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Abstract. Tree t-spanners are trees that span a graph that involve distances and are useful in
designing telecommunication, electrical networks, civil network planning, and more. Extending the
idea of tree t-spanner in fuzzy graphs is the concept of this paper. The study focuses on tree t-
spanners of ratio-labelled fuzzy graphs using the Breadth-First Search (BFS) algorithm, which is
crucial for optimizing communication and routing efficiency in networks. Ratio Labelling (RL), a
novel method for fuzzifying crisp graphs, which labels vertices and edges with the particular
relation for o and p. The paper examines the stretch factor 't’ of a spanning tree on ratio-labelled
fuzzy graphs (RLFG). The paper extends to find tree t-spanners of arbitrary ratio-labelled fuzzy
graphs. The study reveals that determining tree spanners of an arbitrary ratio-labelled fuzzy graph
is NP-complete. Also analyzed the relationship between group of friends on social media using RL.
The minimum spanner t of this ratio labelled fuzzy graph helps to identify the people who are less
communicative and the possible two friends who can communicate in future are identified using
link prediction method.

Keywords: Fuzzy graph, ratio labelling, tree t-spanner, complete graph, complete bipartite graph,
general graph, NP-complete.

1 Introduction

Fuzzy graph theory originated with Kaufmann’s 1973 work, which was based on Zadeh’s work
on fuzzy relations [17, 30]. However, Rosenfeld’s 1975 publication is considered as the
cornerstone of the field. Rosenfeld significantly expanded the theory by defining fuzzy relations in
fuzzy sets and exploring fundamental concepts of graphs such as paths, cycles, and connectedness
within the fuzzy framework [27]. Later, Nagoor Gani and Rajalakshmi introduced the concept of
labelling in fuzzy graphs. Labelling of fuzzy graph introduced by A. Nagoor Gani and D.Rajalakshmi
[25]. The work by Mathew Varkey, T. K., and Sreena T. D. on evidence labelling of fuzzy graphs
examines the fuzziness of crisp graphs [21, 22]. The spectrum of Laplacian matrix

RL-Ratio Labelling
RLFG - Ratio Labelled Fuzzy Graph

1110


mailto:vmarmp@gmail.com
mailto:amutha@americancollege.edu.in

UtilitasMathematica

ISSN 0315-3681 Volume 122 (2), 2025

for complete fuzzy graphs was analysed by Amutha A et al. [3]. The concept of ratio labelling was
introduced by A. Amutha, and R. Mathu Pritha to verify the admittance of fuzziness in crisp graphs
[2]. Further analyzed interconnection networks graphs for admittance of fuzziness by A. Amutha, R.
Mathu Pritha [4]. Fuzzy graphs have their utility in medical field, telecom- munication, traffic light
control. Particularly application of fuzzy graph in traffic congestion is done by R. Myna and by
P.Sinthamani [24, 29].

A graph spanner of a graph G is a subgraph that approximates the shortest path distances in G
within a certain distortion, which can be either multiplicative or additive. Spanners were
introduced by Peleg and Schaffer [11, 12]. The effectiveness of a network is often evaluated using
the stretch factor. Minimum-weight spanners are particularly useful in network design and
communication networks. Different types of spanners can be created depending on the specific
goals of choosing the subnetwork [1, 5, 18, 26 ]. loannis Papoutsakis examined the tree spanners of
bounded degree graphs [16]. Tree spanners in Chordal graphs were discussed by Brandstadt and
et al. [7]. A genetic algorithm with interval type 2 fuzzy arc length to find a fuzzy mini- mum
spanning tree was found by Dey, A,, Pal, A. etal,, in 2020 [13]. The minimal spanning tree problem
was compared with different algorithms by Archana A. Deshpande and Onkar K. Chandhariin 2020
[14]. Katick Mohanta, Arindam Dey, Narayan C. Debath, and Anita Pal in 2019 formulated an
algorithm for a minimum spanning tree in an intuitionistic fuzzy graph [23]. Tree 3-spanners on
generalized prisms of graphs were analyzed in 2022 by Renzo Gomez, Flavio K. Miyazawa, and
Yoshiko Wakabayshi [15]. Fernanda Couto etal. in 2022 discussed the strategies for generating tree
spanners [9]. The characteristics of tree t-spanners of graphs with a few P4’s were studied by
Fernando Couto etal. in2022[10]. Local routing in a tree metric 1-Spanner was studied by Brankovic
M, Gudmundsson ], and Renssen AV in 2022[8]. In 2023, Francis Remigius Perpetua Mary et al.
discussed the minimum spanning tree problem under the Fermatean fuzzy environment [20].
Fuzzy graphs, where edges have degrees of membership between 0 and 1, are gaining attention
because of their ability to model uncertain relationships. This 'fuzziness’ is often captured through
vertex and edge labeling. A fuzzy graph, G = (V, E), uses fuzzy sets to define edges, reflecting the
strength of the connections. Blue et al. have proposed a classification system for these graphs based
on various properties as follows [6].

