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Abstract

In this paper, we present the development of a novel triple trans- form, termed
the triple ARA transform. This transformative approach, specifically designed as
a triple-integral transform, proves effective in addressing challenges posed by
partial differential equations and vari- ous problem-solving scenarios. Our
investigation delves into key char- acteristics of the triple ARA transform,
emphasizing aspects such as its existence, linearity, and noteworthy findings
pertaining to partial derivatives and the double convolution theorem. The
versatility of the triple ARA transform is demonstrated through its
application in solving a range of partial differential equations, including but not
lim- ited to the homogeneous equation, and non-homogeneous equation in
addressing diverse physical phenomena. Our study concludes by af- firming
the user-friendly nature of our novel method in comparison to analogous
transforms. The triple ARA transform emerges as a valu- able tool for
researchers and practitioners seeking efficient solutions to a variety of
mathematical and physical problems.

KEYWORDS: ARA integral transform; triple ARA; partial differen- tial
equations.

INTRODUCTION

Integral transformations stand out as a highly effective approach for tackling the
complexities of solving partial differential equations (PDEs). PDEs play a
crucial role in mathematically representing a diverse array of phenomena in
mathematical physics and various scientific domains, underscoring their
inherent value [13, 14, 36, 26]. Leveraging integral transforms, these equa- tions
can be systematically altered to unveil precise solutions, adding to the versatility
of this methodology.

Numerous integral transforms have been developed and applied to ad- dress both
partial and integral differential equations. These transformative techniques
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provide a means to derive exact solutions for target equations without the
necessity of linearization or discretization. They play a cru- cial role in
converting partial differential equations into ordinary equations through a single
transform and into algebraic equations through a double integral transform.
Notable examples encompass the Laplace transform [37], novel transform [10],
M-transform [33], Sumudu transform [35,4,21], Elzaki transform [16], natural
transform [19], Kamal transform [31], Aboodh trans- form [1], and ARA
transform [27,11]. Additionally, various other transforms exist [22,29,34,6,7].

Double transformations have proven notably effective in handling partial
differential equations (PDEs) when compared to alternative numeri- cal
methods, particularly for solving PDEs involving unknown functions of two
variables [2,13]. The literature has witnessed the development of exten- sions to
double transforms, including the double Laplace transform, double Shehu
transform [8], double Kamal transform [32], double Sumudu transform [17,15],
double Elzaki transform [18], double Laplace-Sumudu transform [3], and ARA-
Sumudu transform [28]. While all these double transforms can be viewed as
specific instances of the general double transform described by Meddahi et al.
[20], exploring special variants of double transforms remains valuable for
comparative analysis. Such an exploration not only unveils the unique
properties of each variant but also enhances our understanding of their optimal
applications [24,23,30].

The intrinsic potency of transform techniques has spurred continu- ous research
endeavours aimed at comprehending and refining their applications. Over
time, numerous integral transforms have been conceptualized and applied to
address both partial and integral differential equations. These transformative
tools empower researchers and practitioners to derive exact solutions for target
equations without resorting to linearization or discretiza- tion methods. Single
transforms facilitate the conversion of partial differen- tial equations into
ordinary equations, while triple integral transforms extend their utility,
transforming them into algebraic equations [5, 9]. This adapt- ability
underscores the significance of integral transforms in mathematical and
scientific problem-solving.

Saadeh and others introduced the ARA transform [27], followed by Rania
Saadeh’s recent introduction of the double ARA transform [25], an innovative
integral transform. In this paper, we present our development of a new
transformative method known as the triple ARA transform, building upon the
strengths of this potent transform approach.

The triple ARA transform is systematically detailed, elucidating its core
properties and theorems. Our exploration includes the computation of triple
ARA transform values for various elementary functions, alongside the
establishment of novel relations between the triple ARA transform, partial
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derivatives, and the double convolution property. Demonstrating its practical
utility, we apply these results to solve partial differential equations (PDEs),
showecasing the transformative power of the triple ARA method.

