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Abstract: Let G = (V,E) be a simple graph. Aset S € V is a dominating set of G, if every
vertex in V' \S is adjacent to at least one vertex in S. A subset S of V is called a twain secure
perfect dominating set of G (TSPD-set) if every vertex v € V \S is adjacent to exactly one
vertex u € § and (S\{u}) U {v} is a dominating set of G. The twain secure perfect
domination number of G, represented as ¥, (G), is the lowest cardinality of a twain secure
perfect dominating set of G. The centipede with 2n vertices is represented by P,, and the
family of all twain secure perfect dominating sets of P, with cardinality i is represented by
Disp(Py ,1). Let disp(Py i) = |Desp(By ,1)|. This article builds D, (B, ,i) and derives a
recursive formula for d;g, (B; ,i). With this recursive formula, we examine the polynomial
Dysp(Py %) = X, dysp(Br 1) x* which we call the twain secure perfect domination
polynomial of centipedes. To create all twain secure perfect dominating sets of centipedes
and twain secure perfect domination polynomials of centipedes, we employ a recursive
approach in this study.

Keywords and Phrases: centipede, twain secure perfect dominating set, twain secure
perfect domination number, twain secure perfect domination polynomial.
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1. Introduction

A finite undirected connected graph without loops or multiple edges is referred to as a
graph = (V,E). G’s order and size are shown by the numbers n and m, respectively. For
fundamental terms and definitions, see [3]. Consider two vertices u and v. If uv is one of G’s
edges, then u and v are considered adjacent. A vertex v in a graph G has an open
neighborhood defined as the set N;(v) ={u € V(G): uv € E(G)}, and a closed
neighborhood defined as N;[v] = N;(v) U {v}. AsubsetS € V(G) is called a dominating
set if every vertex v € V (G) \ S is adjacent to a vertexu € S. The domination number,
y(G), of a graph G denotes the minimum cardinality of such dominating sets of G. A
minimum dominating set of a graph G is hence often called as a y — set of G [1]. A
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dominating set S is called a secure dominating set if each v € V(G) \S there exists u €
N (v) NS such that (S\{u}) U {v} is a dominating set. The secure domination number
¥s(G) is the minimum cardinality of a secure dominating set of G. Cockayne et al was
introduced the concept of secure domination of graphs [4]. A dominating set S is called a
perfect dominating set if every vertex in V' (G) \S is adjacent to exactly one vertex in S. The
perfect domination number y, (G) is the minimum cardinality of a perfect dominating set of
G. The concept of perfect domination of graphs was introduced by Weichsel [11]. We
introduce the concept of twain secure perfect domination of centipedes in this work. A
dominating set S is called a twain secure perfect dominating set of G (TSPD-set) if every
vertex v € V(G)\S is adjacent to exactly one vertex u € S and (S\{u}) U {v} is a
dominating set of G. The twain secure perfect domination number of G, represented as
Yesp(G), is the lowest cardinality of a twain secure perfect dominating set of G. A simple
path, represented by P, is one in which all of its internal vertices have degree two and its
end vertices have degree one. The centipede with 2n vertices, represented by Py, is created
by adding a single pendant edge to each vertex of a path B,. We cite S. Alikhani and Y.H.
Peng [2] for the definition of centipede. y;s, (P, ) is the twain secure perfect domination
number of P,;. The family of all twain secure perfect dominating sets of P, with cardinality i
is denoted by Dy, (B, ,1). disp(By ,1) = |Dsp(Py ,10)], let's say. The twain secure perfect
domination polynomial of By is thus Dy, (B ,x) = X%, disp (P 1) X

Throughout this work, we use [2n] to indicate the set {1,2,...,2n} and {1, 2,...,
2n — 1} by [2n — 1]. In order to analyze twain secure perfect dominating sets of
centipedes, we must first examine twain secure perfect dominating sets and then the twain
secure perfect
domination polynomial of B, — {2n}.

2. Twain Secure Perfect Dominating Sets and Twain Secure Perfect Domination
Polynomials of P,, — {2n}

Lemma 2.1. Foreveryn €N,

(i) Vtsp(Pr;k) = n.

(ii) Vi:sp(Pr;k — {2n}) = n.

(iii)  Dsp(Py,i) = @ifandonlyifi < nori > 2n.