“Type: (I) crisp vertices with fuzzy edges, Type (II) crisp vertices and edges with fuzzy connectivity,
Type (I1I) fuzzy vertices with crisp edges, Type (1V) crisp graphs with fuzzy weights, representing
uncertainty in vertex and edge properties, and Type (V) fuzzy sets of crisp graphs, or fuzzy
compositions. “are the classification system of graphs according to M. Blue, B. Bush, J.
Puckett.

Type 1V is particularly useful for modeling scenarios where connections are well defined, but their
attributes are uncertain. Using Type 1V classification, we introduced Ratio Labelling (RL) to analyze
the fuzziness of crisp graphs. This method uses graph parameters to assign membership values
(between 0 and 1) to vertices and edges, effectively capturing the graph structure and allowing us
to determine the degree of fuzziness existing in the graph. A similar approach was used earlier by
Mathew Varkey T. K. and Sreena T. D. on evidence labelling[21, 22]. They gave a particular
definition for o and y and verified the admissibility of fuzziness. According to evidence labelling, all
graphs are fuzzy graphs. In this paper, we generalize the concept of fuzzification in general crisp
graphs under RL. But under RL all graphs are not fuzzy graphs. Admissibility of fuzziness by some
of the interconnection networks were analyzed using RL [4]. The graph that admits fuzziness under
RL ensures a strong connectivity between the vertices. The novelties and effectiveness of ratio
labeling are listed as follows.

« In RL, labels are assigned in the form of ratios that express the relative value between two
parameters. Such ratios serve to indicate the comparative strength, significance, or impact of a
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vertex or an edge within a graph.

» RL can dynamically adjust based on the relative importance of a vertex or edge compared to
others in the graph, allowing for more context-sensitive labelling.

« RL help in highlighting fine variations in relationships or characteristics.

e The effectiveness of ratio labelling depends on precise and reliable data for generating
meaningful ratios. When the data is limited, missing, or contains noise, the resulting ratios
may lose their accuracy and dependability.

Since trees provide unique paths between nodes, they simplify message routing in distributed
systems, making them highly useful in areas such as computer networks, sensor networks, ect. A
tree spanner serves as an approximation of the original graph’s distances, typically within a
bounded factor. This feature is advantageous in scenarios where exact distances are not required,
but efficient approximations are sufficient. The study of tree spanners in fuzzy graphs is a growing
field in graph theory that adapts the well-established concept of tree spanners from crisp graphs.
This has inspired us to further explore tree spanners within the framework of ratio-labelled fuzzy
graphs. The paper focuses on constructing minimum tree spanners of the ratio labelled fuzzy graphs
like cycle, path, complete graph and complete bipartite graph in section 3. The tree spanners of
ratio labelled general crisp graphs are discussed in section 4.

2 Basic Concepts
A fuzzy subset of a non-empty set S is a mapping o : S = [0, 1] which assigns to each element xin S
a degree of membership 0 < o (x) < 1. A fuzzy graph G : (o, W) is a pair of functions 0:V—[0,1] and
w:VxV—[0,1], where for all x, y €V,

pu(x,y) < o(x)Na(y) .
where A stands for minimum. A fuzzy relation u on S is said to be symmetric if
uCx,y) = u(y,x) forallx,y €S and

o* = supp (o) = {ueS: o(u) > 0}. u* = supp(u) = {(u, v)eS X S: u(u,v) > 0)

p=Za(x).

XES

InG: (o,u), the order of G is

If u(x,y) > 0 then x and y are called neighbours, x and y are said to lie on the same edge e.
The neighbourhood of a vertex v € S is a set of all vertices which are neighbours of v denoted by
N (v). A fuzzy graph (8', @") is a fuzzy subgraph or a partial fuzzy subgraph of (&, &) if &' and
@' BEE; thatis if @'(u) BRARARA(u) for every u @ S and @'(e) BRAEA(e) for every e & E.

A fuzzy graph (@', @') is a fuzzy spanning subgraph of (&, @) if @' = @ and @' BRARA; thatis if &'(u)
= @B@(u) for every u @ S and @'(e) BAMA(e) for every e & E. Let G: (o, 1) be a fuzzy graph. The degree
of a vertex ‘v’ is defined as d(u) = @ p(u, v), u @Ry, v BAS. It is also denoted as dg(u).

A fuzzy graph G is said to be a strong fuzzy graph if
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uxy) =o((x)Ao(y) forall (xy) in

A fuzzy graph G is said to be a complete fuzzy graph if
uxy)=oc(x)Ao(y) for all x,y in o*

A fuzzy graph is said to be regular if every vertex is of the same degree. In a fuzzy graph G : (o, 1), a path
is a sequence of distinct vertices vo, vy, ..., vn such that u(vi-1, vi) > 0, 1 <i < n. Here, ‘n’ is called
the length of the path. The consecutive pairs (vi-1, vi) are called arcs of the path. If u, v are nodes in
G and if they are connected using a path then the strength of that path is defined as A’ u(v;_1, v;). If u
and v are connected using paths of length ‘k’ then u*(u, v) is defined as

weu,v) = sup{ u(u, v1) A p(Wy, V) A e A (Vg 1, V)i U, Vs, e, Vg, V €S}

A node u, is said to be an isolated node if u(u, v) = 0 forall u # v.