Highlighting the distinct advantages of the triple ARA transform over its
predecessor, the ARA transform, we underscore its simplicity and versa- tility in
application. Notably, the triple ARA transform exhibits a unique trait: when
applied to constants, the transformed constants remain constants devoid of
variables in the results. This characteristic not only underscores the simplicity
of the transform but also reduces computational complexity when employed to
solve equations.

Amid the extensive research on solutions to partial differential equa- tions, the
triple transform has emerged as a pivotal technique, renowned for its capacity to
yield exact solutions rather than approximations. This study leverages the triple
ARA transform specifically for solving PDEs, further substantiating its efficacy
in producing precise solutions to complex mathe- matical problems.

This paper follows the structure: In section 2, we present fundamen- tal
concepts and properties related to the ARA and double ARA transforms, In the
section 3 we introduce the novel triple ARA transform along with associated
properties and theorems, in section 4 we solve the homogeneous and
nonhomogeneous third-order partial differential equation using ARA Trans-
form, In the last conclusion section provides a summary of our results.

PRELIMINARY

In this section, we present the definition and fundamental properties of the
ARA transform and double ARA transform.

Definition 2.1 (27). The ARA integral transform of order m for a contin-
uous function r(t) defined on the interval (0, ) is given by:

IS

0

Aml[r(t)l(s) = R(m,s) = s tm-le-str(t)dt, s > O.

The ARA integral transform of order one, denoted as Ai[r(t)], is
defined as the following:

J- co
A1i[r(t)l(s)=R(s)=s e-str(t)dt, s>0
0

For simplicity, let us denote Ai[r(t)]byA[r(t)]. Our study specifically
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concentrates on the ARA transform of order one.

The inverse of ARA transform is

J- a+ioco st J- [e%)

A-Y[R(s)] = € e-str(t)dt

20 a—ioco 5 0
1 aga—iocoest

2Mid g +ioco s

—[R(s)]ds = r(t), t > 0.
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Theorem 2.2. If r(t) is a piecewise continuous integrable function in every
finite interval 0 <t @, a > 0, and r(t) is of exponential order, that is, if it
satisfies

Ir(t)] < Ke™ t>€ [0, a),

Where K is positive real constant independent of t, then the ARA
transform A exists for all s > a.

Proof. By employing the ARA transform definition, we get:

| »
|A[r(t)]] = |R(s)| = s e-str(t)dt .
0

Using the property of improper integral, we get

..r S J- o)
IR(s)| = s estr(t)dt <s estr(t)dt
[ w 0 [ o 0
g e < Ir(t)]dt < s e > Keatdt
> 0sR
=skK —(s — a)tdt =
0 s —
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Hence, the improper integral converges for all s > a, and A[q(t)]
exists.

We state some basic properties of the ARA transform of order one
Assume that R(s) = A[r(t)] and Q(s) = A[q(t)] and a, b € R. Then, we have

Alar(t) + bg(t)] = aAm[r(t)] + bAm[qg(t)].
A-[aR(m, s) + bQ(m, s)] = aA~[R(m, s)] + bA-[Q(m, s)]

Ma+1
A= "1 o o0
ST
A eat = ,ad cR.
(s —a)m
as
A[sinat] = 52+az,a ER
m =
A[rm(t)] = smR(s) —  sm-kk-1)(0)

k=1
O]

Definition 2.3. (Double ARA transform) Let r(x, t) be continuous func-

tion of two positive variables x and t. Then double ARA of r(x, t) is defined
as [25+]

J ol o

AxAc= R(g, h) = gh e-(ex+ht)r(x, t)dxdt
0 0

g, h > 0, provided that the integral exists.

The inverse of double ARA transform is given by

A AAR(g, h)] —.r‘\gﬂoo 1[R(g, h)]

1 e e
_ g Rlg, hYdh = r(x, 1)

2Ni a-ico 0 2N poiw h

TRIPLE ARA TRANSFORM

In this section, we introduce a triple ARA transform. We have discussed the
fundamental properties and characteristic including the existence, unique- ness
and the inverse of triple ARA transform.
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Definition 3.1. Let r(x, y, t) be a continuous function of three positive vari-
ables x, y, t then triple ARA of r(x y, t) is defined as.