(iv)  Disp(Py — {2n},i) = @ifandonlyifi < nori > 2n — 1.

Lemma 2.2. Foreveryn €N,

(i) If Diop(Pp—1,i — 1) # @ and Dy, (Py_p, 0 — 2) = @, then D, (B, — {2n},0) #

.

(i)  IfDup(Pi_yi — 1) = @and Dyep(P_p, i — 2) = @, then Dy, (B — (2n},0) =
.

(iii) IfDup(Pi_yi — 1) # @ and Dy, (Pi_p,i — 2) # @, then Dy (B — {2n},0) #
.

Proof:
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(i) The assumptions are that Dy, (Pp_q,i — 1) # @ and Dig,(Pp_p, i — 2) = 0.
Lemma 2.1(iii) tellsusthatn — 1 < i — 1 < 2n — 2andi — 2 <n — 2or
i —2>2n — 4. Therefore, n <i<2n—-1,n-1<i-1< 2n - 2
According to Lemma 2.1(iv), D¢sp (P — {2n},0) # @.

(ii)  Assume that D5, (Py_1,i — 1) =@ and Dsp(Ppp,i — 2)=0.i — 1 <n —1
ori—1>2n—-2andi—-—2<n-—-2o0ri—22>2n— 4 according to
Lemma 2.1(iii). Which results in i — 1 >2n—-2 or i —2 <n— 2.
Consequently, either i < n or i > 2n — 1. Dy, (By — {2n},i) = @ according
to Lemma 2.1(iv).

(ii)  Disp(Pp—1,i — 1) # @ and Dyg,(Py_p,i — 2) # @, assuming such. Lemma
2.1(iii)
determines that n — 1 < i —-1<2n—-2andn—-2<1i—-2 < 2n — 4.
Which yields n < i and i < 2n — 1. Thus n < i < 2n — 1. Dy, (B —

{2n},i) # @ according to Lemma 2.1(iv).
Lemma 2.3. Foreveryn = 3 and D5, (P; — {2n},i) # @,

1) Disp(Pp—y,i — 1) # @ and D5 (Py_p,i — 2) = @ifandonlyifi = 2n — 1.
(i)  Desp(Pp—1,i — 1) # @ and Dy (Pp_p,i — 2) # @ifand only if n < i < 2n —
2.

Proof:

1) i—2<n-=2or i—2>2n—4 according to Lemma 2.1(iii), since
Desp(Pppi —2)=0. If i —2 < n — 2, then i < n. Lemma 2.1(iv) thus
states that D, (P, — {2n},i) = @. This is contradictory. Consequently, i —

2 > 2n — 4. Which gives,
i > 2n — 1. (1)

Because Dy, (Py_q1,i — 1) # @, Lemma 2.1(iii) implies thatn — 1 < i — 1 <
2n — 2. Which gives,

i <2n - 1 (2)
From (1) and (2),i = 2n — 1.

Conversely, assume that i = 2n — 1. This implies that i — 1 = 2n — 2.
Following the Lemma 2.1(iii), D¢sp(Pp—q,i — 1) # @. Since i = 2n — 1. This
yields i — 2 > 2n — 4. Using the Lemma 2.1(iii), the set D, (Py_p, i — 2) is
empty.

(ii) Assume Do, (Pp_1,i — 1) # @ and Dy (Pp_p, i — 2) # @. Lemma 2.1(iii)
indicates that n -1 <i—-1<2n-2 and n—-2<i—-2<2n — 4.
Combining the aforementioned, n — 1 < i — 1 < 2n — 3. This implies that
n<i<?2n-2

Conversely, assume that n < i < 2n — 2. Therefore, yip(Ppq) = n —
1<
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i —1<2n -3 < 2n — 2. So, we have Ds,(P,_,i — 1) # @ by Lemma
2.1(iii). Similarly, Dy (P, i — 2) # 0.

Theorem 2.4. In case { = n and for every n = 3, then D, (P, — {2n},i) =
{{1,3,5,7,9,...,2n—3,2n—1},{1,3,5,7,9,...,2n — 3,2n — 2}}.