The fuzzy distance between two nodes u and v is defined as

4y (w,v) = A Y (A0, 0()) X u(, )},
A spanning subgraph G’ of G is a t-spanner for G if, for every pair of nodes v and w,

der(v,w) <t X dg(v,w).

3 Main Results

Tree t-spanners are spanning trees of a graph that involve shortest distances and are useful in
designing telecommunication, electrical networks, civil network planning, and more. Itis necessary
to find an efficient network that connects all the vertices of the communication network. The tree t-
spanner preserves the length of the shortest path in a graph. The paper focuses on finding the
minimum tree t-spanner of RLFGs. The vertices and edges of crisp graphs are labelled with
particular definitions ¢ and p respectively, known as Ratio Labelling (RL), enabling analysis of
fuzziness. The study investigates tree t-spanners for RLFG using the BFS algorithm and determines
bounds for the stretch factor t. Limited existing results on tree t-spanners for fuzzy graphs were
found in the literature review. The extension of tree t-spanners to ratio- labelled arbitrary fuzzy
graphs is a significant milestone in graph theory. The existence of a tree t-spanner in ratio-
labelled arbitrary fuzzy graphs was investigated. As, BFS algorithm guarantees minimum stretch,
the spanning tree for RLFG was found using BFS algorithm without considering the weightages of
vertices and edges. The stretch will be minimum if we start the BFS algorithm with a vertex having
maximum degree as root vertex.

Definition 3.1. Let G(V,E) be a fuzzy weighted graph. T (V,E") is a fuzzy tree spanner of G, E'
E, if for each pair, u, v € V there is a path between u and v in T with length djf (u, v) atmost t times
the shortest path distance d¢(u, v) between u and v in G.

i.e. df(u,v) <txdf(u,v)

Definition 3.2. A minimum spanner ‘t’ of a fuzzy graph G is defined as
t(G)=min{t(T) : T is a spanning tree of G}.
Definition 3.3. A spanning tree T is called a minimum tree spanner if
t(T) < t(T") for all spanning T' of G.

Example 3.4.
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D E F G

Figure 1: Bipartite graph K34

G is a complete bipartite graph, K5, withV; = {4,B,C}; V, = {D,E,F, G}
The vertices are labelled as

N 41 3 .
o(A) —W—E—g— a(B) = a(C);
3 1
o(D)=0(E) =0(F) =0(G) = -2
and u: E — [0, 1] defined as
max[o(u),o(v)] max {%%} 1
p(w,v) = = =

Yuev o () B 2 6
Here, u(u,v) = % < i = o(u)Ao(v) for all u,v. Hence, K3 4 is a fuzzy graph under RL. Let us find
the tree spanner for K3 4.
1.1 1
Now, df (u,v) = (Xc=5. forueV,vev, and
1 1 1 2 1

G =—X—-+-X—-=—=— €
df(u,v) 7 6+4 5= 12,f0ru,v Vi or V,

By Breadth First Search algorithm with A as root vertex, the spanning tree T of K3 4 is 4-ary tree.
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Figure 2: Spanning tree of K34

The maximum stretch is between Bto E, F, Gand Cto E, F, G.InT,

dT(BE)—dT(BD)+dT(DA)+dT(AE)—1><1+1><1+1><1—3—1—dT(BF)—dT(BG)-
fAT ST U f'_43614646_24_8_f'_f”
Similarly, df (C,E) = 25" F(C,F) =df(C,G);
1 1 1
In RLFG K34, df (B,E) = Xo=5= df (B,F) = df (B, G)

dg(c E)—lxl— ! =df(C,F)=df(C,G)
FAUEI T AT 6T 24 T TSRS TR

Hence, df (u,v) < 3 X df(u,v) for all u,v € K.

K3 4 admits fuzzy tree 3- spanner. The stretch will be same for all other root vertices from V;and V,.

Hence, the minimum spanner of RLFG K3 4 is 3.
Theorem 3.5. Let G be a RLFG Cn, n = 3. The minimum tree t-spanner of G is (n-1).

Proof: InC,,, |[V| =n,|E| =n,and |[N(v)| =2,forallveV.
Now, labelling the vertices and edges of C,,using RL,
o) = % = % forallv eV, Y,cpo) = ZVEV% =2 and
_ max[o(u),oc(v)] _ 1
ulu,v) = e W forall (u,v) € E.
Distance between any two vertices in a cycle C, varies from i=1 to BJ

Fuzzy distance between two vertices is
dr(u,v) = AX3{A (o), 0(v)) X u(u, v)}

When u and v are at a distance i in a cycle C,,,
21 .
de(u,v) = A Zﬁ[;xz]forall u,veEV,i=1to EJ
2 .
= fori=1

n2
— J2X % fori=2
n 2 . n
3> fori= 3]
Let the vertices of G be uy, u,, ..., u, . Let us find a spanning tree, T of G using BFS algorithm with root
vertex, u;, 1 <i < n.Let, u,v be the two vertices which are at extreme distance in the spanning tree, T.
That is, u, v are at maximum stretch. This u and v are adjacent in G. The spanning tree with root vertex
u; for n = even and odd is given in Figure 3. The distance between u and v in T is a path of length n — 1.
As the graph is regular, o,u are same for all u € V and (u,v) € E, respectively. The fuzzy distance
between every pair of vertices which are at maximum stretch, is,
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T —(n — 2l _m— 2
di (u,v) = (n l)xnxn—(n 1)><n2

i-1 Ui

u.
Y2 u; -2 Uis2

I
+ ® v u® o v
.