Jofofw

AAVAr(x, y, t)] = R(g, h, i) = ghi e-(sxthy*itlr(x, y, t)dxdydt.
0 0 0
g hi>0

Provided that the integral exists.
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Clearly, triple ARA transform is linear integral transform, as shown
below
AXAyAt[Ar(X, y; t) + Bp(XI y; t) + Cq(XI y; t)]

J ol ol w

= ghi e~(ex+hy+0[Ar(x, y, t) + Bp(x, y, t) + Cq(x, y, t)ldxdydz
0 0 0

Jod ol o

=ghi . e~(gx+hy+0 A(x, y, t)dxdydz
Jof oo
+ ghi e-(gxthy*titt Bp(x, y, t)dxdydz
0 0 0 [ oS wf w

+ ghi e-(gxthy*it)Cq(x, y, t)dxdydz
0 0 0

= ZAXAyAt[r(XI Y, t)] + BAxAyAt[p(X/ )7 t)] + CAxAyAt[q(X/ )7 t)]

Where /3, B and C are constants and
AAVAL (X, y, t)], AxAyALp(x, v, t)] and AxAyAdq(x, y, t)] are exists.

Definition 3.2. The inverse of the triple ARA transform is given by

A_lA_lAzl[R(g/ h,i)]=A"1 A! A‘tl(R(g, h, i)
X X y
foo 5gx .J‘ +ioo J‘ +joo _j
A e _gg 1 T e 1T ey y, )i
2I 4i0 g 21 peiw h 271 ieo

=r(x, y, t).

SOME PROPERTIES OF TRIPLE ARA TRANS- FORM

Triple ARA for some elementary functions:

i)letr(x,y,t)=1,x>0,y >0and t > 0 then

AxAyAt[1] = ghi
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e—(gx+hy+it)r(xl Y, _I- oo_r oo:f Oc:)o J- -
t)dxdydt

=g e&dxh e-hydyi e 'dt
0 00
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= AJ1]A [1]Ad1] = 1

where , Re(g) > 0, Re( h) > 0 and Re(i) >0
ii) let r(x, y, t) = xxyPty, x >0,y > 0 and a, 8, y are constants

J ol ol o

then AxAyAc x2yBtY = ghi e-lexthy*i)  xauBty  dxdydt

w ] 7w o

=g e ®xxdxh  eWybdyi e "tYdt

= Ax(x9) Ay yB Ac(tY)
From the properties of ARA transform we obtain

AxAyAt Xathy =Ax (Xa)Ay yB At(ty)
Mo+ 1)M[(8+ 1)I(y + 1)

gehB jv
Re(a) > —1, Re(B8) > —1 and Re(y) > —1

iii) let r(x, y, t) = esx*y*it x y t >0 and aq, 8, y are constants

then
AxAyAt egx+hy+it — ghl e—(gx+hy+it) e(xx+[3y+yt dxdydt
0 0 0
= Ax (exX) Ay, ePy A¢ et .
From the properties of ARA transform, we get
+hy+it _ ghl
f oyt AAA esxthyHt -

(g —a)h — 6)(i —y)
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ghi

AxAyAt ei(gx+hy+it) —
(g —ia)(h —i8))(i — iy)
using some properties of complex analysis, we find
_ ghi[ghi — aBy] + ighi[gy + h8 + ia]
(g2 — a?) (h* — 62) (2 — ?)
ix i eix+ e—ix . N —x eX+ e X
sinx = 3'__2_’ cosx = — ,sinhx= €&—=£€— coshx= —
i

AxAyAt ei(gx+hy+it)

following we find TARA of the following functions as

ghi(gy + hB + ai)

(g2 + a2){hz + B2W(i2 + y?)
A A A [cos(ax + By +it)] = GHtGh*Cabl
t (g2 + a?) (h? + B2) (i2 + y?)
ghi(gy + h6 +iy)