Proof:

Since i = n, the sets {1,3,5,7,9,...,2n — 3,2n — 1} and {1,3,5,7,9,...,2n —
3,2n — 2} have n elements each. By the definition of twain secure perfect domination
of By — {2n}, 1,3,4 cover all the vertices up to 5 and 1,3,5 cover all the vertices up
to 5 for n = 3, respectively. Continuing this way, we get that {1,3,5,7,9,...,2n —
3,2n — 1} and {1,3,5,7,9,...,2n — 3,2n — 2} cover all the vertices up to n. As a
result, {1,3,5,7,9,...,2n — 3,2n — 1} and {1,3,5,7,9,...,2n — 3,2n — 2} are twain
secure perfect dominating sets.

Theorem 2.5. Foreveryn = 3andi > n + 1,

(1) If Dpgy(Pp_1,i — 1) # @ and Dysp(Pp_p,i — 2) = @, then Do, (B — {2n},i) =
{[2n — 1]}.

(i)  If Desy(Py_y,i — 1) # @ and Dy (Pip,i — 2) # @, then Dy, (B — {2n),0)
{{X U {2n - 2} if X ends with 2n — 3} U {X U {2n — 1} if X ends with 2n —
2}u{Y u{2n—3,2n—1}}, where X € Dys,(Py_1,i — 1),Y € Dpgpy(Pp_p,i —
2).

Proof:

(i) Lemma 2.3(i) states that i = 2n — 1, since D5, (Py—q,i — 1) # @ and
Disp(Pp—z,i — 2) = @. D5y (By — {2n},i) = {[2n — 1]}, as aresult.

(ii)  The construction of Dy, (P; — {2n},i) is derived from D.s,(P;_41,i — 1) and
Disp(Pp_p,1 — 2). Assume that X is the twain secure perfect dominating set
of P;_; with cardinality i — 1. The elements of Dz, (P,_;,i — 1) terminate in
2n — 3or2n — 2.

e If 2n — 3 € X, then the elements of Dy, (P;_;,i — 1) belong to
Disp (B, — {2n},1) by adjoining 2n — 2.

e If 2n — 2 € X, then the elements of Dy, (P;_4,i — 1) belong to
Disp(P; — {2n},i) by adjoining2n — 1.

Let Y be the twain secure perfect dominating set of P,_, with cardinality
[ — 2. By adjoining 2n — 3 and 2n — 1, every elements of Dy, (P,_,,i — 2)
belong to D;s, (B, — {2n},1).

Thus {{X U {2n — 2} if X ends with 2n — 3} U {X U {2n — 1} if X ends with
2n—2}U{Y U{2n—3,2n —1}} Sto Dys, (B, — {2n},10). (3)
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Conversely, assume that Z = Dy, (B, — {2n},i). Here, 2n — 1 or 2n — 2
is the end vertex of each element in D, (P, — {2n},i).

e If2n — 1 € Z and 2n — 2 € Z. Afterward, at least one vertex with the
label 2n — 3. Let'ssay2n — 3 € Z.ThenZ = X U {2n — 2}, for some
X € Dygp(Pp_q,i — 1).

o If 2n — 1 € Z. Then at least one vertex with the labels 2n — 2 or
2n — 3. Suppose 2n — 2 € Z. Then Z = X U {2n — 1}, for some
X € Dysp(Pp—q,i — 1). Suppose 2n — 3 € Z and 2n — 2 ¢ Z. Then
Z =Y U{2n — 3,2n — 1},forsomeY € Dy, (Pp_p, i — 2).

Thus D5, (P; — {2n},i) © {{X U {2n — 2} if X ends with 2n —3} U {X U {2n —
1}if X ends with2n — 2} U {Y U {2n — 3,2n — 1}}. (4)

From (3) and (4), we have Dy, (B, — {2n},i) = {{X U {2n — 2} if X ends
with 2n — 3} U {X U {2n — 1} if X ends with 2n — 2} U {Y U {2n —
3,2n — 1}}, where X € Dig,(Pp_1,i — 1),Y € Disp(Pp_p, i — 2).

Theorem 2.6. Let Di,(B, — {2n},i) be the family of all twain secure perfect
dominating sets with cardinality { and d., (B, — {2n},i) = |Disp(Py — {2n},0)].
Foreveryn > 3,

(1) Ifi = n,thend., (P, — {2n},0) = disp(Pp_1,i — 1) + dpgp(Pp_p, i — 2) — 2.
(11) Ifl 2 n + 1, then dtSp(PT:( - {Zn}, l) = dtsp(P;;—l'i - 1) + dtsp(P;;—Z'i - 2).