u

(a) GraphG (b) Spanning tree T, for n is even (c) Spanning tree T, for n is odd
Figure 3
Since d]? (u,v) isequal forall u;, 1 < i < n, the minimum of this maximum is
2
df(u,v) = (n—-1) x =
n
In G, u, v are the adjacent vertices. Hence the fuzzy distance of u, v in G is
2
df (u,v) = =
Now, df (u,v) = (n — 1) nz—z < (n—1) xdf(u,v)
In general, for any two vertices u, v,
df (u,v) < (n—1) x df (u,v)
Hence, RLFG C,, admits (n — 1)- tree spanners.
As the graph is symmetric, the stretch is same for all ;. Hence, the minimum tree t- spanner of
RLFG (C,) isn — 1.
Theorem 3.6. Let G be a RLFG of the path P,. Then minimum tree t-spanner of G is 1.

1, for pendant vertices
Proof:InP,,|V|=n,|E| =n—1,and [N(v)| = {2 {,W fmemal e

1 .
— for pendant vertices

Now,o(v) = W)l - 5 .
IE| — for internal vertices
max[o(u),0()] 1
=——=—==— forall €EE
p(u,v) R — forall (w,v) €E,

The minimum tree t- spanner is obtained using BFS algorithm, and hence the minimum tree
spanner of G is P, itself. Hence,

df (w,v) = df (u,v)
RLFG(P,) admits 1-fuzzy tree spanners.

Theorem 3.7. Let G be a RLFG K,, . The minimum tree t-spanner of G is 2.

Proof:InK,,|V| =n,|E| = 2D and IN(w)l=n—1,forallv €V.
_INWI _ n-1 2
Hence,o(v) = = neZn = for all v.
_ max[c),o(»)] _ 1
ulu,v) = e —n’ forall (u,v) €E

Fuzzy distance between any two vertices is,
de(u,v) = AE{A(o(w), o(v)) X u(u, v)}
1116
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df = /\Exﬂforallu,v

2
== forallu,v.

u
A )
RN AN
/[ \ N
I\
u v
(a) Graph G (b) Spanning tree

T,Kin
Figure 4

Let the vertices of G be uq,u,, ..., u, . Let us find a spanning tree, T of G using BFS algorithm with root

vertex, u;, 1 < i < n.The spanning tree T of G is K ,, as every vertex is adjacent to every other vertex in

K, . See Figure 4. Let u, v be the two vertices which are at extreme distance in the spanning tree, T. That

is, u, v are at maximum stretch. Also, u and v are adjacent in G. The distance between u and vin T is a

path of length 2. As the graph is regular, g, u are same forall u € V and (u, v) € E, respectively. The fuzzy
distance between every pair of vertices which are at maximum stretch is,

2 4

d;(u,v) =2 XFZP

Since d]? (u,v) isequal forall u;, 1 < i < n, the minimum of this maximum is

r 4
ds (u,v) = s
In G, u, v are the adjacent vertices. Hence the fuzzy distance of u, v in G is
2
d]g (u, U) = F
Now, df (,v) = 2 X 5 < 2 x df (u,v)
In general, for any two vertices u, v,
df (u,v) < 2 x df (u,v) -
Theorem 3.8. Let G be a RLFG K,;, ,, m # n. Then minimum tree t-spanner of G is 3.

— _ _ _ _(nifven
Proof: In K, ,, [V| = m + n, where [V;| =m, |V,| =n, |E| =m X n,and |[N(v)| _{m ifoev,
1
Now, cr(v)=—|N(v)|= T .
IEI ~ifvev,

Case(i)
For m < n, K, , is a fuzzy graph under ratio labelling when n < 2m

_ max[cw),o()] _ 1
ulu,v) = oo forall (u,v) € E,

Fuzzy distance between two vertices u, v is,

dr(w,v) = AX{A(o(w), a(v)) X u(u, v)}
Let u and v be at a distance J, in K, ,,. The distance between any two vertices in K, ,, is either 1 or 2.
Hence i=1,2.

df (u,v) = A Zil[%xﬁ]forallu,veb'andi =1,2
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1
i i =1
_) 2mn fori
2 ! | =2
X — =
pT— fori
. fori=1

2mn
1 ,
— fori=2
Let the vertices of G be uy, u,, ..., u,, € V; and v4,v,, ..., v, €V, . Let us find a spanning tree, T of G using
BFS algorithm with root vertex from either V; or V,. But to get a minimum spanning tree the root vertex
should be of maximum degree. As m < n, uy,uy, ..., U, € V; are of maximum degree. Let us choose
vertices from uy, u,, ..., u,, € V; as root vertex. Then T is a n-ary tree. See Figure 5. Let u, v be the two
vertices which are at extreme distance in the spanning tree, T.

