U U n
Z b? z a? | = Z b;a;
i=1 i=1 i=1
Ifb; = |—27“+ Eil and a; = 1 then

i.e..,
n n 4 4
T A
0| Q&+ ) =y )b | 2 ELEP
n 2
1 . d; 4u*n  4u

= —c.+d )2+ = g, _ = _
=7 Z( ci+d;) +2 <di+ ) + . ” (2n —k)

=1
. 1 /(d;, d\> 42 8u® 4uk
= —c+d)?+= ) L+ +———+
n| et +5 ( ) Tt

Therefore
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Theorem 3.3 (Lower bound ) For a simple graph G with n nodes and p edges and

2 2
dj dq 2
P = |L5.(6)] then (ES,(G) = j(z’z:l(—cﬁdaz+§zj>l(d—j+d—j) +n(—1+n)P">—2u

Proof: Consider

Z}#lfjllfll _(Z 1|€l|) _27 1|$zl|

have

i.e..,

n
Zlil
i=1

n
Zlil
i=1

We know that

n 2

.o .o m
=il 116 A
s || el

Z( citd)? + 22( >_n(—1+n)
Z( ctd)” + 22( —) > 1(~1+m)

j>1

i

L 1
=1

Z( ciHdy)? + 22( —‘) +n(—1+n)P%

j>1

Al -
ie., |El|——

| Vi

)
3N

A
3N

.(33.1)

For n(—1 + n) terms applying inequality between the geometric and arithmetic means, we
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n n 2 n
. u .
Z|€l| _Z_S Z |€l -
i=1 i=1 n i=1
n
ng(G) = Z|€l| - 2#

Z( ci+d;)* + = Z(d—’ %) +n(— 1+r])P’7 —2u

j>1

Le, Zl 1|€l|_2ﬂ<E (G)

1
n(=1+mn)

D IElE = ne-14m || I

JE! i#j

7
Zlfl Zlfl > n(—=1+17) l_[lfl 2( 1+7)
i=1

~EG(G) = Z( ci+d;)?* + 22( —‘) +n(—1+n)P% —2u

j>1

From 3.3.1 we get
1

n(=1+m)

Theorem 3.4 For a graph G with pu edges and n nodes .Let |El| > |fl| = 2 |§]| > 0 be a non
Incremental order of eigen values of LS, (G) then

di d\° A
SLi(cotd)? + 3T (F+F) +nlé Il
(JET+1aD

Proof : The inequality rai< b; < Ra; holds if a; # 0, R, r and biare real numbers Leta; = 0
,bi, rand R be real numbers satisfying rai< b; < Ra;,then the following inequality holds
[Theorem 2, [14]].

E&(G) =

—2u

Put b; = |El| a=1r= |En| and R = |El|then

Zlal +[g] |en|2 1< (4] + |sn|)2|a

ie..,
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n 2 n
1 d;, d; T . . .
—ci+d)? + = (—’+—‘> + < (|&] + :
> (et +3 3 (Go )+l < QI+ 16D I

j>1
; n 2y (G dN L e
S Li(eitd)? + 55501 (g + @) +nlé I
&> - .
=i (1&,] + [541)
We know that
n
.2
Eer(G) = Z |€l __'u
i=1 n
! . 2u
Eecx(G) = |El| - ‘_|
L n
=1 )
1 d: d, A
La(etd) +331 (F+ )+l
ES(G) = . . —2u
- (16, + [541)

LAPLACIAN MINIMUM COVERING EXTENDED ENERGY OF SOME
STANDARD GRAPHS

Theorem 4.1 For the star graph, laplacian minimum covering extended energy is given by
P —4nt+4n3 +6n2 —12n+5
—1+n

Kl,l—n lS (T] - 2) +

where vy > 2.
Proof. Consider a star graph Ki,-1.n with vertex set V={v,, v, vy, ..., V_145} and minimum
covering set C = {v,}

1 [T SR | E S N RS G C S
21 T Cieg) 201 TSy 21 Cieg

Tizltm 1 0 0 0
201 Cieg
(=147 1

. - + 0 0 0

A5k )= 2( 1 —1+77]
(=147 1 . . .
21 T Cieg
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147 0 0 .. 0

0 10 0

and 0 0 1 0
C(Kl,—l-w ):

0 00 1

Lgc (Kl,—l+77 ): D(Kl,—l+77 )_ Aec); (KI,—I+77 )

C _
Lex(Kl,—l+77)_
1(-1 1 1(-1 1 1(-1 1
21 T Cieg) 201 T4y 21 T Cieg
1(-1 1
75( l+'7+ 1 J 1 0 0
Sy
(-1 1
B et/ 0 1 0
21 T Tieg

