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Abstract:

Graph labeling is an interesting area of mathematics with many real-world uses, such as
in medical coding, networking, transportation, disease diagnosis, and cryptography. The
AUM block geometric mean labeling is a recently introduced labeling. In this paper we
obtain AUM block geometric mean labeling for tadpole, kayak paddle, and bull graphs.

Suitable examples are given.
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1. Introduction:

Graph labelling L3[4, an important concept in discrete mathematics, was first
introduced by Rosa [3] in 1967. Since then, it has wide developments, with a
comprehensive review later provided by Gallian. Over the years, various labeling
techniques have been introduced, each labeling technique covers specific properties of
graphs and enhance their applicability across different fields. One recent development in
this area is the introduction of block labeling techniques. These labeling include methods
such as AUM block sum labelling, AUM block labelling, AUM block mean labeling, AUM
block prime distance labeling and AUM block geometric mean labeling
(8].09),[10],[11],[12],[13],[14].,[15},[16].[17),[18],[19], These labeling methods are not just theoretical
exercises, they have practical applications in fields such medical coding and cryptography.
The ability of these labeling techniques to real world system had made them more

valuable.
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In this paper, we extent the introduced new labeling technique AUM block
geometric mean labeling(1! for tadpole graph [2], kayak paddle graphs!él and bull graphl7l.
By introducing this new labeling, we aim to enhance our understanding of these graphs
and increasing their potential for real-world use and helping advance the study of graph

theory.

2.Preliminaries

Definition: AUM block geometric mean labeling [19]

Let G be a graph with p vertices, q edges and b blocks, p, q, b 21.

Let V(G) = {v1, vz, ..., v}, E(G) = {el,ez, ...,eq}, B(G) = {B,,B,, ..., By} denote the vertex

set, edge set and the block set of G respectively.

We say the graph G admits AUM block geometric mean labeling if there exists a bijection

Y:V(G) > Z*and W E(G) » Z+ by ¥* (uv) = [/ fW)f(w)]or [{/f(w)f(v)]induced from
Y and W*: B(G) — Z* defined as follows,

Let Bk be incident with the vertices vy, ,vg,, . Vx,, 1< k, <p and the edges

€y €y e €y 1< km =< q thenqj**(Bk) = ls\/l_[:l=lqj( Uki) H?=1 lIJ’k(eki) or

[S\/H?zl () [T, W*(ex,) | where, s = sum of the incident number of vertices and
edges of By and W**(By) # W (B,)for1< k,z< b,k + z.
Definition: Tadpole T(m, n) [2]

Tadpole graph represents a cycle graph on m vertices and a path on n vertices connected

with a bridge.
Definition: Kayak Paddles Graph [6]

Kayak paddles graph KP(,m,n) is a graph made up of two cycles C; and C,,, having size |
and m joined by a path of length n.

Definition: Bull Graph [7]

The Bull Graph is a planar undirected graph with 5 vertices and 5 edges, in the form of a

triangle with two disjoint pendant edges.
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3.Mains Results

In this section, we derive an AUM block geometric mean labeling for tadpole graph
for two cases, kayak paddle for 4 variant cases and bull graph as well. Appropriate

illustrations are given to prove the theorems.
Theorem 3.1: A tadpole T (m, n) permits an AUM block geometric mean labeling
When m = 3,4.

Proof: Consider the dragon graph as G withm = 3.

Let V(G) = {v, s ..Umant, E(G) = { ey, ey, ..min}, B(G)= {by, by, .01} in G,

respectively.

AUM block geometric mean labeling is defined as follows,
Case 1: Whenm = 3.

Define W: V(G) » Z*by¥ (v;) =2i—1, for1<i<m+ 3.
Y*is definedas E(G) —» Z+

Y (vivi41) =1, fori=1,2.

Y (vvipq)=2i—1,fori=2<i<m+2.

Define W™*: B(G) = Z* by W™ (B;) = 2i,fori = 1.
Y*(Biz1)=2i+3;1<i<m.

Case 2: Whenm = 4.

Define W: V(G) » Z*byW¥ (v;) =2i—1, for1<i<m+4.
Y*is definedas E(G) » Z+

W (vivy) =10, fori = 1,2.

Y (wjvizq1)=2i—1,fori=2<i<m+3.

Define W**: B(G) —» Z* by W™ (B;) = 2i,fori = 1.