With initial values, Dy, (Py,x) = 2x + xz,DtSp(Pz*,x) = 2x% + 2x° + x*.
Proof:

(1) Proof follows from Theorem 2.4.
(11) Proof follows from Theorem 2.5(ii).

3. Twain Secure Perfect Dominating Sets and Twain Secure Perfect Domination
Polynomials of Centipedes (P}, )

In this section, we investigate twain secure perfect dominating sets and twain secure
perfect domination polynomials of centipedes.

Lemma 3.1.

()  IfDey(Pr — {2n},i—1) # @ and Dygy(Pr_y,i — 1) = @, then Dy, (P, i) # .

(i)  IfDep(Py — {2n},i— 1) = @ and Dy (Pi_p,i — 2) # O, then Dy (P, i) # 0.
(iii) IfDey(Py — {2n},i—1) = @ and Dygy(Pr—p i — 2) = @, then Dygy (P, i) = .
(iv) IfDep(Py — {2n},i—1) % @ and Dygy(Pi_pi — 2) # ©, then Dy (P, i) # .

Proof:
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(i) Since Disp(By — {2n},i—1) # @ and Dy, (Pp—y,i — 1) = @, by Lemma
2, n<i—-1<?2n—-1andi—-1<n-1o0ri—1> 2n — 2. Since
n<i—-1<2n—-1n+4+1<1i < 2n. Moreover, n < n + 1. Therefore,
n < i < 2n. Hence Dy, (Py, i) # 0.

(i)  Because D5, (P, — {2n},i—1) =0 and D.s,(Pp_p,i — 2) # @, by Lemma
21, i—-1<nori—1>2n—-1, and n — 2 <i — 2 < 2n — 4. This
yieldsn < i < 2n — 2 < 2n.So,n < i < 2n.Hence, D¢, (P, 1) # @.

(iii)  Since Dig, (B — {2n},i—1) = @ and Dyg, (Py_p,i — 2) = @, by Lemma 2.1,
i—1<nori—-—1>2n—1andi —2 <n—2o0ri — 2 > 2n — 4. This
results ini — 2 <n—2ori— 12> 2n — 1. This implies that either i <
nori > 2n.Thus, D, (B, i) = 0.

(iv) BylLemma2l,n<i—-1<2n—1landn -2 <i—2 < 2n — 2, since
Desp(Py — {2n},i—1)#@® and D (Pp_p i — 2) # @. By combining the
above two inequalities, we obtain n — 2 < i — 2 < 2n — 2. This indicates
that
n < i < 2n. Consequently, D;s, (B;,i) # 0.

Lemma 3.2. If D, (P;,i) # @, foreveryn = 3,

) Dtsp(Pn* —{2n}i-1) #9, Dtsp(P;;—l'i — 1) =0 and Dtsp(Prt—Z'i —2)=0if
and only ifi = 2n.

(i)  Desp(Py — {2n},i —1) = @and D5y (Pp_p,i — 2) # @ifandonlyifi = n.

(i)  Dpp(Py — {2n},i—1) # @ and Dys,(Py_p,i — 2) # @ ifand only ifn + 1 <
i <2n-—2.

Proof:

(1) SinceDy, (B; — {2n},i — 1) # @, by Lemma 2.1(iv),n < i —1 < 2n — 1. Which
implies,
i < 2n (5
Given that Dig,(Pp_1,i — 1) =@ and D5, (Pp_p, i — 2) = @, by Lemma 2.1(iii),
wegeti —1 <n—1ori—1>2n—-2andi-2<n-2o0ri-2>2n-4.
Combining the preceding inequalities yield i — 2 < n — 2ori — 1 > 2n —
2.Ifi—2 < n—-2,theni < n.So, Ds,(B;,i) = @. Which is a paradox. If i —
1 > 2n — 2,then
i > 2n—1. (6)
Combining (5) and (6) generates 2n —1 < i < 2n. This means 2n < i < 2n.
So,i = 2n.
In contrast, suppose i = 2n. Which implies thati — 1 = 2n — 1 > 2n —
2.
Lemma 2.1(iii) states that Dy, (Py_q1,i — 1) = @. Likewise, Dig, (Pp_p, i — 2) =
@. Since i = 2n, i—1 = 2n—1. As per Lemma 2.1(iv), Do, (P; — {2n},i —
1) # 0.
(i)  Lemma 2.1(iii) demonstrates that D;s,(P; — {2n},i—1) = @,theni — 1 < n
ori —1>2n— 1.Asi — 1< ni<n+ 1llItgives