(a)
Graph

(b)

Spanning Tree Tof G, 1 <j <m,i #j

Figure 5

That is, u, v are at maximum stretch. The distance between u and v in T is a path of length 3. Also, u and

v are adjacent in G. The fuzzy distance between every pair of vertices which are at maximum stretch is,
1 3
df(u,v) =3 X —=——
7 (W) Zmn  2mn
In G, u, v are adjacent vertices. Hence the fuzzy distance of u, v in G is
1

G _
df (wv) = 2mn

T __3 G
Now, df (u,v) = T S 3% df(u,v)

In general, for any two vertices u, v,

df (w,v) <3 xdf(u,v)form<n

Case(ii)
For m > n, K, is a fuzzy graph under ratio labelling when m < 2n
_ max[o(u),c(v)] _1
ulu,v) = e forall (u,v) € E

Let u and v be at a distance i, in K, ,,. The distance between any two vertices in K, ,, is either 1 or 2.

Hence i=1,2.
Fuzzy distance between two vertices,

dr(u,v) = AX{A(c(w), o(v)) X u(u,v)}
df (u,v) = A Zil[ixi]forall w,vandi=1,2
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1
R i =1
_) 2mn fori
2 ! i =2
X — =
pT— fori

As m > n,vy,v,, .., v, €V, are of maximum degree. Let us choose vertices from vy, vy, ...,v, €V, as
root vertices. Then T is an m-ary tree. Let u, v be the two vertices which are at extreme distance in the
spanning tree, T. That is, u, v are at maximum stretch. The distance between u and v in T is a path of
length 3. Also, u and v are adjacent in G.

The fuzzy distance between every pair of vertices which are at maximum stretch is,
AT v) = 3 1 3
UvV)=3IX—=—
s 2Zmn  2mn
In G, u, v are adjacent vertices. Hence the fuzzy distance of u, v in G is

48 (u,v) = —
v T 2mn

T 3 G
= <
Now, df(u,v) =5 = 3 X df (u,v)
In general, for any two vertices u, v,

df (w,v) <3 xdf(u,v) form>n

From Case (i) and (ii),
df (w,v) < 3 x df (u,v)
In general, for any two vertices u, v,
df (u,v) < 3 xdf (u,v) .

Theorem 3.9. The stretch factor t of a minimum tree t- spanner of a regular graph G and its RLFG G;
are one and the same.

Proof:
Let G be a regular graph with n vertices. Let deg(v) = p for all v. Hence, |E| = nZ—p.

Let T be a minimum spanning tree of G generated by BFS algorithm. Let t be the stretch factor of
minimum spanning tree T of G. Let u, v be the vertices which are at extreme distances in T. Let distance
of u and v in G be n and distance of u and vbe m in T.

d"(u,v) =m,d°(u,v) =n

Since t is the minimum stretch of T, d” (u,v) < t X d°(u, v)
>m<stXn (D

Let G, be a RLFG of G. Let us label the vertices and edges of G using RL.

o(v) = #/2 = %, forallv € V, and u(u,v) = %for all (u,v) € E(G).

Since G is regular, G, is a fuzzy regular graph by RL. For a fuzzy regular graph the edge weight u(u, v) is
equal for all the edges by RL.

Hence, u(u,v) = % < % = o(u) A o(v). G, is a fuzzy graph under RL.

Let T; be the minimum spanning tree of G,, generated by BFS algorithm. Let t; be the stretch factor of
the minimum spanning tree, T;. We will claim that, t; = ¢.
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As the edge weights are equal in G;, the maximum stretch in T; will be between u and v as in G. The fuzzy
distance between u and v in G, is given by,

drw,v) = A ( [\ (0@, 0@)) x G v)}
6 2.1 2
» (u,v) —nxgxa——

The fuzzy distance between x and y in T’ is given by

. 2 1 2m
de'(wv) =mX—x—=—
n n n
d;l(u,v)=i—7gé%,sincem§txn(by(l))

_ 2t _ 2 _ G1
=—=tX= txdy (u,v)

Thus, d;l (u,v) <t x d?l (u,v)

Hence, the minimum stretch factor of G; ist.

The stretch factor is same for G and G;. s

4 Ratio Labelling in General graphs

The results in section 3, presents a subclasses of graphs that fall under RLFG. This raises the
question of fuzziness in arbitrary graphs under RL. So, we extended our research to analyze general
graphs for admittance of fuzziness using RL. Not all, but some arbitrary graphs obey RL. This
encourages to find the factors or conditions that promote fuzziness in arbitrary graphs. The degree
of adjacent vertices is found to significantly influence the admittance of fuzziness under ratio
labelling. In our previous work, we presented the result that ensures fuzziness in a general crisp
graph. Hence, any general graph becomes a fuzzy graph under RL, for every edge (u, v) in G,

deg (u) <2 xdeg (v), whenever deg (v) <deg (u).
The following theorem justifies the above statement.

