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Abstract: Let G = (V,E) be a simple graph of order . The certified domination polynomial of G is the

polynomial D, (G, x) = Zli(yfz'r((;) deer (G, ©) xti, Where y..,r (G) is the minimum cardinality of certified dominating

set of G and d..(G, i) is the number of certified dominating sets of G of size i. Let n and g = 3 be any positive
integer and F, , be the generalized friendship graph formed by a collection of n cycles (all of order g), meeting at a
common vertex. In this article, we study the certified domination polynomials of generalized friendship graphs Fsn
Fynand Fs,
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1. Introduction

Let G = (V,E) be a simple graph of order |V| = n. For any vertex v € V, the open neighbourhood of v is
the set (v) = {u € V / uv € E} and the closed neighbourhood of v is the set [v] = (v) U {v}. ForasetS c
V7, the open neighbourhood of S is N(S) = Uves (v) and the closed neighbourhood of S is N[S] = N(S) U S.

The concept of dominating sets and the domination number in Graph Theory were first introduced by
Oystein Ore and Claude Berge in 1960s. The concept of domination polynomial in Graph Theory was introduced by
Saied Alikhani and Yee-hock Peng in 2009. The concept of certified domination in graphs was introduced by Dettlaf
et al.,2020. They also further studied the concept in their subsequent work including its applications in real life
situations. This motivaited us to study the certified domination polynomial of certain graphs.

Definition 1.2: A setS € V is a dominating set of G, if every vertex in V — S is adjacent to at least one vertex in S.
The domination number (G) of G is the minimum cardinality of dominating set.

Definition 1.3: [6] A dominating set S is a certified dominating set of G if S has either zero or at least two
neighbours in V — S. The certified domination number y.., (G) of G is the minimum cardinality of certified
dominating set.

Definition 1.4: Let G be a simple connected graph. Let D (G, i) be a family of all certified dominating sets of G
with cardinality i and let d.e(G,i) = |Dcer(G,i)|. Then the certified domination polynomial D, (G, x) is

defined as D (G, x) = Zli(yg'r((;) deer (G, 0), where yer  (G) is the certified domination number of G.

Definition 1.5: [10] Generalized friendship graph denoted F,, is collection of all n cycles (all of order q),
meeting a common vertex. The following figures shows the examples of friendship graphs F3, F4, and Fs .

1497


mailto:lalgipson@yahoo.com
mailto:2angeljeni268@gmail.com

UtilitasMathematica

V2 V3
ISSN ' 3681 Volume 122 (2), 2025
Vg V4
U1

Vg Vs

vy Ve

U3
Figure 1 : Friendship graph Fs4 Figure 2 : Friendship graph Fas

®-®
VU3 Uus

Figure 3 : Friendship graph Fs4

Lemma 1.5: Let G be the graph with n vertices. Then

(i) deer(G,m) = 1

(i1) deer(G, i) = 0ifand only ifi < yeer(G)Ori=m—1ori>n
(iii) D¢er(G, x) has no constant term.

2. Certified domination polynomials of F3,,, F4, and Fs,,:

Let Deer(Fgn ©) be the family of certified dominating sets of F,, with cardinality i and let deey(Fgn i) =
[Deer(Fgn ©) | In this section, we shall investigate the certified dominating sets and certified domination
polynomials of the friendship graphs F3 ., F4, and Fs,

Theorem 2.1:

Let F3, be a friendship graph with 2n + 1 vertices. Then for all n € N,

(1) Veer (Fan) =1
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(iD)deer(Fap,i) = { I?J) + 2" if i=nandnis odd
I

2" if i =nand nis even
0 otherwise

Proof:

Let F3, be a friendship graph with 2n + 1 vertices and (Fs,) = {v1, V2, ..., Van+1 }, Where vy is the common
vertex.

(i) Clearly the common vertex v is the minimum certified dominating set. Hence ycer (F3,) = 1

(i) Forn = 1.

Ifi =1, then {v1}, {v2}and {vs}are the certified dominating sets, if i = 2, there are no certified dominating sets
and if i = 3, then {v1, v,, v3} is the certified dominating set.

Foralln > 2,

If i is odd and i # n, then the certified dominating set of F; ,, is obtained by choosing H copies of the cycle C; that

joins with a common vertex from the n copies of the cycle C; that joins with a common vertex. Hence there are

"' | possible ways.
(H) p y
2

Ifi = nandn is odd, then the certified dominating set of F; ,, is obtained by choosing H copies of the cycle Cs

that joins with a common vertex from the n copies of the cycle C; that joins with a common vertex. In addition
to that select one vertex from each copies of cycle C; other than the common vertex. Hence there are <l'_fl> + 2"
2

possible ways.
If i = nandn is even, then the certified dominating set does not contain the common vertex v, and also it does
not contain any two adjacent vertices. Therefore we need to select one vertex from each copies of cycle

C5 other than the common vertex v,. Thus we get 2™ sets.
Ifi > 2n+ 1, there are no certified dominating sets.
If i iseven but i # n, there are no certified dominating sets.