1423



UtilitasMathematica

ISSN 0315-3681 Volume 122 (2), 2025

I < n (7)
Since Disy(Pp_p, i — 2) # @, by Lemma 2.1(iv), n — 2 < i — 2 < 2n — 4.
That provides
n < i (8)

We can geti = n by combining (7) and (8).

Conversely, assume that i = n. This implies that i — 1 < n. So, D5, (P, —
{2n},i—1) = @. Since i = n, we have i — 2 = n — 2. Consequently,
Disy(Pp_p,i — 2) # @.

(i) Lemma 2.1statesthatn < i —1<2n—1landn -2 <i— 2 < 2n — 4,
since Dygp(Py — {2n},i—1) # @ and D5, (Py_p,i — 2) # @. When the two
inequalities are combined, we have n — 1 < i — 2 < 2n — 4. This suggests
that n+1<1i<2n — 2.
The converse is obvious.

Theorem 3.3. For everyn > 3,

(i) If Dispy(By — {2n},i—1) = @ and Disp(Pp_p,i — 2) # @ then Dis,(Py i) =
{{1,3,5,7,...,2n — 3,2n — 1},{2,4,6,8,...,2n — 2,2n}}.

(i)  If Dyp(By — {2n},i—1) # @, Dygp(Pi_y,i — 1) = @ and Dyop(P_zyi — 2) = @
then D¢, (B , 1) = {[2n]}.

(iii) If Dyp(Py — {2n},i—1) # @ and D5, (Py_p,i — 2) # @ then Dyg,(By i) ={{
{{XU {2n - 1} if X ends with 2n — 2} U {X U {2n}if X ends with 2n — 1} U{Y
U{2n-3,2n-1}}, where X € D;s,(P; — {2n},i —1) andY € Dy, (Py_, i — 2).

Proof:

(i) According to Lemma 3.2(ii), { = n, since D, (P, — {2n},i—1) = @ and
Dtsp(P,’{_z,i - 2)# 0. The sets {1,3,5,7,...,2n — 3,2n — 1} and
{2,4,6,8,...,2n — 2,2n} clearly contain n members. According to the definition
of twain secure perfect domination of P;, 1,3,5,7,9 cover all vertices up
to 10 and 2,4, 6,8, 10 cover all vertices up to 10 for n = 5. Using this method,
we may conclude that {1,3,5,7,...,2n—3,2n — 1} and {2,4,6,8,...,2n — 2,2n}
cover all vertices up to 2n. The remaining sets with cardinality n do not have
twain secure perfect dominating sets. Both {1,3,5,7,...,2n — 3,2n — 1} and
{2,4,6,8,...,2n — 2,2n} are twain secure perfect dominating sets.

(i)  Since Dy, (By — {2n},i — 1) # @, Dygp(Pp—1,i — 1) = @ and Dy, (Pr_p, 0 — 2) =
@, by Lemma 3.2(i), i = 2n. Therefore, D, (B, ,i) = {[2n]}.

(iii) The construction of Dis,(P;,i) follows from D.s,(P; — {2n},i—1) and
Dtsp(Pp_p, i — 2). Let X be a twain secure perfect dominating set of P, — {2n}
with cardinality i — 1. The elements of D;s,(P; — {2n},i — 1) end with 2n — 2
or
2n — 1.

e If2n — 2 € X,2n — 1 ¢ X, then the elements of D, (P; — {2n},i —1)
belong to D, (B, , i) by adjoining 2n — 1.
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e If 2n — 1 € X, then the elements of D.s,(B; — {2n},i — 1) belong to
D¢, (B, , 1) by adjoining 2n.

Let Y be a twain secure perfect dominating set of P,_, with cardinality
i — 2. All the elements of Dy, (P,_,,i — 2) belong to D, (P, ,i) by adjoining
2n — 3,2n — 2.