Theorem 4.1." Let G(V, E) be any connected simple graph. Then G is a fuzzy graph under ratio
labelling iff for every edge (u,v) of G, deg (u) <2 xdeg (v) whenever deg (v) < deg (u).

4.1 Minimum Tree t- Spanner of a Fuzzified Ratio Labelled General Graphs

Existence of a spanning tree in a graph ensures the connectivity between the vertices of a
graph. In a weighted graph, a spanning tree with minimum weight plays a major role in
applications part like communication system.

Finding tree t- spanner for a fuzzy graph is an emerging concept in the field of fuzzy graphs.
This creates a curiosity to move on to tree t- spanners in RLFG. In the entire family of arbitrary
graphs, a certain group of arbitrary graphs satisfies fuzziness under RL in accordance with theorem
4.1. It is worthwhile to find a spanning tree for such a group of arbitrary graphs, with minimum
stretch.

* The result is included in the paper “Algorithmic approach in Examining the Admittance of Fuzziness
on General Graphs under Ratio Labelling” and is submitted to the journal “South East Asian Journal of
Mathematics and Mathematical Sciences” which is under review.
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To find a minimum spanner for a graph G, we need to find a spanning tree that has shortest path
graph traversal. Traversal refers to the process of visiting or exploring each vertex in a graph in a
systematic manner. Here, we are concern about minimum stretch not the total weight of the
spanning tree. As per literature survey the BFS algorithm is the best traversing algorithm. So, we
found minimum spanner of graph G through tree t-spanner by BFS algorithm without considering
the edge weightage.

In order to find tree t- spanner of the general graphs G with n vertices, we categorized graph
G as graphs having maximum degree n — 1,n — 2,n — 3, and so on. First we considered a group of
general graph G with n vertices having atleast one vertex with degree n - 1 for determining the
stretch factor ¢ of ratio labelled fuzzy graph G’ of G. Then extended the above for a graph with
maximum degree n - 2 and highlighted all the possible situations that to be considered in
determining t'. This shows the tediousness in finding t’ when it is extended further forn-3, n -4
etc., thereby, showing that the problem of finding t' for an arbitrary graph is NP-complete.

Theorem 4.2. The minimum tree t — spanner problem of a ratio labelled fuzzy general graphs is NP-
Complete.

Proof.

Let us prove the statement by considering a specific case, thereby analyzing the general cases of the
study.
Let G be an arbitrary simple graph with n vertices and e edges with atleast one vertex of degree n — 1.

Let G, be the ratio labelled fuzzy graph of G.
deg(x) _ n-1

Let x be a vertex of degree n — 1 in G. By ratio labelling, o(x) = .Let x4, x5, X3, ... X1 b€

e e
the vertices adjacent to x. The o of x4, x,, X3, .... X,_1 can be maximum of nT_l as the graph G is simple
and minimum of nz—_el as G, is fuzzy by RL. By definition of ratio labelling and theorem 4.1,

n n-—1

n-1 -1 ;
— < o(x;) < — foralli and u(x,x;) = B

The spanning tree, T with root vertex x has a minimum stretch. The resulting spanning tree isa K, ,,
graph, as x is adjacent to n — 1 vertices.

il Iy
Figure 6 Spanning tree T of G

In T, the fuzzy distance between x; and x; ,

When nz—_: < o(x;),

r n-1 n-1_ (n-1)>
df (xi,x]-) >2X 2o X e = 22

When o(x;) < nTTl,
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n—-1 n—1 n-1)>2
dfT(xi,xj)SZX X =( )

e 2e e?
( (n-1)>2
Hence, ‘< df (xi,%;) < = (@8]
If x; and x; are adjacentin G,
Fornz—_e1 < a(x),
-1 n—-1 (n-1)>?
d ) > X =
) (0 ) 2e 4e 8e?
For o(x;) < n%,
G n—1 n—1 1(n-—1)>3
d;* (%, %) < X e =3 o2
— 2
Hence, "0 < d% (x, %) < 10
2 _1\2
oy 1) <4di(x,x) <2 < )
From (1) and (2),
G
d;(xi, x]) =4 X dfl(xi,x]') (3)
Suppose x; and x; are not adjacent,
n-17> (n—1)?
ez <4 (ny) S ———
G
d}(xi,xj) =1 X dfl(xi,xj) (4)

From (3)and (4),1<t' <4

Hence, the stretch factor for a ratio labelled arbitrary graph G; on n vertices, with a vertex having
maximum degree n — 1 has lower bound as 1 and upper bound as 4.
The above result can be extended for a graph with n vertices having a vertex with maximum degree n —

2. Let the vertex x be adjacent to n — 2 vertices, x4, x5, ...., X,,_, and non-adjacent to y in G. This y is
adjacent with any number of the vertices of x4, x,, ...., X, 5.
In G4,
n—2
o(x) =——