Lemma 2.2:

The certified domination polynomial of the friendship graph Fs, with 2n + 1 vertices is (1 + x2)" +
2rnxnforallneN.

Proof :

Forn =1, Deer(F31,x) = 3x + x3 = x(1 + x2) + 2x

Foralln > 2,

If nis odd,

(Fa ) = 25" dyer (Fa,, ) ¥

=P+ (x* + -+ (lél) X2 4 {(ép + Zn}x" + ([%J)x"” + ot (lzrzij)xm“ (from Theorem 2.1)
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= x 20 o(1) x? + 2nxm

= (14 x2) + 2mxn

If n is even,

DCGT(F3,n’x) = 212:;—1 dcer(F3,n' i) xl

= (px+ D+ + (lﬁl) x4 2M " + (lﬂl>x”“+. -+ (lzr?+1]) xontl (from Theorem 2.1)
2 2 2

= x 20 o(7) x? + 2nxm

= x(1 + x2)" + 2"

Remark 2.3:

Sum of co-efficients of a certified domination polynomial of the friendship graph Fs, is 2»+1 for all n € N.

i 1| 2 3 4 5 6 7 8 9 | 10 11 | 12 | 13| 14 | 15| 16 | 17

F3,n

F3; | 3 0 1

F3, 1 4 2 0 1

Fz33 | 1| 0 1 0 3 0 1

Fz, |1 0 4 16 6 0 4 0 1

Fss5 | 1] 0 5 0 | 42 0 10 0 5 0 1

Fz6 | 1] 0 6 0 15 | 20 | 20 0 15 0 6 0 1

Fz7 | 1] 0 7 0 21 0 | 163| O 35 0| 21 0 7 0 1

Fzg | 1] 0 8 0 28 0 | 56 | 256 | 70 0 | 56 0 28 0 8 0 1
Table 1: (F3,n, i), the number of co-efficients of F3,n with cardinality i

Theorem 2.4:

Let Fy,, be a friendship graph with 3n + 1 vertices. Then for all n € N,

(D) Yeer (Fan) =n+1

<H7‘1[n) ifi=n+1,n+3,..,3n+1buti+ 2n

<[§Jn[§]) +1 if i =2nandnis odd

1 if i=2nand nis even
0 otherwise

(
I
(ii)dcer(F4,n'i) = {
I
\

Proof :

Let F4n be a friendship graph with 3n + 1 vertices and V(F4n) = {vo, v}, aj, bj/1 < j < n}, where v is the
common vertex, v; represent the vertices on the cycle C4 which are not adjacent to the common vertex v, , a; and b;

represent the other vertices on the cycle which are adjacent to both the common vertex vo and v;.
(i) Clearly {vo, v4, ..., v,,} is the minimum certified dominating set. Hence yer (Fa,) =n+ 1

(i) Forn =1,
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Ifi =2, {vy, v1}and {a4, b1} are the certified dominating sets, if i = 4, clearly dc.r (F41,4) =1andifi =
1,3, there are no certified dominating sets.

For all n = 2,

Ifi=n+1,n+3,..,3n+ 1 buti # 2n, for the certified dominating set we need to select H - E] copies of cycle

C, from the n copies of C, and one vertex from each of the remaining copies but that vertex is not adjacent to the

common vertex. Hence there are (F Jf[ﬂl> possible ways.
2 2

If i = 2n and n is odd, for the certified dominating set we need to select EJ — [’2—1] (that is EJ) copies of cycle

C, from the n copies of C, and one vertex from each of the remaining copies but that vertex is not adjacent to the

common vertex. In addition to that {a,, b,, a,, b,, ..., a,, b, } is also a certified dominating set. Hence there are

(ng) + 1 possible ways.
2

Ifi =2nandniseven, then {a;, b;j/1 < j < n}is a certified dominating set.
Ifi <n+1andi >3n+ 1, there are no certified dominating sets.
Ifi=n+2,n+4,..3nbuti #n, thereare no certified dominating sets.
Lemma 2.5:

The certified domination polynomial of the friendship graph F, with 3n + 1 vertices is xm+1(1 + x2)™ +

x2n for all n € N.

Proof :

Forn =1, Deer (Fap, x) = 2x%2 + x* = x2(1 + x2) + x2
Foralln > 2,

If nis odd,

Dcer(F4,n; X) = Z:zzli'—l dcer(F4,n; l) x!