1 [7 Lh/— J 0 0 1
2 1 —1+7
Laplacian minimum covering extended spectrum is

Spec(L®. (X .., ))=

(772 —277+1)+\/775 —4n* +4n’ +6n° -12n7+5 (772 —217+l)+\/775 —dn* +4n* + 60> —12n+5
2n-2 2n-2
n-2 1 1

Average degree :27” = @

Hence Laplacian minimum covering extended energy,

1

Theorem 4.2.For the complete graph, laplacian minimum covering extended energy is given
by

(m? —3n+2) ++n?+2n—3,wheren = 2.

Proof. Consider a star graph K, with vertex set V={v, v,, ..., v,} and minimum covering set
C={v}

S —4nt+4n3+6n2 —12n+5
—1+n

ES(Kip—y) =(m—2) +
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1 If=l+n —l4n) 1f-l+n —l+7n 1(=1+n -1+7n
2\ -1+ —1+n) 2\-1+p -1+5) 7 2\-1+n -1+7
1[_1+U_F—1+UJ 1 1£_1+U'F_1+UJ 3 1(_1+n-r_1+nj
2\-1+n -1+pg 2\-1+n -1+pg 2\-1+n -1+7n
1 —1+77+ 1 1 —1+77+—1+77 1 1 —1+77+—1+77
Ai@g): 20 1 —1+n) 2{-1+n -1+g7 2\ =1+ —1+7g
1(1+U+I+UJ 1(1+U+1+U] 1(1+U+I+UJ - 0
2\-1+n -1+n) 2\-1+n -1+n) 2\-1+n -1l+7g o
—1+7 0 0 0
0 —1+7 0 0
0 0 -1+n 0
D(K,)= :
0 0 0 -l+n)
. € _ c
~IS(K,)=D(K,) - 45(K,)
9 1 —1+77+—1+77 1 —1+77+—1+77 1 —1+77+—1+77
" 2\-1+n -1+n 20-1+n -1+g) 7 2l-1+p -1+7n
-1+ -1+7 s “lf=1+n -l+73 1 —1+77+—1+77
2\-1+n -1+7 7 2\-1+n -1+79 2\-1+n -1+7
. 1 —1+77+ 1 1 —1+77+—1+77 -2 1 —1+77+—1+77
%JK)— 201 =l+n)  2\-l+n -l+7 2\-1+n —-l1+9)-
Aflen, st} 1flen ot} 1flen clen)
2\-1+n -1+n 2\-1+n -1+n 2\-1+4n -1+n -

Minimum covering extended spectrum is

spec(LS, (K, )=

—1+7
n—2 1 1
2 n(=1+mn)
Average degree =7” =2 727 =—-1+4n9

(7—D)+yn*+2n-3 (-1)—+n"+2n-3
2 2

Hence Laplacian minimum covering extended energy,

ES(Ky)=Mm*—3n+2)+n*+2n-3
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Theorem 4.3.For the crown graph, laplacian minimum covering extended energy is given by
(4n? —8n+5) +\/8172 — 24n + 13 ,wheren = 2.

Proof. Consider the crown graph 52,,0 with vertex setV = {uq,u,, ..., Uy, V1, Vg, ..., Up}, the
minimum covering set

il i, 1l I, v v, v, v
" | 0 0 0 0 1 —1+r]+—1+77 1 —1+77+—1+r; 1 —1+17+—1+7]
N-14g -l4n) 2\-1+n -l4n -1+ -l4n
L 0 | 0 0 1 —1+77+—1+q 0 1 —1+r]+—1+n 1 —1+77+—1+17
’ 2-l1+p -l47 U-l+p -l47 -4y -l47
N-l+n -l+n) N-l4n -l+n) 2-l4n -l4g
) 0 If=teq len ) df=lep —len) 1 =Ttp -ley 0 0 0 0
-1+ -l+p) 2-1+n -l+n W-1+p -l+g
S b/ el 0 ot/ IO G/ Bl 0 0 0 0
Poal-len -l W-l+g -l4g)  2-l+g -l4g
) 1 —1+r]+—1+77 1ﬂ+—l+r] 1 —1+n+—1+17 1 —1+r7+—1+77 0 0 0 0
"ol-len -l4p) 214 -l4p) 214 -l -1+ -l47
U, U, Uus - u, Wi Vs L TR ™
u, —1+n7n 0 o --- 0 0 0 o --- 0
u, 0 —1+7 0 --- 0 0 0 o --- 0
D(S; ) =|u, 0 0 0O - —1+n 0 0 O --- 0
12 0 0 0 0 —1+7 0 0 0
v, 0 0] 0 0 0 —1+77 O 0
v, 0 0 o --- 0 0 0 o --- 0
c 0 0 c 0
L, (S,,)=D(S,)—A4,(S,,) =
U, U, Us M” 12 v, Vs v,
u, “24y 0 0 -~ 0 0 1[_1+’7+_1+'7j 1 e -l
2\-1+n -1+n
u, 0 ~2+7 0 - 0 1(_1“74__1“7) 0 O |
2\-1+n -1+n
s 0 0 —24p = 0 -1 -1 0 - -1
u, 0 0 0 - -2+ -1 -1 -1 0
v, 0 1(”’&””) | “24y 0 0 - 0
20-1+n -1+n
v, 1[_1H7+_1H7j 0 1 e - 0 ~l4n 0 - 0
20-1+n -1+n
v, -1 -1 0 -1 0 0 ~1+7 0
-1 : :
y -1 -1 -1 0 0 0 0 ~147
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Laplacian minimum covering extended spectrum