2
foralli

n—2 n-—
7S o(x;) <
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( ) n—2
X, x;) =
u i e
and
n—2 < ( ) < n-—2 e
< ulx,x) < ori#j.
10 = Hlxwx; el J
The vertex y is adjacent to some of the vertices of x;, x5, ..., X,_,in G. In G4,
n-—2 <o) < n-—2
— < O' S )
4e y e
depending on the adjacency between the vertices x4, x5, ...., X,_, and y
n—2 < u( ) < n—2
— < x.’ <
ge - HHY 2e
The stretch t’ of G; is determined by the vertices x4, x5, ..., x,_,and y. In T, suppose the minimum
stretch lies between x; and y.
T
.”I:]_ ;1:2 ."I;“-} 7/ :[:-}1 S |
Ve
e
/s
L
Yy

Figure 7 Spanning tree of G with x having degreen — 1
-2 -2
Now, when nz—e < o(x;) and n4—e <a(y),

df (x;,y) = df (x;,x) + df(x, x) + df (x, )

7 >n—2 n—2+n—2 n—2+n—2 n—2
: X X X
7 (oY) =2 =2 2e 2e 2e 4e 4e

_ (n—2)? 11 9 m-2)

= W[””ﬂ =16 (o
r 9 (n—2)?
Hence,d¢(x;,y) ZEW

Again, when o(x;) < nsz and o(y) < nsz
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7 <n—2 n—2+n—2 n—2+n—2 n—2
LY) < X X X
7 (%0 y) e 2e e 2e e 2e

_(n-2)? _ 3(n-2)?

r 3 (n—2)2
Hence,dg(x;,y) < EW

3 (n-2)?
< di(wy) S5 00

9 (n-2)*
16 (e)?

(5)

Now, the fuzzy distance between x;, y in G; is found under two cases when, (i) x;, y are adjacentin , (ii)
x;, ¥y not adjacent in G

Case (i)

Let x;, y are adjacent in G;

For, % < o(x;) and 1;—_: <ada(y)

For o (x;)

Case (ii).

n—ZXn—Z_(n—Z)2
4e 4e  16(e)?

dlfl (xl-, :Y) >

-2 n-2
. and o(y) < —

n-2 n-2 (n-2)°

G1(x,,y) < =
At () < ==X =y
(n—2)? G (n—2)?
- < dn ” <-—
To(e)z = U G =750
i(n—z)2 Gy 9(n-2)2 _ 3(n-2)=2
e =047 Gey) S5 0E <5 ©)
From (5) and (6),d} (x;,y) = 9d}€1 (x,y) (7

Let x;, y not adjacent in G. Then the length of the path between x; and y either be 2 or 3. The path

may be

(a) x4, Xi41, ¥ (01)

(b) Xiy Xiv1, Xi+2,Y (OF)
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(C) xi'x'xjvy

Case(a)
When the path between x; and y is x;, x;,1, Y, then
n—2 n-2 n—-2 n—-2 3 (m-2)>°

di (x;,y) = X X =
) 2 Xt e X T T 16 (e

and
N )<n—2xn—2+n—2xn—2_(n—2)2
r YY) =T 2e e 2 (e)?
Hence
3(n-2)2 G (n—2)?
16002 < df(xy) < @2 (8)
Case (b)
When the path between x; and y is x;, X;,1, X; 42, ¥ then
61 nozono2 g no2 no2 no2 no2 5 (no2)
df (xi’y)z 2e x 4e + 2e X 4e + 4e X 4e 16 (e)2 and
G1 no2 n-2 nozono2 ne2 no2 g (no2)”
df Gy y) < e x 2e + e x 2e + e x 2e _32(e)2
Hence
5(n—2)>2 G 3(n-2)2
6@? < dfl(xl-,y) < 207 9
From (8) and (9),
3(n—2)2 G 3(n—2)32
— < d(x; < — 7
16(8)2 - f (xl)y) - 2(6)2
9(n-2)>? <34% (1, y) < 9m-2)%? _ 3(n—2)>? (10)
16(e)2 — F eyl = 2()2 —  2(e)?
From (6) and (10) d}?(xi,y) =3 d?l (xi, ) (11)
From (7) and (11) 3<t'<9 (12)

Case (c)

When the path between x; and y is x;, x, x;, y, which gives the same fuzzy distance between x;, y as in
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.9 (n-2)? G 3 (n-2)>2
le. = < df(x,y) =3 o2

Hence from (5) df (x,y) = df (x, ) (13)

From (12)and (13)1<t' <9

The stretch factor t’lies between 1 and 9 when G has a vertex with maximum degree n — 2.
Extending the proof for a graph G with n vertices and with a vertex having maximum degree n — k, for
some k, finding the stretch t’ of G; depends on the adjacency between the k — 1 vertices, y1,

V2, Y3, -+, Yi—1 that are not adjacent to the vertex x and those vertices that are adjacent to x, say

X1, X2, e e Xk

Y1 Y2

Figure 8 Spanning tree of G with x having degree n — k

Without the knowledge of adjacency between x4, X5, ...., Xp_k- V2, Y3, ---- -, Yi—1the stretch £’ cannot be
determined. Thus in the above particular case, finding the stretch ¢’ is possible only upto some extend.
Even for a graph with maximum degree n — 4, there are plenty of cases to discuss regarding the
adjacency between y4,¥5,¥3 and Y3, ¥3, ....., Yn_s- S0 the problem of finding ¢’ is more complicated in
this particular case and it is not possible to define a stretch t’ for a general n — k.