(9% — o) (h2 - 625 — V)
A A A [cosh(ax+ By + yt)] = C)imth &gy)

AxAyAt[sin(ax + By +it)] =

AAVAsinh(ax + By + yt)] =

(92— @) (h = 6)( — )

iv) let r(x, y, t) = J(c\/xy_t) then

eSS o
AAyA: Joc xyt = ghi e~ &+hy+) 1o (Y xyt)dxdydt
..r %) .r oo0 0 O_I %)

= e-itdt.h  evdy .g e®Jo(c xyt)dx
0 00
4ghi
" Aghi + c?

where Jo is the modified bessel function of order zero

Existence condition of triple ARA transform:

Let r(x, y, t) be a function of exponential orders o, 8 and y as x — oo,y — 0
and t — oo If 3 a positive M such that Vx > X,y > Yandt > T, we have
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Ir(x, y, t)] < Me PV
we can write r(x, y, t) = 0 e™*FY*t  ag

Xx— oo, y—oandt— o0,g>ah>68andi>y

Theorem 4.1.. Let r(x, y, t) be a continuous on the region [0, X] % [0, Y ]x
[0, T] of exponential orders a, 8, and Y then AAAr(x, vy, t)] exist for g h
and provided that

Re(g) > a, Re(h) > 8 and Re(i) > y.

Proof. By using thJe d(}finijtion of triple ARA transform, we find
|R(x, y, t)| = ghi ooo ooo ooo e-(exthy*itlr(x v, t)dxdydt

J o ol w
< ghi e-legxthy*it) | r(x, y, t)|dxdydt
fo e [ Jo
e—@—mxdx_ h e—m—mﬂdy_i e~ =i-v)tg¢
0 0 0
Mghi ’
= . . Re(g) > a, Re( h) > 8 U Re(i) >
Thus AxAvA{r(x, y, t)] exist for g, h and i provided Re(g) > a, Re(h) >
6 and Re(i) >y O

Some theorems and properties of triple ARA trans- form:

Theorem 3.3: AxAyA[r(x, y, t)] = AAyALw(x)v(y)u(t)]

e-lexthy*i [ wi(x)v(y)u(t)] dxdydt
- 0 IO J' - J- -
=g wxleg¥dx.h  v(y)etWdy .i  u(t)e"Wdl.
0 0

= Ax[w(x)]Ay[v(y)]A[u(t)]
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Properties
Property 1 (Shifting Property):

Let r(x, y, t) be a continuous function and Axy[r(x, y, t)] = R(g, h, i) then

y
AAA exByv(xy,t) = g “Rlg—a,h—6i—y)

e (g — a)lh — 8)li — ¥)
Proof. : From definition of triple ARA transform, we find
ghi

1
AxAyAt eax+[5y+ytr(x’ Y, t) = (g - Q, h— 6, i— V)

‘R
(g —a)(h — 6)(i — )

J ot ot o

AAGA eV (x y t) = ghi e~ (Bmax=(=Rly==vty (e y, #)dxdydt
0 0 0

th I o) I o) I o)
. —-(g—a)x-(h-B)y-(i-y)t
—a,h—8i- e r(x, y, t)dxdydt
(%—mmfmu—mm ah=6i-n
i

=g_a'h_6'i_y'R(g_aln_ull_y)

1.1 Property 2 (Periodic Property):

Let AAVAr(x, y, t)] exist, where r(x, y, t) describes a periodic function of
periods a, and y such that,

rix+a,y+6,t+y)=rixyt)Vxyt

then,

) 1 f af Bf y
R(g h,i)= ghi e @+hy+t) (e t)dxdydt
1 — e-(ga+hB+iv) 0 0 0

Proof. : By employing the definition of triple ARA transform, we get:

Jof of »
AAVA[r(x, y, t)] = ghi e-(gxthy*tr(x v, t)dxdydet..