Therefore, {{X U {2n — 1} if X ends with 2n — 2} U {X U {2n} if X ends with
2n — 13 U {Y U {2n — 3,2n — 1}} C© D¢,y (B, 0). 9

Conversely, suppose Z € Dy, (P, ,i). Here all the elements of D, (B, ,i)
ends with 2n — 1 or 2n.

o If2n — 1 € Z,2n ¢ Z, then at least one vertex labeled 2n — 2 or 2n —
3isinZSupposeZn—3EZZn—26EZthenZ Y U {2n —
3,2n — 1}, for some Y € Dz, (Py_5,i — 2). Suppose 2n — 2 € Z, then
Z = X U{2n—1},forsome X € D5, (B, — {2n},i—1).

e If2n € Z,thenZ = X U {2n},forsome X € D5, (B, — {2n},i —1).

Therefore, D5, (Py ,1) € {{X U {2n — 1} if X ends with 2n — 2} U {X U {2n}
if X ends with2n — 1} U {Y U {2n — 3,2n — 1}}. (10)

From (9) and (10), we get Dy, (P; ,i) = {{X U {2n — 1} if X ends with 2n —
2} U {X U {2n} if X ends with 2n — 1} U {Y U {2n — 3,2n — 1}}, where
X € Disp(Py — {2n},i—1)and Y € Disy(Pp_p,i — 2).

Theorem 3.4. For every n = 3, D¢, (P; ,1)| = |Desp(By — {2n},i — 1)| + Dygp(Pp_p, i —
2)|.

Proof. It follows from Theorem 3.3. Here we state recursive formula for the twain
secure perfect domination polynomial of B, — {2n}.

Theorem 3.5. For every n = 3, D, (B ,x) = x[DtSp(P {2n}, x) +thSp(Pn 2,x)]
with initial values, D, (P;,x) = 2x+x2,DtSp(P2 4,x) = 2x* +x°,Disp(P5 ,X) =
2x* + 2x3 +x* Dsp(P; — 6,x) = 2x° + 3x* + x5.

Proof. We have, |D.s,(P;,i)| = |Desp(By — {2n},i — 1| + Dygp(Pp_p,i — 2)|. That is
desp(By 1) = dpsp(Py — {2n},i —1) + dysy(Pi_3,i — 2).  Therefore, d;s,(Py,i)x" =
desp(Py — {2n},i — 1) x' + disy(Pp_p,i — 2)x'. Which  implies, Y dip,(By,0x" =
Ydesy(Py — 2n},i — D x' + Ydpoy(Pr_p i — 2)x'.  That gives, Y du, (B, Dxt =
x Y desy(Py — {2n},i — 1) x'7 1 + x? Y dsp(Pr_y, i — 2)x'"2. Which gives, Dy, (B ,x) =
x[Dys, (P — {27}, x)+thSp( - »x)]  with initial values, Dis,(P;,x) = 2x+
x%, Dy (P; — {4}, x) = 2x% 4+ %3, Dy (Py ,x) = 2x* + 2x3 +x* D, (P; — {6}, %) =
2x3 + 3x* + x°.

n\i 1 2 3 | 4 5 6 | 7| 8 9 |10 (11|12 |13 |14 |15
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P;—{2} | 1
P 2 | 1
P,—{4} | 0 | 2 |1
P ol 2211
Ps—(6}| 0| 0 |2]3]1
P oo 23|31
P,-8 | o|lo|lo|2]51]4]1
P; ololo|2]|4]6]|4]1
pc—{103| o [ o oo 27951
P: olo]ofo|]2]s5]10]10] 5|1
P,—{12y| o | o oo | o299 16]14]6]1
P; ololoflo]lo|2|6|15/20[15]6 1
pe—{14}| o [ o oo o ]o]2]11]25]30]20] 71
P: ololoflo|lo|lo|2|7 2133|2171
P,—{16}| o | o oo oo o]|2]13[36]55]50]27] 81

Table 1. d;s, (Py , i) and d;, (B — {21}, 1)
4. Conclusion

This paper examines and analyzes centipede’s twain secure perfect dominating sets and
twain secure perfect domination polynomials using a recursive formula. We created the
polynomial D, (P; ,x) = Y desp(Py 1) x!, which we term the twain secure perfect
domination polynomial of P,.
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