W (Biy1) = 2i+5, 1 <i<m.

For i # k, W™(B;) # ¥*(By).

This shows that block labels are distinct.
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Hence, AUM block geometric mean labeling admits tadpole T'(3,n) and T (4, n).

Example 3.2: T(3,4)

v1(1)

v3(5) 5 17437_) . 1?539) 9 vs(11) ., w,(13)
B,(3) B3(7) B4(9) Bs(11)

v,(3)

AUM block geometric mean labeling for tadpole graph T(3,4)

Example 3.3: T(4,4)

vy (1)

175@ 9 Usgll) 11 v7(13) 13 vg(15)
B3(9) B,(11) B5(13)

v3(5)

AUM block geometric mean labeling for tadpole T (4, 4)

Note: A tadpole graph T (m, n) does not satisfy AUM block geometric mean labeling when

m > 4, as the edges are not distinct.

Theorem 3.4: A kayak paddle graph KP (3,4, n) admits AUM block geometric mean
labeling.

Proof: Consider the kayak paddle graph KP(,m,n) as G where [ is the length of C; and m
is the length of C,, and n is the length of path.

Denote S=1l+m+n.

LetV(G) ={vy,v, ..us}, E(G)={ ey, ey, ...€541}, B(G)={ b4, by, ... by} in G, respectively.
AUM block geometric mean labeling is defined as follows,

Define W: V(G) » Z*byW¥ (v;) =2i—1, for1<i<S.

Y*is defined as E(G) — Z+,

Y (v1vi41) =10, fori= 1.

Y (vvip)=2i—1,for1 <i<s-—1.
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Y (VpgaVns7) =2(n+5), for all n.
Define W*: B(G) » Z* by W™ (B;) = 2i,fori = 1.
Y*(Bis1)=2i+3;1<i<n+1.
W (Bpsz) = 2n+ 9, for all n.
Fori# k, W (B;) # ¥ (By)-
This shows that block labels are distinct.

Hence, A Kayak paddle graphs KP (3,4, n) admits AUM block geometric mean labeling.

Example 3.5: KP (3,4, n)

(1) v;(13)
2 11 13
1 v3(5) 5 1;'437) - I?SQB) 9 ve(11) vg(15)
B, (5) B3(7) B,(9)
14 15
3
1,(3) vg(17)

AUM block geometric mean labeling for kayak paddle K(3, 4, 2)

Theorem 3.6: A kayak paddle graph KP (43, n) admits AUM block geometric mean
labeling.

Proof: Consider the kayak paddle graph KP([,m,n) as G where [ is the length of ; and m is
the length of C,, and n is the length of path.

Denote S=1l+m+n.

LetV(G) ={vy,v, ..us}, E(G)={ ey, ey, ...€541}, B(G)={ b4, by, ... by 43} in G, respectively.
AUM block geometric mean labeling is defined as follows,

Define W: V(G) » Z*byW¥ (v;) =2i—1, for1<i<S.

Y*is defined as E(G) — Z+,

Y* (vivy) =i, fori = 1.

Y (wvip)=2i—1,for1 <i<s-—1.

Y (Up45Uns7) =2(n+5), for all n.
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Define W**: B(G) » Z* by W™ (B;) = 2i,fori = 1.
Y (Biy1) = 2i+5; 1 <i<n+l.
W (Bpsz) = 2n+ 9, for all n.
Fori#k, W (B;) # ¥ (By).
This shows that block labels are distinct.

Hence, A Kayak paddle graphs KP (4,3, n) admits AUM block geometric mean labeling.

Example 3.7:
v4(1)
2
v,(3) u(7) 7 v:(9) 9 vg(11) 11
By(7) B3(9) B,(11)
3
v3(5)

AUM block geometric mean labeling for kayak paddle K(4, 3,2)

Theorem 3.8: A kayak paddle graph KP ([ m,n) admits AUM block geometric mean

labeling when both the cycles sizes are equal to 3.

Proof: Consider the kayak paddle graph KP([,m,n) as G where [ is the length of C; and m is
the length of C,, and n is the length of path.

Denote S =1l+m+n.

LetV(G) ={vy,v, ..us}, E(G)={ ey, ey, ...€541}, B(G)={bq, by, ... b3} in G, respectively.
AUM block geometric mean labeling is defined as follows,

Define W: V(G) » Z*byW¥ (v;) =2i—1, for1<i<S.