0 0 0
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By employing the properties of improper integral, the above equation
can be expressed as follows:

TaJ sl
AAAdr(x, y, )] = ghi e~(exthy*r(x, y, t) dx dy dt
+ ghi e-(exthy*r(x, y, t) dx dy dt

a B y

Puttingx=a+ 86,y =68+t and t =y + . On the second integral in above
equation, we get

Rlg hi)=ghii e"&™r(xy, t)dxdydt
J o od o
+ ghi e~ (8la+p)+h(B+T)+i(v+F))
0o o0 o

Xrla+p, 86+t y+E&dodtdé

By employing the periodicity of the function r(x, y, t) above equation
can be expressed as follows:

I
R(g h,i)=ghi . . e-(ex+thy+t[r(x, y, t)]dxdydt
+e—(ga+hB+ii)ghi e—(gp+ht+i§)[r(p,‘t,§)]dpd‘rdE
0 0 0

By employing the definition of triple ARA transform, we get

R(g, h, i) = ghi e-lexthy*[r(x, y, t)]dxdydt
0 0 0

+ e—(ga+hB+iv)R(g, h, I)

Thus, equation can be simplified as,
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. IREIE

R(g h,i)= ghi e (BT iy v t)dxdydt
1 — e—(ga+h[3+i)) 0 0 0

1.2 Property 3 (Heaviside Function):

Let AxAyA[r(x, y, t)] exist and AxAAdr(x, vy, t)] = R(g, h, i)
Then,

AAyAt [x — 61,y — 62, t — O3]H [x — 61,y — 62, t — 63]
= g8 "% R(g, h, )

Where H [x — 61,y — 62, t — 63] is the Heaviside unit step function
defined as,

1 x>6,y>6,t>06;

Hix—byy -6t —&l= | otherwise

By employing the definition of triple ARA transform, we get

[ wf o J-AgoAyAt [r(x =061,y — 622, =83)]H [x — 61,y — 62, t — 63]

- gh/ e—(gx+hy+tit)

0o 0 O [ w
= ghi

[r(x =061,y — 62t —083)]H[x— 61,y — 622, t — 63] dxdydt

e B [ (x — 81,y — 62, t — 63)] dxdydt

0

Puttingx — 61 =p,y — 6, =t and t — 63 = £ in above equation we
get

A Ay j&togrfxw—Jégy — 6pt — 63)H(x — 6y, y — 62, t — 63)]

ghl e—g(81+p)—h(82+t)—(83—§)r(p, t, f)dpdtdf
0 0 0
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Thus, above equation can be simplified as.

AAYAL[r (x — 51,3‘ — fzz, tf_ 63)]H [x — 61,y — 62t — &3]

~g81-h&:-i8: g py e-ge-ht-itr(p, T, {)dpdtdé
o o
= e-gd17h82-183 R(g h,i).

= e

Theorem 5.1. Convolution theorem:
Let AAVA{r(x, y, t)] and AxAyA: [ri(x, y, t)] exist and

AxAVALr(x, y, t)] = R(g, h, i), AxAyAw [ri(x, y, t)] = Ri(g, h, i)

Then
1

AXAYAt [r(XI Y, t) * ok ok rl(XI Y, t)] = EIR(QI h/ I)Rl(g/ hl I)

Where
Ixl S

rix, y, t) & % % ri(x, y, t) = rix —py — 1t — &nlp, 7, §)dpdrd¢
0 0 0

And the symbol *** denotes the triple convolution w.r.t. x,y and t

Proof. By using the definition of triple ARA transform we get

AxAyAt [r(X/ y/ t) * * * rl(Xl yl t)] = ghi

IWIWIWIWIw J-XJ-Y.I"C

= ghi e~ &by g xdydt rx—h—py—
0

0 0 0 0 0 0 0

X ri(p, T, §)dpdtd€]

By employing the Heaviside unit step function, above equation can
be expressed as follows:

t,t — &r(t)
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AAVAr(x, y, t))***ri(x, y, t)]

X y t
= 4 o o nle T édodrdf
[ of of o | |
X i, e 8PThTR erexthytit L Tt — Hx—py — T, t — & dxdydt
fofwfe |
= ri(p, T, §dpdtdé e 8 "TER(g, h, i)
0 0 Pofwf o
= R(g, h, i) e~ep~ht-i8r (p, T, )dpdtdé
0 0 0
1
AXAYAt [r(X/ y/ t) X >k Xk rl(X/ y/ t)] = EIR(QI hl I)Rl(gl h, I)