Spec(fo (S 3,] )) =
(277—3)+1/4772 -8n+5 (277—3)—1/4772 -8n+5 (277—3)+w/8772 -24n+13 (277—3)+w/8772 -24n+13
2 2 2 2
1 1 1
Average degree B 2_# Cp(-1+n) i
= =0 = n
n 2n

Laplacian minimum covering extended energy is E. (S5,) = (4n° —8n+5)+ \/ 8n* —24n+13

Theorem 4.5 For the complete bi-partite graph, laplacian minimum covering extended
energy is given by

EC(K ):(2ﬂ77_2ﬂ_77+1)+\/ﬂn5+ﬂ2774_2ﬂ2773+( 4+2 3+ 2)772+ 577
ex Hsn H H H Ll
mn

Proof: For the complete bi partite graph KM(,uSn) with vertex set V =

{u1, Uz, .. U, V1, V3, ... v }. The Minimum covering setis V' = {u,,u,,...,u,}.

The Minimum covering extended matrix of complete bipartite graph is

A5(k,,)=
Vv, v, V., u, u, u,
v 1 0 0 l[ﬁ+1j l[ﬂJriJ l[ﬁ+1J
1 cee
2\n np) 2\n wu 2\n u
v, 0 1 0 YWau n) fu n u, n
2\n wp) 2\n nu 2\n n
v 0 0 1 YWau n) Lfu n e, n
: 2\n u) 2\n u nou
2\n np) 2\n wu 2\n n
w, L(#Lm) Len e, n 0 0 0
2\n pn) 2\n pu 2\n nu
2\n wn) 2\n wu n u
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S © O
S © O
v O 3O
T o o
S © O
S © O
S © O
ur/ - V2

=D(K,,)~4.(K,,)=

L(K,,)

~

= o (=} (=3
=
K=Y o =+
|
=
o o =+ o
|
=
= *+ o o
|
= = ="

ISIES SIS S ¢ =|
+ —+ —+ —+
= 3 s I s I =3 =
—_ N =N — | —

I | I |
ST TS S EEE S S § =| 3.
+ + —+ +
S I s I s I s =
— N — N — | — | N
I | I |
SIS ST RS 8 =|
+ —+ + —+
S I s IS s =
N— I I Ne—
— N — N — | — | N
I | I |
N/ NN /N
ISTESEESIES St = 3
+ + + +
S I s I s =3 =
— N =N — | — | N

o o o 3.
() () 3. (e}
() 3. () (e}
3. () () ()
ISTIES S = IS S Y =| 3
+ —+ + —+
Sl s 3 s I =3 =
—_ N — N — | —
I I | I
= X S| =| 3.
+ —+ —+ —+
S s I s 3 =3 =
— N — N — | — | N
I I | I
ISR N~ B S~ S =| 3
—+ —+ + —+
S|l s 3| s 3 s =
N~ I I N—
— N — N — | — N
I I | I
7 N N N /N
ST NI = =Y =| 3.
+ —+ —+ —+
) s s I =3 =
— N =N — | — | N

— o«

~
= = =

2un

2un

—1+n

wu—1
where

pn’ + 't =2u80n + (208 + )+

Y =

un® + (i = m

X

and

2un
H+

_2m_
7

Average deg ree
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Laplacian minimum covering extended energy is

Jun® + iyt =2y + (it + 24 + 1Pt + 'y
A7

ES(K,,)=Qun—2u—-n+1)+
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