Y*is defined as E(G) — Z+,

Y (v1vi41) =1, fori = 1.

W' (vjvipq)=2i—1,for2<i<s-1.

W (UngaVnse) =2(n+ 4), for all n.

Define W™*: B(G) = Z* by W™ (B;) = 2i,fori = 1.
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Y*(Bis1)=2i+3;1<i<n+1.
Y (Bpsz) = 2(n+4),foralln.
Fori#k, W (B;) # ¥ (By).
This shows that block labels are distinct.

Hence, A Kayak paddle graphs KP (I, m, n) admits AUM block geometric mean

labelingwhen both the cycle sizes are equal to 3.

Example 3.9:
v, (1) v7(13)
11
1 v3(5) s v4£7) 7 v:(9) 9 (11 1|3
B;(5) B3(7) B4(9)
3 12
12(3) vg(15)

AUM block geometric mean labeling for kayak paddle K(3, 3,2)

Theorem 3.10: A kayak paddle graph KP (L, m,n) admits AUM block geometric mean

labeling when both the cycles sizes are equal to 4.

Proof: Consider the kayak paddle graph KP(,m,n) as G where [ is the length of C; and m is
the length of C,, and n is the length of path.

Denote S =1l+m+n.

LetV(G) ={vy,v, ..us}, E(G)={ ey, ey, ...€541}, B(G)={bq, by, ... b3} in G, respectively.
AUM block geometric mean labeling is defined as follows,

Define W: V(G) » Z*by W (v;) = 2i— 1, for 1< i <S.

Y*is defined as E(G) — Z+,

Y (v1vi4q) =1, fori= 1.

V' (vjvipq)=2i—1,for1<i<s-—1.

W (Up45Unsg) =2(n+ 6), for all n.

Define W**: B(G) = Z* by W™ (B;) = 2i,fori = 1.
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Y*(Bis1)=2i+5 1<i<n+1.
Y (Bpsz) = 2n+ 11, foralln.
Fori#k, W (B;) # ¥ (By).
This shows that block labels are distinct.

Hence, A Kayak paddle graphs KP (I, m, n) admits AUM block geometric mean labeling

when [=m=4.
Example: 3.11

1(1) vg(15)

v, (3) v v5£9) . ve(11) ., vy(13) vo(17)
B,(7) B;(9) B,(11)

v3(5) v10(19)

AUM block geometric mean labeling for kayak paddle K (4, 4, 2)

Theorem 3.12: A Bull graph admits AUM block geometric mean labelling.
Proof: A bull graph admits AUM block geometric mean labeling.
Consider the bull graph as G Let V(G) = {v,v, ...}, E(G) ={ ey, €5, ...},
B(G)={ b4, by, ... b,_,} in G, respectively.

AUM block geometric mean labeling is defined as follows,

Define W: V(G) » Z*byW¥ (v;) =4i—1, for1<i<n.

Y*is definedas E(G) » Z+

Y (vjvipq) =4i, fori=1<i<n

W (VaiV2zi41)) =2(i + 4), fori=1.

Define W: B(G) - Z*by W™ (B;) = 2(3i —1),for 1 <i<n-—2.

Fori# k, W (B;) # ¥ (By)-

This shows that block labels are distinct.

Hence, Bull graph admits AUM block geometric mean labelling.
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Example: 3.13

AUM block geometric mean labeling for bull graph n =5
Conclusion:

The AUM block geometric mean labeling is a recently introduced method. This
paper demonstrates AUM block geometric mean labeling for tadpole, kayak paddle, and
bull graphs. There is significant potential for further research on AUM block geometric
mean labeling, particularly in exploring its application to various fields such as medicine,

cryptography, and more.

REFERENCES

[1] Bondy.]. A and Murty. U. S. R “Graph Theory with Applications”, Elsevier

Science Publishing Co., Inc, 1976, ISBN: 0-444-19451-7, Pg. No: 1-264.

[2] Deshmukh, U., & Shaikh, V. Y. (2016). Mean cordial labeling of tadpole and olive tree.
Annals of Pure and Applied Mathematics, 11(2), 109-116.

[3] Gallian. ]. A, “A Dynamic survey of graph Labeling”, The Electronic Journal of
Combinatorics (2021).

[4] Harary. F, “Graph Theory”, Addison-Wesley, Reading, Mass, (1972).