1.3 Property 4 (Derivative Properties):

Let r(x, y, t) be a continuous function and AxAyA:[r(x, y, t)] = R(g, h, i)then,
we obtain the following derivative properties:

1,
3 :
AAA; T = iR(g, h, iy~ IA Ayr(x,y,0) .
2.
3 ¢
AAA Z0X = hR(g, h, i) — hA A r(x, 0, t)
X y t X t
oy
3,
3 t
AAA X =gR(g, h,i) — gA Ar(0,y, 1)
X y t y ¢t
ox
4,
Jof of »
AAGA. OVt gpi o-texrnyry OOV, ) e
ot? 0 0 0 ot?
Jol oo _0°r(x, y, t)
= gh e~ &) gxdyi et —— dt
0 0 0 dtz
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Using integration by parts for above integration, we get

Jol e J o J

oyt i Oriay, 1)
= gh elasthgxdy e e e aty dt
0 0 0 0
.I- o .I- o J- (<)
= gh el8*™dxdy 9rx v, 0) _jr(x, y, 0) +i2 Eirtxytgs
0 0 0 dt
03r(x, y, t) ) ) dr(x, 0, 0)
AAA s st =i Rlg ) =i Adyirley, 0 =iAy 50 -0
Similarly, we can prove with respect to x and y:
0%r(x, y, t) ) 5 or(x, 0, t)
5) AhAL 55 =h Rig hi)—h Adrlx 0, t]—hAc o -
Orix, y, t) o, or(0, y, t) 7)
6) AAVAL o T OR(G A )=g AN, y, )]-gA, 5
J ol ol
3 oo oo o) ) 3
7) AxAyAt dr(x,—y,t) = ghi o~ (gx+hy+it) OM dxdy dt
oxdyot o o o oxdyot
Jofw J _ 03r(x, y, t)
= ghi e &gy dt e
0 0 0 otoxdy

Using integration by parts for above integration, we get:

..r OO_I- © 2 oo J-oo 2
= ghi ey g —hy 9T LT ey o

dy
0 0 otox 0 0 otox
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Jofe %r(x, 0, t Jole 2
= ghi e~ (8x+it) gy ot —M + ghZ e~ (gx+hy+it) O gx dy dt
0 0 Otox 0 0 otox
o J w 2 Jof oo I 2
= —ghi e 'tdt e 8 dr(x’—o’t)CIX+thi e_(gx+it)dy dt e 8% or dx
0 0 otox 0 0 0 otox
J o or(x,0,t) ~ J e or(x, 0, t)
= _ghi edt_ e® +g e8 dx
0 ot 0 0 ot
i —(hy+it) -gx or -gx ar
+ghz e dydt e +g e dx
0 0 dt 0 0 dt
Jo Jw J J o
o . +0r(x, 0, t
= ghi etr(0,0,1) o + 0,0, 0t gy ewdx e OOty
0 0 0 0 ot
J- o J- o Is) I °°I oo I
) _0r(0, y, t) o 0
—ghz' e Wdy et ot dt+g® h?i e~ (&+hy) gy gy e d—{dt
0 0 0 00
J o Jofo
= _ghir(0, 0, 0)+ghi Air(0, O, t)+g?hi e-2r(x, 0, 0)dx —g?hi e-lextitr(x, O, t)dx dt
0 0 0
J Jofo
+ghzi e r(0, y, 0)dy — ghz e~y*Ir(0, y, t)dy dt
0 0 0
fof ol |
g h2? _ 2 e (&+hy*t) Ly v t)dx dy dt
0 0 0

Solution of the homogeneous equation:

In this part, we solve the homogeneous third-order equation using ARA
Transform.