= (D)t 4 (M3 4+ (lz(n-%l_[ngZ("‘l) + {<[£J> + 1}x2" + (lz(n+?)l_[gl) x2m* D 4 (M)x3m*1 (from Theorem 2.4)
2 2 2 2 2

= Nt 1T1=0(7T1) X2 4 x2n

= xn+1(1 4 x2)"+ x2n
Similarly we prove for n is even
Remark 2.6:

Sum of co-efficients of a certified domination polynomial of the friendship graph Fa, is 2"+ 1 for all n € N.
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Table 1: d ., Fsn,i), the number of co-efficients of £, with cardinality i
Theorem 2.7:

Let Fs, be a friendship graph with 4n 4+ 1 vertices. Then for all n € N,

(D) Veer(Fsn) =n+1

I( <[ ] [n+1]) _[L]Jr[n:l] ifi=n+1n+4, .. 4n+1buti#2n
(i) dcer(FS.n' ) { [ ] [n+1 - 1]4%] + 3™ ifi=2nandn = 1(mod3)
I\ 3" ifi =2nand n % 1(mod3)
0 otherwise

Proof :

Let F5, be a friendship graph with 4n + 1 vertices and V(Fs») = {vo, u;, v, a;, bj/1 < j < n}, where vy is the
common vertex, u; and v; represent the vertices on the cycle Cs which are not adjacent to the common vertex vy , a;
represent the vertices on the cycle Cs which are adjacent to both the common vertex vo and w; and b; represent the
vertices on the cycle which are adjacent to both the common vertex vo and v;.

(i) Clearly {vo, uy, Uy, ..., un} and {vo, v1, vy, ..., vy} is the minimum certified dominating sets. Hence ycer (Fsn) =
n+1

(ii) Forn = 1,

If i =2, {vo,us}, {vo,v1}, {a1, v1}, {b1,v1i} and {as, b1} are the certified dominating sets, if i =5, clearly
deer (Fs,1,5) = 1and if i = 1,3,4, there are no certified dominating sets.

Forall n> 2,

Ifi=n+1,n+4,..4n+ 1isodd buti # 2n, then the certified dominating set of F; ,, is obtained by choosing

H - ["TH] copies of the cycle Cs from the n copies and one vertex from each of the remaining copies of C;

i n+1
but that vertex is not adjacent to the common vertex v,. Hence there are <H Tn_ﬂl) 2"‘[§HT] possible ways.

3

Ifi =2nandn = 1(mod3), then the certified dominating set of F; ,, is obtained by choosing [ ] ["“](that is EI)

copies of the cycle Cs from the n copies and one vertex from each of the remaining copies of cycle Cs but that
vertex is not adjacent to the common vertex v,. In addition to that select two vertices from each copies of cycle Cs

other than the common vertex and these vertices are not adjacent to each other. There are three sets of vertices

satisfying this condition. Hence there are (ﬁ) Zn'lEJ + 3™ possible ways.
3
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Ifi =2nandn # 1(mod3), for the certified dominating set of Fs, we need to select two vertices from each copies
of cycle Cs other than the common vertex but these vertices are not adjacent to each other. Hence there are 3™
possible ways.

Ifi<n+1,andi>4n+ 1, there are no certified dominating sets.
Ifi=n+2,n+3,n+5n+6,..,4n — 1,4n (but i # 2n), there are no certified dominating sets.

Lemma 2.8:

The certified domination polynomial of the friendship graph Fs,, with 4n + 1 vertices is xn+1(2 + x3)™ +
(3x?)" forallmeN.

Proof : For n = 1(mod3),

(Fsnx)= 4n+il= r(Fsn @) x

n n
= (P)2ram+t 4 (121t 4t {(lﬁl) il 4 3”}x2” + o (0)xint (from Theorem 2.8)
3

= M+l ;1:0(:1) 2N-T 3T | 3n,2n

= xn*+1(2 + x3)" + (3x3)"
Similarly we can prove for n # 1(mod3)
Remark 2.9:

Sum of co-efficients of a certified dominating polynomial of the friendship graph Fs, is 2(3™) for all n € N.

213|415 |6 |7 |8 9 |10 11 (12 |13 |14 |15 |16 |17 |18 |19 |20 |21

Fs, |0]0|0]|16 |0 0 |113 |0 0 2410 |0 (8 |O 0 1

Fss |0|010|0 (32 |0 |O 80 | 243 |0 80 |0 |0 |40 |O 0 10 | O 0 1

Table 1: dcer(F 5, i), the number of co-efficients of Fz,with cardinality i
Conclusion:

In this paper, we have derived the important relation of d...(F, ) where q = 3,4,5. Using this relation we have to
found out the certified domination polynomial of the friendship graphs F3, F4, and Fs .
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