[5] Rosa. A, “On certain valuations of the vertices of a graph”, Theory of graphs
(Internat. Symposium Rome, July 1966) Gordon and Breach, N.Y-Dunod Paris
(1967), 349-355.

[6] Muhammad Faheem, Zohaid Zahid, “On the FAULT-TOLERANT Resolvability in
line graphs of dragon and kayak paddle graphs”, Mathematical problems in
Engineering volume 2022, Article ID 7688702, 9 pages.

[7] Poulomi Ghosh, Sachchida Nand Mishra, Anita Pal, “Various Labeling on Bull
Graph and some Related Graphs”, Internation Journal of Application of Fuzzy

sets
and artificial intelligence, ISSN 2241-1240, Vol. 5 (2015), 23-35.

[8] Uma Maheswari. A, Azhagarasi. S “New Labeling for Graphs-AUM Block Sum
Labeling”, International Journal of Current Science (IJCSPUB), volume 12, Issue 1,
March 2022, pp.574-584, ISSN: 2250-1770.

[9] Uma Maheswari. A, Azhagarasi. S, “AUM Block Labeling for Cycle Cactus Block

1031



UtilitasMathematica

ISSN 0315-3681 Volume 122 (2), 2025

Graphs”, Compliance Engineering Journal, Volume 13, Issue 4, 2022, pp.84- 96,2022.

[10] Uma Maheswari. A, Azhagarasi. S, “AUM Block Sum Labeling for some Special
Graphs”, International Journal of Mechanical Engineering, Vol.7(Special Issue 5, April
2022), pp-102-110, ISSN:0974-5823.

[11] Uma Maheswari. A, Azhagarasi. S, “A New Algorithm for Encoding and Decoding
Using Aum Block labelling”, Compliance Engineering Journal, ISSN No: 0898- 3577,
Volume 13, Issue 4, 2022, pp.264 - 274.

[12] Uma Maheswari. A, Bala Samuvel. ] “New Coloring for Blocks - AUM Block Coloring
for Standard Graphs”, ] Compliance Engineering Journal, ISSN No: 0898 - 3577

Volume 13, Issue: 5 Page No: 68 - 77, 2022.

[13] Uma Maheswari. A, Azhagarasi. S, “AUM Block sum Labelling & Aum Block
Labelling for Perfect Binary Tree (T3,1) T(4,1) & T(5,1)", Chapter in Edited Book
Advances in Graph Labelling, Colouring and Power Domination Theory, NFED
Publications, E- ISBN: 978-81-95499-8-5 Vol: 1, Pp: 1-17, May 2022.

[14] Uma Maheswari. A, Bala Samuvel. ] “AUM block Coloring for Triangular Snake Graph
Family”, Chapter in Edited Book Advances in Graph Labelling, Colouring and Power
Domination Theory, NFED Publications, E-ISBN: 978-81-95499-8-5 Vol: 1, pp: 72-

91, May 2022.

[15] Uma Maheswari. A, Purnalakshimi. A. S,” Aum Block Labelling for Friendship,

Tadpole and Cactus Graphs”, Neuro Quantology, eISSN 1303-5150, June 2022,
Volume 20, Issue 6, Page 7876-7884.

[16] Uma Maheswari. A & Purnalakshimi. A. S, “AUM Block labeling for Star, Bi-star and
Sunlet graph”, Neuro quantology, Vol 20, Issue 9, pg 3967-3975.

[17] Uma Maheswari. A, Ambika. C, “New coding algorithms using AUM block sum
labeling”, Neuro Quantology, eISSN 1303-5150, August 2022, Volume 20, Issue 9,

Page 377-385.

[18] Uma Maheswari. A & Purnalakshimi. A.S, “AUM Block labeling for kite, comb and
diamond snake graphs”, Journal of North eastern University, Vol 25, Issue 04, ISSN 1005-3026
[19] Uma Maheswari. A & Sumathi. V, “AUM block geometric mean labeling”, African

Journal of Biological Sciences, ISSN: 2663-2187, Volume 6, Issue Si4, Aug 2024.

[20] Uma Maheswari. A & Sumathi. V, “AUM Block Geometric Mean Labeling For Star
Family with an Application in Coding Theory”, Journal of Computational Analysis and
Applications Volume 33, Nov 8, 2024.

1032