Example 1. Consider the non-homogeneous third-order differential
equation.
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*f(x, y, t)

T oxoyot —flx,y,t)=0...(9)

With initial and boundary conditions:

fix,y,0)=exy, f(x,0,t)=ext, f(O,y,t)=e" f(0,0,0)=1

f(x,0,0)=e% f(O,y,0)=eY, f(0,0,t)=¢et

When we apply double ARA transform on initial conditions, we get:

hoi
AA[ev]= 9
A g—1h—-1i-1
hoi
AAlet]= 9
x t

g—1h—-1i—1

When we apply ARA transform on boundary conditions, we have:

A=~ , A(en= —, A= ——

g—1 " h-1 i—1

By applying a triple ARA transform on equation (9) and using the
above condition, we obtain:

222 ghi ghi —

A A Aflxy o = —dueni=1__ 1

(@ —1)(h—1)(—-1) (ghi—1)

ghi
AXAyAt[f(X/ Y, t)] =

(g —1)(h—1)0~-1)
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By taking the triple ARA inverse on both sides, we get:

flx, y, t) = exevet

Solution of the nonhomogeneous equation:

In this part, we solve the nonhomogeneous third-order equation using ARA
Transform.

Example 2. Consider the third-order Mbocatra partial differential
equation.

o3*f(x, y, t)

+ XI It = 3e_X2yt 10
Oxayot flxy, 1) (10)

With initial and boundary conditions:
flxy,00=e>Y, flx0t)=e>, f(O,yt)=e?, £(0,00)=1

f(x,0,0)=ex, f(O,y,0)=eY, f(0,0t)=¢et

When we apply double ARA transform on initial conditions we ob-

tain:
h h ]
AA[exY= —2 , AA[ex]= '
Xy g+1 h+2 x ¢ h+2 j—1
AAlew)= —2 .
vyt g+1 i—1

When we apply ARA transform on boundary conditions, we have:

A= =, A= =, AwEy=-

x g+1 y h+2 t i—1

Applying triple ARA transform on equation (10), we get:
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—ghi [£(0, 0, 0)] + ghi Ac[f(0, O, t)] + ghi Ay[f(x, 0, 0)] + ghi Ax[f(0, y, 0)]
—ghi AAdf (x, 0, t)]—ghi AyAf (0, y, t)]—ghi AxAy[f (x, y, 0)]+ghi AxAyAf (x, v, t)]

YA AAlflxy =3 —2—. L
x vt g+1 h+2 j—1
(ghi + 1)AAVA[f (x, y, t)] =
_ 3ghi + ghi gh rghi —2—
(g +1)(h+2)(i— 1) (g+1)(h+2) (g+1)(i— 1)
+ghi f _ghi I~ _ghi I +ghi—ghi <
(h+2)(i — 1) h+2j—1 g+1

3ghi — 2ghi + g2h?2
(ghl + 1)AXAyAt[f(X; Y, t)] =

(g+1)h+2)(i—1)

ghi(ghi + 1) 1

AAGALf (X, y, t)] = (g+1)(h+2)(i—1) (ghi+1)

ghi
AXAyAt[f(X; Y, t)] =

(g+1)(h+2)(i — 1)

Taking triple inverse ARA transform on both sides, we get:
flxy, t) = e

Conclusion

The triple ARA transform stands out as a promising and powerful tool in the
realm of integral transforms, specifically tailored to address challenges posed by
partial differential equations. Through our comprehensive investigation, we
have elucidated key characteristics of the transform, establishing its ex- istence,
and linearity, and unveiling noteworthy findings related to partial
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derivatives and the double convolution theorem. The versatility of the triple
ARA transform has been effectively demonstrated through its successful ap-
plication in solving a spectrum of partial differential equations, ranging from
fundamental equations like the Homogeneous to the Non-homogeneous equa-
tion, all of which are integral in understanding diverse physical phenomena.
Our study has not only showcased the efficacy of the triple ARA transform
but has also emphasized its transformative capabilities by providing accurate
solutions to model integral equations, thereby yielding exact results. This
transformative approach not only enhances our understanding of mathemati-
cal and physical problems but also offers a user-friendly alternative compared
to analogous transforms.
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