When this is extended for a general graph that does not fall under this particular case that we discussed
above, the concept of determining t’ for a RLFG G, is not possible as adjacency between the n vertices
are not known.

On all other general graphs with n vertices whose vertices do not have maximum degree as —1,n —
2,..n — k , the stretch factor depends on the choice of the root vertex. Thus, the stretch t’ varies with
the choice of root vertex of the spanning tree. Determining the stretch factor ¢’ of a minimum spanning
tree of a RLFG is ambiguous, without knowing the degree of the vertices and their adjacency.
Generalization of this concept to an arbitrary graph is not possible, as the stretch factor depends on the
number of vertices and their adjacency. Therefore, for any general graph, finding a tree t-spanner of a
RLFG is quite impossible, and the problem is NP-complete. s

5 Application of minimum tree spanner with Link Prediction
As an application, we analyzed the communication bond between a group of people in a social media by
considering the people as vertices and the communication between them as edges. The graph was
examined for fuzziness using RL. Depending on the time, the interaction between the individuals varies,
and hence the graph found to be either a non-fuzzy graph or fuzzy graph under RL. When there is a good
communication between the group members, the graph admits fuzziness under RL, which ensures the
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strong bond between them. The graph Gfor a particular group of friends is given in Figure 9. The graph
G is labelled using RL and it is found to be fuzzy [2]. In this paper, we extend this application to find the

spanner of the RLFG G. The vertices and edges are labelled using RL as, od(Sasi) = % =
o(Uma); o(Mathu) = o(Sudha) = %;

6 4
o(Hema) = oYK o(Sharmila) = a(Joe) = a(Priya) = o(Rani) = 27
For any x, x # Sasi,Uma

u(Sasi,x) = u(Uma, x) = % =1 u(Hema, x) = 4% = %; u(Mathu,y) = u(Sudha,y) = %, where y #

Sasi,Uma, Hema; u(u,v) = :_8

u(u,v) < a(u) A o(v). Hence, Gis a fuzzy graph due to RL.
The minimum tree t- spanner for Figure 9 was constructed with a spanning tree having the vertex Sasi
as root vertex, the one with maximum degree. The spanning tree T for the graph Gis given in Figure 10.

From Figure 9, 10, d;(u, v) < 4d? (u,v).
The spanner t =4 is attained between the vertices (Sharmila,Priya) and (Priya,Joe) as
df (Sharmila, Priya) = df (Priya,joe) = 23—2

42

o

1 . .
Y where u, v = Priya, Sharmila,Joe and u # v.Forallu,v € G,

and df (Sharmila, Priya) = df (Priya,joe) = 2% and
who are less communicative. Thus, fuzzy tree-spanner identifies the less communicative people.

Sasi

Uma Hema Mathu Rani  Shamia  Priya Sudha Joe

Rani

Graph G representing Communication Bond Figure 10 Spanning Tree T of G
Figure 9

Also we extended this problem to predict the linkage between two non-adjacent vertices. The link

Prediction problem helps to identify whether a pair of non-adjacent vertices will become adjacent in the

future. RSM is a link prediction method which is used to predict the linkage between two non-adjacent

vertices [28]. The parameter used in link prediction method, RSM is called as familiarity index fam(i).
fam(i) = min[u(u,w;), u(v,w;)] where w; is a common neighbour of u and v.

Link prediction score is obtained using, S,, = X.i~¢ @

S.No. Non Adjacent Edges LP
(a,b) in G
1 (Mathu, Priya) 0.139
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2 (Mathu, Rani) 0.14
3 (Mathu, Joe) 0.15
4 (Sudha, Priya) 0.11
5 (Sudha, Joe) 0.15
6 (Sudha, Sharmila) 0.146
7 (Hema, Priya) 0.138
8 (Hema, Sharmila) 0.138
9 (Priya, Rani) 0.167
10 (Rani, Joe) 0.15
11 (Rani,Sharmila) 0.167
12 (Joe, Sharmila) 0.21
Table 1.

Further the people who do not communicate with one another are listed in Table 1. The possibility for
communication is found by RSM method in Link Prediction by calculating familiarity index. One with
the maximum score shows the greater chance for communication. From the Table 1 it is found that Joe
and Sharmila has more chance to communicate in future than others.

Conclusion.

The paper examines the fuzzy tree t-spanner of RLFGs. It highlights the minimum spanner of RLFG.
Notably, the ratio labelling of a graph does not impact the stretch factors of regular graph. The stretch
factors of a tree t - spanner of ratio-labelled regular fuzzy graphs are identical to those regular crisp
graphs. The chapter also analyzed the minimum tree t- spanner of ratio labelled general graphs. For
general graphs finding tree t-spanner is NP-Complete. An application representing the relationship
bond between the people was analyzed with RSM link prediction method. Examining fuzzy tree t-
spanner for ratio labelled neural networks is under proposal.
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